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DIFFUSE SCATTERING OF X-RAYS FROM SYLVINE 
By G. G,. HARVEY 
WASHINGTON UNIVERSITY, St. Louts, Mo. 
(Received June 25, 1931) 
ABSTRACT 


By means of the formulas recently obtained by Compton for monatomic gases 
and by Jauncey and Harvey for simple cubic crystals f’ values can be calculated 
from the observed intensities of the diffuse scattering. The formula for crystals is 
only valid for the case where the crystal consists of atoms of one kind. Up to the 
present time the only crystal for which S values were known was rocksalt, but this 
is a crystal consisting of two kinds of atoms. Sylvine, however, is a crystal consisting 
of one kind of atom, since the ions K* and Cl~ may be considered as argon-like atoms. 
In the present research S values have been obtained for sylvine at room tempera- 
ture. If these S values are plotted against (sin ¢/2)/A, an S curve is obtained similar 
to that obtained by Jauncey and May for rocksalt as described by Jauncey and 
Harvey. Comparing the S curve for sylvine with Wollan’s S curve for argon the two 
are tangent at (sin @ 2)/\=1.05 and beyond this appear to merge. From the fermula of 
Jauncey and Harvey f’ values for sylvine have been calculated using F values obtained 
by James and Brindley. Plotting the f’ values for sylvine and those obtained by 
Wollan for argon against (sin ¢/2)/A, both sets of points fall on the same curve, the 
agreement being remarkable. Comparison is also made of these f’ values with the theo- 
retical f values obtained for a Schroedinger atom by James and Brindley. The agree- 
ment is good out to (sin ¢/2)/A=1.0 but from there on the theoretical f curve falls 
off too rapidly. It might be expected that the theoretical f curve would fall off too 
slowly since f’ is less than f. In this region the agreement between theory and experi- 
ment could be improved. 


I. INTRODUCTION 


OME twenty-five years ago J. J. Thomson! investigated the theory of the 

scattering of x-rays by isolated electrons and obtained his famous formula 
for the spatial distribution of the intensity of x-rays scattered by a number of 
electrons acting independently of one another. In 1911 Barkla and Ayers? 
tested Thomson’s formula experimentally and found that in the case of light 
atoms if each atom contains a number of electrons equal to half the atomic 
weight the Thomson formula agrees with the experimental findings for moder- 
ately soft x-rays and for angles greater than about 40°. For angles less than 
40° Barkla and Ayers found that the experimental intensity of the scattered 


! J. J. Thomson, “Conduction of Electricity through Gases,” 2nd. Ed., p. 325. 


* C. G. Barkla and T. Ayers, Phil. Mag. 21, 275 (1911). 
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rays was in excess of the Thomson value. This phenomenon has since be- 
come known as “excess scattering.” From our present viewpoint we now know 
that this excess scattering is due to constructive interference of rays scattered 
by different electrons. This idea of constructive interference was used by 
Laue’ in his investigation of the scattering of x-rays from centers arranged in 
a geometric lattice. His investigation showed that in certain special directions 
the intensity of the scattered x-rays should be very great. This prediction was 
verified almost immediately by Friedrich and Knipping* who obtained what 
are now known as Laue spots by passing a beam of x-rays through a crystal 
of zinc blende. In 1914 Debye,® taking into account the thermal agitation of 
the atoms in a crystal lattice, predicted that there should be a decrease in the 
intensity of the specially scattered x-rays. Bragg*® working on rocksalt found 
that Debye’s prediction is qualitatively in agreement with the facts. As the 
temperature increases, the exactness with which the atoms at any instant of 
time fit into the lattice diminishes. An amorphous solid may be defined as 
one in which the atoms are not arranged in any kind of geometrical lattice 
and another way of describing Debye’s theory of the temperature effect for 
crystals is to say that the decrease of intensity with increase of temperature 
is caused by the crystal in effect becoming more amorphous. According to 
Debye’s theory® of the temperature effect there should be an increase in the 
diffuse scattering, which occurs in all directions, with increase in temper- 
ature due to the crystal becoming more amorphous. 

In the case of scattering by amorphous substances no such special direc- 
tions of great intensity as the Laue directions for crystals have been found. 
We have already mentioned that for an amorphous substance there is excess 
scattering at small angles, as found by Barkla and Ayers. In 1915 Debye’ 
investigated the effect of constructive interference when the electrons of an 
atom of the scattering substance are arranged at equal intervals on the cir- 
cumference of a circle, the atoms themselves being oriented in any direction. 
He found that there were directions of maximum and minimum intensity. 
This theory of Debye does not take into account the constructive and destruc- 
tive interference between x-rays scattered by different atoms and so is only 
applicable to the scattering from a monatomic gas where the atoms are so far 
apart that interference phenomena may be neglected. 

In 1917 Compton’ investigated the effect of the arrangement of the elec- 
trons within the atom on the intensity of x-rays specially scattered (regularly 
reflected) from crystals. He found that the larger the volume through which 
the electrons of an atom may be considered as being distributed the less the 
intensity of the reflected rays. In other words the “larger” the atom the more 
amorphous in effect does the crystal become. Hence, using the ideas of Debye, 


3 M. Laue, Sitzungsber. d. Kgl. Bayer. Akad. d. Wiss., 303 (1912). 
‘ W. Friedrich, P. Knipping and M. Laue, Ann. d. Physik 41, 971 (1913). 
5 P. Debye, Ann. d. Physik 43, 49 (1914). 

6 W. H. Bragg, Phil. Mag. 27, 881 (1914). 
7 P. Debye, Ann. d. Physik 46, 809 (1915). 
8’ A. H. Compton, Phys. Rev. 9, 29 (1917). 
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on this account also the diffuse scattering from crystals should be increased. 
In 1914 Darwin® developed a formula for the intensity of x-rays regularly 
reflected from simple cubic and parallelopipedal crystals. This formula con- 
tained a quantity which is designated by F and is now called the atomic 
structure factor. The atomic structure factor may be defined as the scattering 
power of an atom in a certain direction relative to the scattering power of an 
isolated electron in the same direction. In 1921 Bragg, James, and Bosan- 
quet!® measured the intensity of x-rays reflected from rocksalt and using 
Darwin’s formula calculated F values. Theoretical F values can be calculated 
by the methods discussed in Compton’s paper.® 

In 1922 Jauncey" investigated experimentally the diffuse scattering from 
rocksalt and calcite and found that the spatial distribution of the scattered 
intensity was very similar to that when glass was used as the scatterer. Ac- 
cording to Debye’ the spatial distribution from the crystal should have been 
very different from that in the case of the amorphous glass. Jauncey™ also 
tried the effect of temperature and found a qualitative but not a quantitative 
agreement with Debye’s theory. This discrepancy between theory and experi- 
ment is due to the fact that Debye considered point atoms whereas the atoms 
must be considered as having size. In 1924 Jauncey and May™ repeated 
Jauncey’s experiment on rocksalt more accurately and obtained absolute 
values for the diffuse scattering. They found the scattering curve to be 
similar to that required by the Thomson theory for angles greater than about 
60° but below 60° excess scattering occurs as found by Barkla and Ayers for 
amorphous substances and at very small angles the diffuse scattering drops to 
zero. 

In 1928 Barrett’! measured the spatial distribution of the intensity of 
X-rays scattered by gases. For the monatomic gas helium he found that the 
curve approximates the Thomson curve at large angles but shows excess 
scattering at small angles. In 1930 Compton® applied the principles of con- 
structive and destructive interference to the problem of the scattering of 
x-rays from the electrons in the atoms of monatomic gases and obtained the 
formula 


S=14@-1/2/22 (1) 


where S is the scattered intensity in a direction @ with the primary beam per 
electron relative to the scattered intensity from a single isolated electron in 
the same direction ¢, Z is the number of electrons in an atom of the gas and 
f’ is a quantity which is related to, but less than, the true atomic structure 
factor f without thermal vibration and which has been discussed recently by 


*C. G. Darwin, Phil. Mag. 27, 315 (1914). 
1 Bragg, James and Bosanquet, Phil. Mag. 41, 309 (1921). 
"1G. E. M. Jauncey, Phys. Rev. 20, 405 (1922). 

® G. E. M. Jauncey, Phys. Rev. 20, 421 (1922). 

3G. E. M. Jauncey and H. L. May, Phys. Rev. 23, 128 (1924). 
4 C.S. Barrett, Phys. Rev. 32, 22 (1928). 

% A. H. Compton, Phys. Rev. 35, 925 (1930). 
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Jauncey.”” The distinction between f’ and f has also been pointed out by 
Herzog" in a recent paper. 

Recently Jauncey'® has applied the idea of interference to the problem 
of the scattering of x-rays by a solid consisting of atoms of one kind and has 
obtained the formula 


~” 


S=1+(Z-—1)f"% 77 + # X (2) 
7X 

where F is the atomic structure factor including the effect of thermal vibra- 
tion, N is the number of atoms scattering, Y is a certain double summation 
and the other quantities have the same significance as in Eq. (1). The double 
summation X has been evaluated by Jauncey and Harvey™ for the case of 
diffuse scattering by a simple cubic crystal consisting of atoms of one kind 
and Eq. (2) then becomes 


S=14+(—-1)f2/Z2?-F2/Z (3) 


Jauncey and Harvey" and Jauncey" have pointed out that there is a rela- 
tion between the scattering of x-rays by gases and by crystals. In these 
papers, '!° however, they were forced to make use of the results of Jauncey 
and May * for rocksalt, whereas Eq. (3) is only valid for a crystal consisting 
of atoms of one kind. It is very desirable therefore that the spatial distribu- 
tion of the intensity of x-rays diffusely scattered by such a crystal should be 
investigated. Sylvine, which consists of the ions K*+ and Cl-, may be consid- 
ered as such a crystal and the diffuse scattering from sylvine should be related 
to the scattering from argon. While our papers'*’ were in print a paper by 
Wollan*’ on the scattering from gases, including argon, appeared. The need 
for an investigation of the diffuse scattering by sylvine is therefore obvious 
and hence this paper. 


Il. ApPpARATUS AND PROCEDURE 


Fig. 1 shows a diagram of the apparatus used. A tungsten target tube 
placed at an angle of 45° to the plane of scattering so as to produce effectively 
unpolarized rays was operated at about 65 kv and 10 m.a. Aconstant source 
of a.c. with full wave rectification, described elsewhere,?! was applied to the 
tube. The continuous radiation of a tungsten tube was used for several rea- 
sons. First, with a substance having as high an absorption coefficient as 
sylvine it is necessary to use moderately hard rays in order to obtain a meas- 
ureable intensity of the scattered radiation. Second, the radiation from a 
molybdenum tube even when filtered through zirconium oxide consists of two 
wave-lengths as appear in the paper of Jauncey and May" and the occurrence 


16 G. E. M. Jauncey, Phys. Rev. July 1, 1931. 

17 G. Herzog, Zeits. f. Physik 69, 207 (1931). 

18 G. E. M. Jauncey, Phys. Rev. 37, 1193 (1931). 
19 G. E. M. Jauncey and G. G, Harvey, Phys. Rev. 37, 1203 (1931). 
20 E. O. Wollan, Phys. Rev. 37, 862 (1931). 

"1G. E. M. Jauncey and G. G. Harvey, Phys. Rev. 37, 698 (1931). 
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of these two wave-lengths makes interpretation of the results difficult. If it is 
desired to use line radiation it is necessary to use the balanced filter method 
described by Ross.*2 Moreover, a balanced filter necessitates the use of differ- 
ential readings which, when the intensity is weak, may introduce consider- 
able error in the final results. The x-ray beam passed through the three slits 
S,, Se, and S; to the crystal C. The slits consisted of small circular holes, S; and 


i") 
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Fig. 1. Diagram of apparatus. 


S» defining the beam while S; was slightly larger than the beam and served to 
eliminate any radiation scattered from the slit S.. C was a crystal of sylvine 
about 1 cm square and a surface density of 0.214 gm/cm? mounted with its 
faces vertical on the axis of a Bragg ionization spectrometer. The scattered 
radiation was collected in the ionization chamber B which was filled with air 
saturated with ethyl bromide vapor. The chamber was fitted with a U-tube 
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containing liquid ethyl bromide surrounded by a water bath kept at a con- 
stant temperature of 22°C to insure a constant density of the vapor. At this 
temperature the vapor pressure of ethyl bromide is*® 415 mm of mercury. 
This was very necessary as for the wave-length used the length of the ioniza- 
tion chamber, which was 43 cm, was not sufficient to absorb the radiation 
completely. The angular width of the primary beam through the slits S; and 


2 P. A. Ross, Phys. Rev. 28, 425 (1926). 
*8 Int. Crit. Tables, III, p. 217. 
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S: was about one degree. The angular width of the scattered beam was deter- 
mined by the slit S;and was never more than three degrees. The height of the 
slit S,was such that no part of the scattered beam could strike the sides of the 
ionization chamber. As this slit was about 2 cm high, it would have been 
necessary at small angles to apply a correction to the apparent scattering 
angle due to the finite height of the slit, if straight slits had been used. This 
correction can be avoided if the slit S, is made in the arc of an ellipse and this 
was done (actually a circular arc was used since the difference is not detectable 
for such a small arc) a series of slits being made with arcs appropriate to the 
various angles of scattering. The ionization current was measured by means 
of a Compton electrometer, having a sensitivity of about 8000 mm/volt, by 
the rate of charge method. 

The procedure followed in measuring the scattered intensity was essenti- 
ally that of Jauncey and May.” With the chamber set at a fixed angle ¢ the 
ionization current was measured for various values of 0, the angle between the 
normal to the crystal face and the primary x-rays, both above and _ below the 
value ¢/2. At 0=¢/2, of course, special scattering (regular reflection) occurs 
for any value of ¢ if continuous radiation is used. A typical curve obtained is 
shown in Fig. 2 for @¢=40°. It will be seen that for values of @ not too near 
$/2 the points lie on a straight line. Hence we may interpolate and find the 
value of the intensity that would be obtained at @=¢/2 if regular reflection 
did not take place. This value of the intensity is needed in order to apply the 


Crowther formula™ 
I, = I'tsg sec 0 (4) 


where J, is the intensity scattered in the direction @ per unit solid angle. 
I,’ is the intensity of the primary beam after passing through a scattering 














Fig. 3. 


block of thickness / set at 6=¢/ 2. sy is the spatial scattering coefficient in the 
direction ¢ and 6=¢/2. No filtering material was placed in the primary beam 
since the crystal itself acted as a filter. The effective wave-length was obtained 


* J. A. Crowther, Proc. Roy. Soc. A86, 478 (1912). 
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by measurement of the absorption coefficient by inserting sheets of aluminum 
in the scattered beam. This was done for several scattering angles. That the 
radiation penetrating the crystal was effectively homogeneous is shown by 
Fig. 3 in which logio(J9/J) is plotted against t, the thickness of the absorbing 
sheet and a straight line is obtained. Fig. 3 was obtained for a scattering angle 
of 40° and gave a mass absorption coefficient in aluminum of 0.96 gm~. 
From Compton’s table of absorption coefficients,” this corresponds to a 
wave-length of 0.385A. The various wave-lengths thus obtained are shown in 
Table I. The average of all the values of the wave-length shown in Table I is 


TABLE I. Effective wave-lengths. 











Mass absorption 





Scattering coefficient in Wave-length 
angle aluminum A 
20° 0.964 0.390 
30° . 1.005 0.400 
40° 0.955 0.385 
50° 0.850 0.370 
60° 0.975 0.392 
90° 1.005 0.400 














0.39A and since there is no apparent trend to the values with increasing 
angle, the value of 0.39A has been taken as a close estimate of the effective 
wave-length and was used in all calculations. Further evidence for the homo- 
geneity of the radiation was furnished by the fact that for most values of @ 
the Laue spot at @=@/2 was not very intense. It was intense, however, at 
values of ¢ in the vicinity of which the Bragg law was satisfied for the above 
value of the wave-length. Further, there was no appreciable intensity of in- 
coherent radiation, since the measured wave-length at 90° was no greater 
than that found at smaller angles. 


II]. EXPERIMENTAL RESULTS 


Experimental values of the scattering coefficient s, were obtained in the 
following manner. A curve such as the one shown in Fig. 2 was taken at the 
desired angle ¢ using the appropriate slit at s, (Fig. 1). Then using the same 
slit a similar curve was run at a large angle, such as 60°, where the shape of 
the slit has practically no effect on the value of the scattering angle. From 
Eq. (4) we may now obtain the values of s, relative to the value at 60° by 
means of the relation 
cos ¢/2 ” (1¢/T¢’) 
cos 30° (T60/1' eo) 





S¢/Seo = (5) 
The reason 60° was chosen for comparison rather than 90° was due to the 
fact that the intensity at 90° is very weak which makes it more difficult to 
obtain accurate readings. Hence 60° was used and was later carefully com- 
pared with the scattering at 90° by the same method. This procedure, how- 
ever, gives only relative values of s, whereas absolute values are necessary 


** A. H. Compton, “X-Rays and Electrons,” p. 184. 
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in order to obtain true values of S. Now Jauncey and the author*! have 
shown that in the vicinity of 90° the shape of the scattering curve from par- 
affin is accurately given by the Dirac formula.” If we further assume that the 
Dirac formula also gives the absolute value correctly in this region then we 
may obtain absolute values of s, for sylvine by comparison with the value for 
paraffin at 90°. This is the same method as that used by Wollan*®’ who took 
hydrogen at 90° as a standard. Hence values of (J5/J5’) were measured at 
90° for a scattering block of paraffin and also for the crystal of sylvine. When 
paraffin was used the sylvine crystal was placed in the primary beam so that 
the radiation would be the same in the two cases, the parafiin having practi- 
cally no effect on the hardness of the rays. The absolute value of the spatial 
mass scattering coefficient at 90° for sylvine, s2/pe, is then given by 
Se Sy (1¢/1¢')» (pili) 


; ; (0) 
pe Pi (Ig/T¢")1 (prts) 


where s;/p; is calculated from the Dirac formula, (p,f;) is the mass per unit 
area of the paraffin slab, (pef.) the same quantity for the crystal, p; and ps 
are the densities of paraffin and sylvine respectively, (J4/J.5’)2 is the ratio of 
scattered to transmitted intensity for sylvine and (J, 7"); the same quantity 
for paraffin. 

Practically all of the radiation scattered by parattin is incoherent. 
Jauncey and the author*' applied Wentzel’s formula® in the form given by 
Compton” to calculate the percentage of coherent radiation present. From 
Pauling’s** distribution function for helium modified to apply to the K elec- 
trons of carbon it was shown that" 


Tan, = 42 ./(1 + 0.0224")! (7) 


where J, is the classical value of the scattering from a single electron and 
x=(4/d) sin 6/2. In the present case this becomes /,., =0.186 J, and since 
only the K electrons of the carbon in the paraffin scatter coherently the ratio 
of coherent to total scattered radiation at 90° is 2.3 percent, which may be 
neglected. Since the ionization chamber did not completely absorb the radia- 
tion entering it, it was necessary to correct for the change of wave-length. 
Let u/p be the mass absorption coefficient of ethyl bromide for the wave- 
length 0.39A and u’/p the corresponding quantity for the wave-length 
scattered at 90° from paraffin (0.39+0.024A) and let m be the mass of ethy] 
bromide per unit area of cross section of the ionization chamber. Then the 
observed value of (J5/J,’); must be multiplied by 
1 — ¢ Hem 


1 —~¢ (u! ~ m 
* P. A. M. Dirac, Proc. Roy. Soc. Al11, 405 (1920). 
*7 (4, Wentzel, Zeits. f. Physik 43, 779 (1927). 

** L. Pauling, Proc. Roy. Soc. A114, 181 (1927). 

29 The exponent “4” was inadvertently omitted from the denominator in Eq. (12) of refer 
ence 9, 
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to give the correct value to be inserted in Eq. (6) since the longer wave-length 
is more completely absorbed. We thus obtain from Eq. (6) the absolute value 
of s4/p for sylvine at 90° and consequently at all angles. The final values for 
s4/p for sylvine are given in the second column of Table II. Each value of 
S,/p is divided by the corresponding Thomson value and values of S are ob- 
tained. These are shown in the third column of Table II. 





TABLE II. Scattering of x-rays from sylvine. 

(sin @/2)/d s4/p S K f 
0.112 0.50 0.50 15.0 35.1 
0.224 2.18 2.19 10.0 11.4 
0.335 2.82 2.88 7.0 9.4 
0.445 2.80 2.95 ae 8.1 
0.555 2.58 2.80 3.85 van 
0.665 + Be S. 2.50 2.75 6.05 
0.877 1.71 PS 1.31 4.8 
1.082 1.36 1.90 0.50 4.2 
1.281 1.08 1.71 0.12 i 
1.470 0.88 1.49 0.00 3.05 
1.648 0.69 1.33 0.00 2.0 
1.811 0.59 1. 0. 1.8 





IV. Discussion 


The values of S for sylvine are shown by the black circles in Fig. 4. Wol- 
lan's values of S for argon*® are shown by the crosses in this figure. It is im- 
portant to note that Wollan’s S curve for argon seems to be tangent to the S 
curve for sylvine at about (sin ¢/2)/A=1.05. It is unfortunate that Wollan 
does not have S values beyond this point so that we might be sure that the S 
curves for sylvine at room temperature (295°K) and argon merge beyond 
this point. Barrett’ measured the scattering from argon at values of (sin 
@/2)/X greater than 1.05 but his values seem to be relative rather than 
absolute since Waller and Hartree*’ have pointed out that it seems to be 
necessary to multiply Barrett’s values by a factor to bring-his S values into 
conformity with their theoretical S values. The writer has tried adjusting 
Barrett's S vaPues but they do not seem to follow Wollan’s S curve in the 
region of (sin ¢/2)/A=0.995. If the S curves for argon and sylvine do merge 
at (sin ¢/2)/A = 1.05, as seems to be the case if Wollan’s values are used, then 
this is so quite apart from either the theory of Compton” or that of Jauncey 
and Harvey.’® It means that in the region beyond (sin ¢/2)/A=1.05 the spa- 
tial mass scattering coefficients of sylvine and argon are indistinguishable and 
that the interaction of the x-rays scattered by different atoms of the solid 
crystal disappears. 

In order to calculate the quantities f’ of Eq. (3) it is necessary to know the 
values of F, the atomic structure factor at room temperature. James and 
Brindley* give values of F for sylvine at 86°K and 290°K but the values at 
290°K extend only to (sin ¢/2)/A =0.828 although those at 86°K go as far as 


30 I. Waller and D. R. Hartree, Proc. Roy. Soc. A124, 119 (1928). 
31 R, W. James and G. W. Brindley, Proc. Roy. Soc. A121, 155 (1928). 
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(sin ¢/2)/A=1.275. If we assume as an experimental fact that the temper- 
ature factor is of the form e~*"*¢? where B is a function of the temperature 
we may calculate the difference in the B’s for the above two temperatures 
for all those values of F which are given at both temperatures. This was 
actually done and it was found that the difference in B’s was practically con- 
stant for all values of F and, further, agreed with Waller’s modification®™ of 
the Debye formula,’ as found by James and Brindley*! Hence for these 
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values of F which are given only at the lower temperature we may use this 
value of the temperature factor and calculate the F values at room temper- 
ature. These F values are shown in the fourth column of Table II. The f’ 
values for sylvine are then obtained from Eq. (3) and are shown in the fifth 
column of Table II. 

In order to compare the f’ values for sylvine with those found by Wollan”’ 
for argon, both sets of values are shown in Fig. 5, the black circles representing 
f’ values for sylvine and the crosses the f’ values for argon. It is seen that 
both sets of f’ values fall on practically the same curve. The agreement is 


® T, Waller, Upsala Univ. Arsskrift (1925). 
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remarkable. The full curve shown in Fig. 4 is the average of the theoretical 
f values for K* and Cl~ calculated by James and Brindley*! on the basis of a 
Schroedinger charge distribution in the ions calculated by Hartree’s method 
of the self-consistent field.* It is seen that the agreement between theory and 
experiment is good out to values of (sin ¢/2)/X of about 1.0 but beyond this 
the theoretical curve drops off too rapidly. However the experimental points 
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are f’ values and these should be somewhat /ess than the f values, especially 
at larger angles,’® so that the agreement between theory and experiment in 
the region beyond (sin ¢/2)/A =1.0 could be improved. 

In conclusion, the writer wishes to thank Professor G. E. M. Jauncey for 
suggesting this problem and for much useful discussion and aid during the 
progress of this research. Also the writer’s thanks are due to Professor H. M. 
Randall of the University of Michigan for supplying the crystal of sylvine. 


3% PD, R, Hartree, Proc. Camb, Phil. Soc. 24, 89 and 111 (1928), 
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ABSTRACT 


P. Debye has predicted that x-rays diffusely scattered from simple cubic crystals 
should decrease in intensity by a factor (1 —e~™) as the temperature decreases. M isa 
quantity depending on the characteristics of the crystal, wave-length of the x-rays 
used, and the angle of scattering. Later, Waller's modification of the Debye factor, 
namely, that the exponent should be —2./, enjoyed some experimental success in 
regular reflection. Quite recently, Jauncey and Harvey have announced an entirely 
new formula (in which diffuse scattering and regular reflection are shown to be 
complementary) for predicting the change in intensity of diffuse scattering with tem- 
perature, from the known temperature effect on atomic structure factors. 

The present research was undertaken: first, to establish the effect of temperature 
on diffuse scattering from rocksalt as an experimental fact over a wide range of tem- 
perature from 120°K to 750°K; second, to attempt to distinguish among the three 
predicted values. An ionization method was first used, but was found to give erratic 
values at the larger scattering angles. A photographic method gave the following ratios 
of intensities between 120°K and 300°K: 28°, 0.58; 35°, 0.64; 45°, 0.68; 58°, 0.79. Be- 
tween 750°K and 300°K the ratios were: 28°, 1.20; 35°, 1.26; 45°, 1.23. At the smaller 
scattering angles, these ratios agreed with those obtained by the ionization method. 
The effect of temperature was thus established as an experimental fact. On comparison 
with the various theories, it was found that the Debye theory is definitely precluded. 
At low temperatures, the agreement appears to be with the Waller modification of 
Debye’s theory, when zero point energy for the atoms of the crystal is included. At the 
high temperature, the agreement is with the formula of Jauncey and Harvey. A discus- 
sion of these results leads to the conclusion that the agreement with the Waller 
theory at low temperatures is probably fortuitous, and that the formula of Jauncey 
and Harvey probably predicts more closely the ratios for sylvine, to which the formula 
is more strictly applicable than to rocksalt. 


I. INTRODUCTION 


P DEBYE,! in 1914, in a paper primarily concerned with the effect of 
¢ temperature on the intensity of x-rays regularly reflected from crystals, 
casually predicted that x-rays would also be diffusely scattered at angles 
other than those for which regular reflection occurs. Furthermore, the inten- 
sity of the diffusely scattered rays should vary with temperature in a manner 
complementary to that of regular reflection. 

According to Debye, the intensity of x-rays regularly reflected from simple 
cubic crystals should be proportional to a factor, e~”, depending upon the 
temperature of the crystal, where .V/ is given by 





1 P. Debye, Ann. d. Physik 43, 47 (1914). 
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- Oh? f(x) sin? o/2 
~~ pkO x 2 





(1) 


where /: is Planck’s constant, u is the mass of the atom, k is Boltzmann's con- 
stant, 0 is the “characteristic temperature” for the crystal, x=@O/T7 where 7 
is the absolute temperature, f(x) is a function which Debye evaluates in his 
paper, A is the wave-length, and ¢/2 is the glancing angle of reflection. This 
expression gives the value of ./ if the atoms are supposed to have no zero 
point energy. If they are assumed to possess zero point energy of $/v, where 
v is the natural frequency of vibration of the atoms in the lattice, the quantity 
f(x)/x becomes [f(x)/x+1/4]. 

James and Firth,’ working with regular reflection of MoKa rays of wave- 
length 0.71A from rocksalt, have recently made an extended study of the 
temperature effect over a range of temperature from 86°K to 900°K. They 
find that a modification of Debye’s formula, as proposed by Waller, namely 
that the temperature factor is e~°”, fits their experimental values quite 
closely. 

According to Debye, the intensity of x-rays diffusely scattered in a direc- 
tion @ from a crystal should equal that scattered from an amorphous sub- 
stance, multiplied by the factor (1—e~™). It should be of interest to deter- 
mine: first, whether diffuse scattering from crystals actually exists; second, 
whether the experimentally determined temperature factor agrees with 
either (1—e~”) or (1—e°°”). 

Jauncey,* in 1922, investigated the diffuse scattering of x-rays from rock- 
salt and calcite, and found that in addition to the Laue or Bragg reflection 
occurring at particular angles, there was diffuse scattering at all angles from 
the crystal under observation. Jauncey found that the spatial distribution of 
the diffuse scattering from a crystal was much the same as that from an 
amorphous substance. In particular, he found that, if a beam of x-rays is 
incident at a glancing angle # upon a crystal face, and is scattered at an angle 
¢ with the primary beam, the intensity of the diffusely scattered beam is very 
nearly proportional to K, where 


K = sin (@ — #@) ‘|sin (@ — 0) + sin 6| (2) 


if @ is held constant and @ varied. This proportionality holds provided that 6 
is not such an angle as to give regular reflection from the crystal. 

Jauncey? also tested the Debye temperature theory for diffuse scattering 
from rocksalt and calcite between temperatures of 290°K and 568°K, but 
found marked disagreement between experiment and theory for both crystals. 
The present research was undertaken to investigate the effect over a wider 
range of temperature. 

During the progress of the present research, Compton® derived a new 


2 James and Firth, Proc. Roy. Soc. A117, 62 (1928). 

3G. E. M. Jauncey, Phys. Rev. 20, 405 (1922). Note: Figs. 2 and 6 in this reference should 
be interchanged. 
4G. E. M. Jauncey, Phys. Rev. 20, 421 (1922). 
5 A. H. Compton, Phys. Rev. 35, 925 (1930). 
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formula based on the classical scattering principles, connecting the amount of 
scattering with the atomic structure factors for the atoms of monatomic gases. 
More recently, and near the completion of this research, Jauncey and 
Harvey®’ have announced a formula connecting the intensity of diffuse 
scattering with that of regular reflection of x-rays by crystals consisting of 
atoms of one kind. The formula is 


S=#1+@ — 1)f?/Z? — F7/Z (3) 


where S is the scattering per electron in a direction ¢ relative to the Thomson 
value, Z is the atomic number of the atoms of the crystal, F the atomic struc- 
ture factor at the temperature at which S is measured, and f’ is related to the 
true atomic structure factor without thermal agitation as described by 
Jauncey and Harvey.®? Using the F values found by James and Firth? at 
different temperatures for rocksalt, and the f’ values calculated by Jauncey 
and Harvey’ from the results of Jauncey and May,° we are in possession 
of a third theoretical means for calculating the effect of temperature on the 
diffuse scattering of x-rays from rocksalt. 


Il. APPARATUS 


1. Constant x-ray source. A constant 110-volt a.c. source of potential is 
obtained from a double motor-generator set, the first d.c. generator having a 
voltage stabilizer in its field-coil circuit. Because of the stabilizer, and large 
mechanical inertia of the system, the voltage is constant to within one per- 
cent. In the primary circuit of the high voltage transformer, an inductance, 
consisting of a few hundred turns of annunciator wire and containing a vari- 
able length of iron core, gives fine control over any fluctuations of voltage 
which may occur. High voltage rectification is obtained by means of a four- 
kenotron full-wave rectifier. 

The tungsten target x-ray tube, operated at 45 kv and 16 m.a., was in- 
clined at 45° to eliminate polarization of the x-rays. It was also turned so 
that rays were taken from the target at a small angle, thus eliminating the 
effect of possible small migrations of the focal spot. The rays used passed 
through two lead slits, 1 by 10 mm, 16 cm apart, these slits giving a narrow, 
well-defined beam of x-rays. 


2. Cooling and heating chambers. The beam of x-rays produced as above 
is made to fall on the polished face of a crystal of rocksalt, inclined at a 
glancing angle @ to the incident beam. (See Fig. 1). The x-rays are scattered 
in all directions, and are measured at an angle ¢ by means of an ionization 
chamber and amplifier, or by means of a photographic method to be de- 
scribed later. Since the purpose of the experiment is to measure the ratio 
of scattering at various temperatures, some device is necessary whereby the 
temperature of the crystal may be varied over a considerable range. 


6 G. E. M. Jauncey, Phys. Rev. 37, 1193 (1931). 
7G. E. M. Jauncey and G. G. Harvey, Phys. Rev. 37, 1203 (1931). 
8 G. E. M. Jauncey and H. L. May, Phys. Rev. 23, 128 (1924). 
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James and Firth? describe a method in which the crystal and holder were 
cooled by being placed in a Dewar flask containing liquid air, the flask having 
very thin, specially blown walls to permit passage of x-rays. Such a flask was 
unfortunately not available for our use, and some other method had to be 
devised. The apparatus shown in Fig. 2 was found to work quite satisfactori- 
ly. The outer case A which sits on the table of a Bragg ionization spectro- 
meter, is of double-walled brass packed with asbestos between the walls. 
The outside diameter is 4.5 inches, the inside diameter 3.5 inches, large 
enough to permit a Dewar flask to be snugly inserted. The total height is 11 
inches, with the height of the removable top section being 5 inches. 
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Fig. 1. Arrangement of apparatus. Fig. 2. Cross section of cooling chamber. 


A copper cylinder B, 2 inches in diameter and 5 inches long, screws onto 
its lid which is supended from the top of the outer casing by three fiber screws, 
and dips down into the Dewar flask. The top part of the cylinder is hollowed 
out sufficiently to contain the crystal just below the lid. The axis of rotation 
of the crystal passes through its face, and coincides with the axis of the spec- 
trometer. A fiber part G projects through the lid, and into this is screwed the 
bracket which holds the crystal C. A metal rod runs from the top of G down 
to the divided circle of the spectrometer, where it holds a vernier scale which 
gives the position of the crystal within the cylinder, and enables it to be 
turned to any angle @. Holes are drilled in both the copper cylinder and the 
casing to permit passage of x-rays at the desired angles. Openings in the cop- 
per are covered with thin sheets of mica to prevent water vapor condensing 
on the chilled crystal after a set of readings has been taken. While readings 
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are being taken, however, the mica windows are kept quite free of moisture 
by the blast of dry air from the evaporating liquid air in the flask. 

The flask is filled with liquid air, and kept filled, by passing liquid air 
through the tube D. A pair of holes are drilled in the case at E. An electric 
lamp held near one of them illuminates the inside of the clear glass flask so 
that one may observe through the other hole the level of the liquid air. An 
iron-copper thermocouple passing through the tube F into the crystal 
chamber shows that a temperature of 120°K is attained. 

For purposes of heating the crystal, the copper cylinder is of course un- 
necessary, and while the heat insulating chamber would be desirable, it was 
found impractical. It was therefore necessary to devise some other arrange- 
ment. Accordingly, a piece of brass tubing 2 inches in diameter and 8 inches 
long was set up on the turn-table of the Bragg spectrometer, to hold the crys- 
tal in position to scatter x-rays. Around the crystal was placed an electric 
heater, composed of Karma wire wound on a galvanized iron cylinder, and 
wrapped on the outside with several layers of asbestos. By means of this 
heater, connected directly across the 110-volt lighting circuit, a temperature 
of 750°K was obtained, as measured by a mercury-in-glass thermometer. 

In order to prevent blackening of the x-ray film by heat when the photo- 
graphic method was used, it was necessary to construct a double-walled cop- 
per shield to be interposed between the heater and the film. A constant stream 
of water passing through the shield kept the film sufficiently cooled. There 
were, of course, openings through both heater and shield at the proper angles 
for the passage of x-rays. 

3. D. C. amplifier. The small ionization current produced in the ionization 
chamber by the scattered x-rays, as shown in Fig. 1, is amplified to an amount 
which can be measured by a sensitive galvanometer. The amplifier consists 
of the two-tube balanced circuit recently developed by Du Bridge, using the 
new General Electric FP-54 Pliotron tube. It was operated at a sensitivity of 
12,500 divisions per volt. The necessary high resistance of approximately 10" 
ohms was kindly furnished by Mr. L. C. Van Atta.'® 


IIT. PROCEDURE 


1. Ionization method. The ionization chamber was first set at ¢ = 30°, and 
the ionization measured for various values of the glancing angle @. From 
among the points measured, the values of @=10°, 20°, 25° were chosen as 
giving ionization most nearly proportional to the factor K as defined by Eq. 
(2). Such a procedure was necessary to insure against using a value of 6 which 
might give regular reflection, and hence a peak on the ionization—@ curve. 
Because regular reflection increases in intensity as the temperature decreases, 
while diffuse scattering decreases, all such points must be assiduously avoided. 
If the values of @ are well chosen, the ionization values with the crystal at 
120°K should also be proportional to the factor K, since the decrease in 
intensity with decrease in temperature depends theoretically on @ but not on 
6. 


® L. A. Du Bridge, Phys. Rev. 37, 392 (1931). 
10 L.C. Van Atta, Rev. Sci. Inst. 1, 687 (1930) 
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At ¢=30°, the ionization—# curve should, and did, give practically a 
straight line, at both room temperature (300°K) and liquid air temperature 
(120°K). Because the curves were straight lines in both cases, it was un- 
necessary to compare actual ionization values, but only the slopes of the two 
curves, to obtain the effect of temperature on the diffuse scattering. The de- 
flections of the galvanometer were noted for @=10°, 20°, 25°, then back to 
20° and to 10°, ten minutes being allowed between observations for the gal- 
vanometer to take up its new position. The two values thus obtained for 10° 
and 20° were averaged in order to eliminate the effect of any galvanometer 
drift. Then the crystal was cooled with liquid air, and about ten minutes 
after the thermocouple showed that the lowest temperature had been 
reached, the above observation process was repeated. The results of three 
trials are as follows: 

TABLE I. Scattering from rocksalt at @= 30°. 




















Trial Slope Slope Ratio Mean 
300°K 120°K ratio 

1 1.50 0.86 0.58 

2 1.65 1.04 0.63 
3 | 1.63 0.97 0.59 0.60 


It will be seen that the results of the three trials are reasonably consistent 
and the mean ratio should be fairly dependable. 

For large values of @ the process was not quite so simple, nor so satis- 
factory. In the first place, the ionization—# curve is no longer a straight line, 
but becomes more and more curved as ¢ increases, so that it is no longer pos- 
sible merely to compare the slopes of lines. If we let the galvanometer reading 
be R, where 

R = A + Bsin (@ — 0)/|sin (@ — 0) + sin] (4) 


A and B may be determined by substituting dependable galvanometer read- 
ings for two different values of 6 and solving simultaneously. The ratio of the 
B’s at the two temperatures will give the ratio of intensities, since B is pro- 
portional to the scattering coefficient. The difficulty arises in attempting to 
find values of @ for which the ionization values are dependable. One attempts 
to do this by trying to find two points for which A and B can be calculated, 
which will give calculated values of R agreeing with the experimentally deter- 
mined values at some other values of #. This was found to become increas- 
ingly difficult as @ was made larger, and no satisfactory agreement among 
ratios from different trials could be obtained for values of ¢@ above 35°. 

2. Photographic method. The fact that no satisfactory agreement in re- 
sults could be obtained for various trials suggested that valuable information 
might be gained by photographing the region about the crystal. Accordingly, 
an x-ray film wrapped in black paper was curled about the crystal at a radius 
of 10 cm. Exposures of two to three hours showed the distribution of scattered 
and reflected radiation at angles from 0° to 90°. Such a strip is shown in 
Fig. 3(a). It shows at a glance the source of the trouble, for throughout the 
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region the film is traversed by lines due to regular reflection. Consequently 
an ionization chamber having a window 1 cm in width would probably in- 
clude several of these lines, and very small errors in the setting of @ might 
easily change the number of lines entering the chamber. In any event, the 
ratio of intensities as measured for different temperatures would not represent 
the ratio of intensities of diffuse scattering, obviously, because of the included 
regular reflection. Some method, therefore, must be devised for eliminating 
the effect of the regularly reflected rays. 
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Accordingly, the fairly large openings in the brass chamber were replaced 
by lead slits 1 mm wide and 1 cm long, at angles ¢= 28°, 35°, 45°, 58°. An 
x-ray film was placed in its holder around the outside of the brass case, and 
three-hour exposures were made to the x-rays scattered through these slits, 
with the crystal angle varied from @= 10° to @=23°. The result is shown in 
Fig. 3(b). A careful inspection of the film indicated that the values of @= 11°, 
12°, 17°, 20° were the most promising, in that they showed a fair distribution 
of points which appeared to consist of diffuse scattering only. 
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The problem then becomes one of determining photometrically the ratio 
of scattered intensities. The photographic images to be measured were ob- 
tained for each of the above values of 6 by making exposures at room tempera- 
ture for 1, 2 and 3 hours, then exposing the film for 4 hours with the crystal 
at liquid air temperature. The next day, after the apparatus had again come 
to room temperature, exposures were again made for 3, 2 and 1 hours. The 
film with these seven sets of exposures, after development, was then ready 
for the micro-photometer. The same procedure was followed when the 
crystal was heated, except in this case, 2-hour instead of 4-hour exposures 
were sufficient. 

3. Photometric measurements." In the region of visible light, if we plot 
the density of silver deposit on an exposed film against the logarithm of ex- 
posure, we get the “characteristic curve” or “H and D curve” for that film. 
If now, on the developed film, we allow a beam of light to fall, only a part 
of the incident light will be transmitted. Then, by “density” at a point is 
meant log (intensity of incident light/intensity of transmitted light) for that 
point. “Exposure” is defined as the intensity of the light producing the image 
multiplied by the time of exposure in seconds raised to a power #, called the 
“Schwarzschild constant.” That is, Exposure= /??. 

In the case of visible light, correct exposure should lie somewhere on the 
straight portion of the characteristic curve, and the value of p is about 0.86. 
A somewhat similar curve is obtained for the effect of x-rays on a photo- 
graphic film, but “correct” exposures lying on the straight portion of the curve 
are for the most part too dense for practical purposes. Hence most exposures 
lie on the lower, under-exposed part of the curve. Fortunately, the value of 
the Schwarzschild constant is practically unity in the case of x-ray exposures, 
and we may write 
Exposure = /t. (5) 


If then, we measure the densities of the lines on our photographic films, 
the ratio of the intensities scattered at different temperatures can be meas- 
ured. Since each film contains two sets of 1, 2 and 3-hour exposures (one set 
taken before and one set after the exposure at liquid air temperature), if the 
densities for the two sets be averaged and plotted against log exposure, what 
amounts to a calibration curve for the film will be obtained. Fitting the den- 
sity of the cold set to this curve gives its log exposure, and consequently 
its intensity, since the time is known to be 4 hours. Actually, this pro- 
cedure was not followed exactly as stated. Instead of densities, deflections 
of the microphotometer were plotted against time of exposure to obtaina 
calibration curve. The same primary intensity of x-rays was used throughout, 
being that given by a tungsten-target tube at 45 kv and 16 m.a. Then fitting 
the deflection for the cold set to this curve, we obtain the time which would 
have given that deflection if the scattering had been of standard intensity. 
The ratio of intensities scattered at the two temperatures is then determined 
by dividing that time by the actual time of 4 hours. The validity of this 


1! Dobson, Griffith, Harrison, “Photographic Photometry.” 
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method depends upon two facts: first, that the scattered spectrum is not 
vastly different in the two cases, since the wave-length most effective in 
blackening the photographic film is the absorption wave-length of the silver 
in the film; second, that the exposure may be considered to be given by Eq. 
(5). 

4. The microphotometer. The microphotometer is an instrument for mea- 
suring the density of silver deposit on exposed photographic plates or films. 
The instrument used in this research consisted of a beam of light from a con- 





Fig. 4. Sample of microphotometer curve. 


stant source falling on a photoelectric cell. The photographic film is placed in 
the beam of light, and as the lines on the film pass across the beam, the amount 
of light reaching the photoelectric cell varies with the density of the silver 
deposit on the film. This variable light produces a variable photoelectric cur- 
rent which is amplified by a one-tube circuit® using the FP-54 Pliotron. The 
amplified current passes through a galvanometer of exceedingly short period, 
so that there is practically no inertia in the system. A beam of light reflected 
from the galvanometer mirror falls on light-sensitive bromide paper, and as 
the paper moves forward in synchronism with the film, a trace is obtained 
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with peaks whose heights vary with the densities of the lines on the film. A 
sample trace is shown in Fig. 4. The straight line at the top of the figure is the 
galvanometer position when all light is cut off from the photoelectric cell. 
The distance from this line to the base line of the trace represents the amount 
of incident light. The distance from the line to the top of the peaks represents 
the amount of transmitted light. From these values can be obtained the den- 
sity of the photographic image, if desired, by means of the formula: Density 
=log (1/7), where J is the intensity of the incident light, and T that of the 
transmitted light. As has already been mentioned, however, not densities 
but heights of peaks were used in the determinations for this experiment.” 
(Note: the ragged base line of these traces is due to the large grain of the x- 
ray film. This raggedness has been reduced to a minimum by using as wide a 
slit as possible with the photoelectric cell, to average out the effect.) 


IV. RESULTS 


1. Results obtained by the photographic method for the ratio of inten- 
sities of x-rays diffusely scattered by rocksalt at different temperatures are 
given in Tables IT and ITI. 


TaABLe II, 
Intensities scattered at 120°K 
Intensities scattered at 300°K 





| 


0 | @ = 28° 35° 45° 58 

11 0.48 0.64 0.71 

12 0.59 -- - - 

17 0.62 0.62 —— 0.82 

20 0.62 0.66 0.64 0.77 
Average 0.58 | 0.64 | 0.68 0.80 
—$—$—$_____—_|-__. , ————|—_—___— Sceepsliernieneaiinn 
Results by | 0.60 0.67 | - — 
ionization | 





Blank places in the tables indicate that no values were obtainable because 
of regular reflection for these values of 6. It might be mentioned that where 
regular reflection was present, the intensity increased as the temperature de- 
creased, and vice versa, in qualitative agreement at least with results obtained 
by James and Firth, and others. Attention is called to the apparently “wild” 
value of 1.62 for ¢6= 28° in Table III. No explanation is obvious, so it is in- 
cluded as a matter of record. A comparison of values obtained by ionization 
and by photographic methods (Table I1) for ¢= 28° and 35° shows excellent 


" For density, write D=log(J/T) .Then it can be easily shown that the height of peak 
(J—T) is given by 
q-N=1i-e”) 


so that, as long as the incident light J does not vary in intensity, the height of peak (J—T) isa 
function of density only, and hence may be used in place of density for a calibration curve. 
This is of considerable importance, since for high sensitivities of the microphotometer, the top 
line does not fall on the paper. 
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TABLE IIT. 





Int ensit ies scattered at 750°K 
Intensities scattered at 300°K 




















0 $ =28° 35° | 45° 58° 
11 1.22 1.35 
12 1.17 
17 1.22 1.17 1.23 | 
20 1.62 (?) 1.26 1.23 | 
Average | 1.20 1.26 1.23 ‘ 


1.31 (2) | | 7 


agreement. This might be expected from an inspection of Fig. 3(a). In this 
figure, = 10°, so that the regularly reflected first order line comes at 20°. The 
region immediately to the right, and extending through 10° or 15° shows little 
evidence of regular reflection, which was the troublesome element in the ion- 
ization method. 

To compare these results with theory, it is first necessary to determine the 
spectral distribution of intensities in the x-rays, since all theories predict that 
the effect of temperature varies with the wave-length used, as well as on the 
angle at which the rays are scattered. 

2. Spectral distribution in the x-rays. Inasmuch as a continuous x-ray 
spectrum was used, and the foregoing results were obtained by two different 
methods—ionization and photographic—it is quite possible that the effective 
wave-length in the two cases was different. The spectral distribution therefore 
should be determined by both methods. 

To determine the ionization spectrum, the crystal was set up in the x-ray 
beam, and the chamber angle ¢ kept equal to twice the crystal angle @, for 
values of @ varying from 3° to 20°, one degree at a time. Plotting these ioniza- 
tion values against the wave-length A reflected according to the Bragg law, 
n\=2D sin 6, and correcting for second and third order reflections by means 
of known F values, we obtain a sharp maximum of intensity for \=0.52A. 

In the photographic method for determining the effective wave-length, 
the crystal was again placed in the cooling apparatus as a convenient means 
of holding it in the x-ray beam. As before, a calibration set of 1, 2 and 3-hour 
exposures was made; then on the same film was taken a series of 3-hour ex- 
posures, each with the rays passing through a different thickness of aluminum. 
Microphotometer deflections were found for each of these sets, and the cali- 
bration curve drawn as previously described. From this curve, intensities for 
the remaining exposures were obtained, and intensities plotted against thick- 
ness of aluminum for each angle of scattering. These curves were found to be 
very nearly exponentials, so that the radiation penetrating the aluminum 
could be considered monochromatic. Reading off from these curves the thick- 
ness, x, of aluminum which reduced the intensity by half, and substituting in 
the equation 


1/To = 3 = e~ Hle)ex (6) 
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the mass absorption coefficient, u/p, for aluminum can be calculated, and the 
wave-length determined from the table given by Compton." For ¢= 28°, 
35°, 45°, the wave-lengths obtained were 0.49A, 0.44A, 0.52A, respectively. 
It is interesting to note that within the limits of accuracy for these determina- 
tions, the values for wave-length are equal to the absorption wave-length 
(0.485A) for silver, which is part of the light-sensitive emulsion. These values 
incidentally are close to the 0.52A obtained by the ionization method, so 
that for purposes of calculating the temperature effect from theory, we may 
use the value, \=0.5A. 

3. Error. It is extremely difficult to give any estimate of the accuracy of 
the experimental ratios because of several factors. First, a microphotometer 
such as was used is not generally considered to be accurate to better than five 
percent error. Second, photographic emulsions vary in sensitivity from place 
to place on a film, so that even assuming a constant intensity, the blackening 
of the film might vary. In general, however, measurements of what should 
have been similar densities showed less than five percent variation. Five per- 
cent therefore might be taken as a reasonable estimate of the error in the 
measured intensities. 

That exactly the correct intensity was measured, however, is another 
question, for if it contained even the slightest amount of regular reflection, 
the ratio measured would be too near to unity, for either the hot or cold 
temperature. There is no way at present for eliminating completely this pos- 
sibility. We can only assume that if we obtain several ratios that are ap- 
proximately the same for a given angle of scattering, the average ratio is 
approximately correct. 


V. CoMPARISON WITH THEORY 
TABLE LV. Comparison of experimental and theoretical values. 



































Intensity at 120°K Intensity at 750°K 
Th a : ; 
Sita Intensity at 300°K Intensity at 300°K 
o= as | 35° | 45° | 58° 2g° | 35° | 45° | 58° 
Debye 
(1-—e™) 0.31 0.33 0.36 0.40 2.28 2.05 1.74 1.44 
No spe 
Debye | 
(1-—e™) 0.49 0.52 | 0.56 0.62 1.94 1.76 1.51 1.28 
With zpe 
Waller 
(1—e =?) 0.34 0.37 0.43 0.52 1.88 1.61 1,32 1,32 
No spe 
Waller 
(1—e=) 0.54 0.58 0.66 0.77 1.62 1.40 1.19 1.06 
With zpe 
Jauncey 
and 0.79 0.83 0.85 0.90 1.34 1.27 1.14 1.04 
Harvey 
Experiment 0.58 0.64 0.68 0.79 1.20 
1.310)} 1.26 | 1.23 _ 
































13 A. H. Compton, “X-rays and Electrons,” p. 184. 
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In calculating the above, the characteristic temperature for rocksalt was 
taken as 281°K, and the average atomic weight as 14. Then for \=0.5A— 
M=5.52 (sin? 6/2) f(x) /x No zero point energy 
or M=5.52 (sin? 6/2) | f(x)/x+1/4) With zero point energy. 
The values given by Jauncey and Harvey's formula are calculated from Eq. 
(3) by taking the ratio of the scattering S at different temperatures. The 
values of F were taken from the paper of James and Firth,? and the values of 
f’ from the paper of Jauncey and Harvey.’ These values are given in Table V. 


TABLE V. Structure factor values used tn calculations. 


o= 28 35 | 45° | 58° 


Fi20 4.40 3.35 2.59 1.60 
F300 3.05 2.88 1.80 0.80 
F750 1.80 1.45 0.20 0.00 
| id 3.99 +.67 3.00 2.10 


A comparison of experimental results with the calculations from various 
theories shows that for the low temperatures, the experimental ratios agree 
fairly well with Waller’s modification of Debye’s theory if we include zero 
point energy. For the high temperature ratios, however, the results agree 
better with the formula of Jauncey and Harvey. 

VI. Conciusions 

This research has established beyond a doubt the fact that rise in tempera- 
ture causes a very definite increase in the intensity of x-rays diffusely scat- 
tered by a crystal. At low temperatures, there is a decrease in the intensity, 
the decrease at low temperatures being much greater than the increase at high 
temperatures. 

With respect to the three theoretical formulas, it is immediately seen by 
reference to Table IV that neither of Debye’s formulas fits the facts. On the 
other hand, Waller’s formula with zero point energy agrees with the experi- 
mental results at low temperatures, while the formula of Jauncey and Harvey 
fits the facts fairly well at high temperatures. It is interesting to note that Fin 
the formula of Jauncey and Harvey may be written f// where f is the true 
atomic structure factor and // is the temperature factor. For point atoms con- 
sisting of Z electrons massed at the center of the atoms, f’=f=Z, and, sub- 
stituting these values in Eq. (3), we obtain 


S=Z(1— H*). (7) 


Now, according to the results of James and Firth,? J/?=e?” and we have 
that the diffuse scattering is proportional to (1—e-?”), which is Waller's 
formula. We are not, however, dealing with point atoms, and this makes it 
all the more remarkable that the temperature effect should be according to 
Waller’s formula at low temperatures and according to Jauncey and Harvey's 
formula at high temperatures. The author is inclined to believe that the agree- 
ment between Waller’s formula and the results at low temperatures is fortuit- 
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ous, and that all that can be said at present is that the formula of Jauncey and 
Harvey, which correlates the diffuse scattering with the regular reflection of 
x-rays from crystals, is at variance with the experimental results at low 
temperatures, but agrees fairly well with the results at high temperatures. 

It should be noted that the formula of Jauncey and Harvey is not strictly 
applicable to rocksalt because the formula is only valid for crystals consisting 
of atoms of one kind, whereas rocksalt consists of two kinds of atoms. The 
discrepancy between the formula and the results is all the more remarkable in 
view of the success of the formula in correlating the scattering from gases with 
that from crystals as described by Jauncey. It may be that the formula of 
Jauncey and Harvey predicts more closely the experimental ratio at low tem- 
peratures for sylvine, which can be considered as made up of atoms of one 
kind. For this reason experiments with sylvine are now in progress in this 
laboratory. 

In conclusion, the author wishes to acknowledge his indebtedness to 
Professor Jauncey for suggesting the problem, and to him and other members 
of the Physics Department of Washington University for much valuable as- 
sistance in carrying through the research. 


Note added in proof: Ina recent issue of the Physical Review (38, 6, 1931), 
Woo derives an expression for the intensity of x-rays scattered from crystals, 
which reduces to the expression of Jauncey and Harvey for long wave-lengths. 
For the wave-length 0.5A used in this work, the temperature effect to be ex- 
pected on Woo’s theory agrees to the second decimal place with the values 
calculated from the formula of Jauncey and Harvey, as shown in Table IV. 





4G. E. M. Jauncey, Phys. Rev. 38, 1, 1931. 
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ABSTRACT 


It is shown that an x-ray which comes from a point source and is reflected from a 
fixed and a moving crystal must pass through a focal point fixed in space and also 
through a second focal point moving with the crystal. These focal points are the best 
positions for the location of an ionization chamber window or slit. A universal type 
of crystal mounting is described which permits the study of wave-lengths from 0 to 5A 
without readjustment of the crystals. This style of spectrometer can also be used to 
measure absolute reflection angles. By using a thin glass window in the x-ray tube and 
a hydrogen atmosphere around the crystals, wave-lengths of 5A may be studied. 
Graphical methods have been developed which show the effect of the crystal curve and 
the vertical height of the slits on the shape of the wave-length curve. This method can 
also be used in other types of spectroscopy to study the effect of the spectrometer on 
the curve. 


PART 1. GEOMETRY AND DESIGN 


“THE double x-ray spectrometer was used by Davis and Stempel’ with the 
crystals in the parallel position to study the reflecting properties of the 

crystals. The two-crystal spectrometer has high resolving power when the 
crystals are used in the antiparallel position. The development of this type 
of spectrometer was made simultaneously by Bergen Davis and Purks,? 
Ehrenberg and Mark’ and Ehrenberg and Susich* who applied it to the study 
of the natural breadth of spectral lines. This type of spectrometer has been 
described in detail by Williams and Allison.’ M. M. Schwarzchild® has given 
a mathematical theory of the instrument. The design has been modified by 
Richtmyer’ and by DuMond and Hoyt.$ 

The following discusses some further points of geometry of the double 
X-ray spectrometer in which the source and one of the crystals remains fixed, 
and describes a “universal” type of mounting which is simpler and covers a 
wider range of angles than the previous types. This type of mounting has been 
used for over a year by the author 

The reflection of x-rays from crystals may be treated exactly as the reflec- 
tion of light from plane mirrors except that there is the added condition 


nd = 2d sin @ (1) 













1 Davis and Stempel, Phys. Rev. 17, 608 (1921). 
2 Davis and Purks, Proc. Nat. Acad. Sci. 13, 419 (1927). 

3’ Ehrenberg and Mark, Zeits. f. Physik 42, 807 (1927). 

4 Ehrenberg and Susich, Zeits. f. Physik 42, 823 (1927). 

5 Williams and Allison, J.0.S.A. and R.S.I. 18, 473 (1929). 

6 M. M. Schwarzchild, Phys. Rev. 32, 162 (1928). 

7 Richtmyer, Barnes and Ramberg, Phys. Rev. 35, 1428A (1930). 
§ DuMond and Hoyt, Phys. Rev. 36, 1702 (1930). 
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where is the order of reflection and d is the grating constant of the crystal. 
The ray SABF is shown in Fig. 1 reflected from crystal A at second order and 
from crystal B at third order. In general, the orders of reflection will be m, 





Fig.1. Path of an x-ray reflected from two crystals. Sand S’ are the real and virtual sources. 
A and B are the points of incidence at the crystals. If the plane containing crystal B and the 
points F and F’ is rotated about O’ as an axis, then F’ becomes a virtual focus and F a real 
focus for any ray from S which is reflected from both crystals. 


and #2. The wave-length may be eliminated from two equations of the type 
of Eq. (1) resulting in 
n;/N2 = sin 6,/sin 02 (2) 


O is the intersection of the two crystal planes. An application of the sine law 
to triangle OA B shows that 
OB/OA = sin 6,/sin 42. (3) 
From Eggs. (2) and (3) 
OB/OA = n,/ns. (4) 

For various wave-lengths the position of the source S may be so adjusted 
that the ray is incident at the same point A on crystal A. If crystal B is 
rotated about O as an axis, OA is then constant and OB must also be constant 
by Eq. (4). The ray will then be incident at the same point B on crystal B. 
The points A and B are conjugate foci. This arrangement might be called a 
“universal” spectrometer, for any wave-length from 0 to 2d/n may be studied 
without readjustment of the crystals. 

When the source is fixed in position, the points of incidence A and B are 
not fixed in the crystals. In Fig. 1 S’ is the image of the source S in the plane 
of crystal A. Rays such as S’AB radiate from S’ in all directions. For any 
direction making an angle @ with the crystal plane, only one wave-length 
will be reflected according to Eq. (1). The other wave-lengths will be ab- 
sorbed in the crystal. In order to simplify the theory, the axis of rotation of 
crystal B has been moved to O’ which is any point along a line through S’ 
parallel to crystal A. O’F’ is drawn parallel to crystal B and intersects S’B 
in F’, Fisa point such that F’ is its image. From similar triangles and Eq. (4). 


O'F'/O'S' = 1/2. (5) 
The points S’ and F’ are imaginary conjugate foci by the same reasoning 


that was applied to the points A and B. The points S and F are real conjugate 
foci since any ray coming from S must pass through F. 





620 ROY C. SPENCER 


A mechanical model may easily be made in which a plane containing F, 
F’ and crystal B rotates about O’ with respect to the fixed plane containing S, 
S’ and crystal A. A string held taut between S’ and F’ gives the actual path 
of the ray between the crystals. The points A and B are seen to slide to the 
outer portions of the crystals as the angles of reflection increase. If S repre- 
sents the source of the x-rays, then F might represent the small window of an 
ionization chamber. This arrangement would eliminate any movement of the 
beam across the chamber window and would allow the use of a window as 
narrow as the source. Slits placed elsewhere along the beam would have to be 
wider. 





~ ~ 
— — 
it ie, _ 


Fig. 2. Usual type of double x-ray mounting with axis at center of crystal B at B,. The 
orders of reflection are the same at each crystal. Two positions of crystal B are shown. The 
corresponding rays intersect at f which is a focus fixed in space in contrast to F which is a focus 
moving with the crystal. The distance B,f is approximately one third of B,S’. 


An interesting arrangement is the one in which crystal B is beyond F’ at 
B’. F and F’ then coincide and the real focus is between the two crystals. 
Should the axis of rotation be placed elsewhere, the focal point may degener- 
ate into a caustic curve. 

The discussion up to now has assumed a different order of reflection at 
each crystal. The usual practice is to have both orders of reflection the same. 
In this case OA equals OB which allows the axis O’ to lie anywhere in space. 
Two such arrangements will be described. 

The first is the usual type of mounting in which the axis of rotation is at 
B,, the center of the second crystal. (See Fig. 2.) The notation is the same as 
in Fig. 1. If the plane containing F,, F,’ and crystal B is rotated through an 








































DOUBLE X-RAY SPECTROMETER 621 


angle 2A6@ counter clockwise, then F, and F,’ assume the new positions F, and 
F,’. The line S’F:’ now marks off A» and By, as the new points of incidence 
and the reflected ray B.F: intersects the former ray B,F, in f which will be 
proved to be a real focal point “fixed in space.” Let the triangle B,B,S’ be 
imaged in the crystal plane B,B.. Then S”’ is the image of S’ and S’’Bof isa 
straight line. An application of the sine law to triangle B, fS” gives 


Byf BS” 
sin A@ sin 3A0@ 





(6) 


Now B,S’’=B,A,+A,S=L, the distance of the source from the axis B,. 
From Eq. (6) 





Bif sin A@ L L _ 
= = — (approx. 
‘gin 308 3m (7) 


when A@ is not more than a few degrees. This proves that all rays from S 
cross at a point f, fixed in space such that the distance from the axis to f is ap- 
proximately one-third the optical distance from the source to the axis. 

The second type of mounting is one used by the author (see Fig. 3). The 
axis of rotation O’ is symmetrically placed with respect to the two crystals. 


F S 





Fig. 3. Universal type of double x-ray mounting with axis at any point O’ which is sym- 
metrical to the two crystals. The two crystals will remain symmetrical even though crystal B 
is rotated through large angles. This makes possible the study of x-rays incident on the crystals 
at any angle. The instantaneous axis of rotation of crystal B is at P. The focus fixed in space 
is at f. 


Although crystal B rotates about O’, the instantaneous axis of rotation in its 
own plane is at P, the foot of the perpendicular from O’. Using Eq. (7) the 
distance Pf is approximately one third of S’P. The advantage of the universal 
type of mounting is as follows. The beam may at all times be reflected from 
the same portions of both crystals no matter how large the angle, by simply 
moving the source sidewise. In the usual type, however, if the beam is re- 
flected from the same portion of one crystal, it will move off of the other crys- 
tal. 

The principle of reversibility can be applied to any double crystal ar- 
rangement. The ionization chamber window can be placed at S. The source 
can remain fixed at f or can move with the crystal when placed at F. 
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MEASUREMENT OF LARGE ANGLES BY MEANS OF THE 
UNIVERSAL TYPE OF MOUNTING 


The universal type of mounting as just described can measure all angles 
from 0 to as near 90° as desired. 

In order to determine the reflection angle at say first order, it is neces- 
sary to measure the difference in angle ¢ between first and second order. The 
difference in circle positions is, of course 2¢. A different effective grating con- 
stant must be used for each order® to correct for refraction. From Eq. (1) 


A= 2d, sin 6; = ds sin Os (8) 
But 
sin 0. = sin (@; + @) (9) 
Substituting (9) in (8) 
sin @ 
tana 6, = —— (10) 
2d; ds) — cos@ 


Eq. (10) gives the absolute angle @; at which first order reflection occurs. 
Subtracting 26, from the position on the circle at first order gives the zero 
of the circle, so that measurements of 26 for any other x-ray line may be read 
directly. 

The usual type of double x-ray spectrometer can also be used to measure 
reflection angles by taking curves in the parallel and antiparallel positions. 
The second crystal is turned through 180°—29. 

In another paper a method is given by which x-rays up to the limit of 
the calcite crystal can be studied using the double x-ray spectrometer. 


ParT II. DistoRTION OF X-RAY LINES BY VERTICAL DIVERGENCE 
AND CRYSTAL WIDTH 


Shape of monochromatic line due to vertical divergence 


The axis of the spectrometer and the crystal planes were made vertical 
by methods which will be given in a later paper. Eq. (19) of Schwarzchild® 
could then be simplified to 


6 = ¥* tan@ = y?/C? (11) 


where y is the angle between the ray and the horizontal plane, called the 
angle of vertical divergence, and 6 is the angular deviation of the position 
of the second crystal from the position it would have if ¥ were zero. The en- 
ergy reflected from the second crystal is some function I(¥) which depends 
on the energy distribution across the target and on the slits limiting the ver- 
tical angle. 

dE 
dy 


Since I(y)dy =1(6)d6 the distribution of energy with 6 may be found by a 
change of variable using Eq. (11) 


I(y) = (12) 


® Siegbahn, Spectroscopy of X-rays, p. 21. 
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(8) dE CI(Cé'!*) (13) 
dé BHI? 
The simplest case is that of a beam diverging from a point source and 
limited by a slit of height /7, level with the source, but at a distance L from it. 
I(¥) isa constant K for ly </1/2L 


CK 
1(6) = —- (14) 

§i/2 
The curve of Eq. (14) is shown in Fig. 4. This differs from the curve given by 
Schwarzchild® but the equation is in agreement with that given by DuMond 





I(d) 


an— 




















0 Sm/D Om 


Fig. 4. Distortion of monochromatic line by vertical divergence for the case of a beam 
diverging from a point source and limited by a slit of height H distant L from the source. The 
maximum angle of vertical divergence y,, is 1/2L. The maximum deviation 6,, in the position 
of crystal B is y,,2 tan @. The center of gravity of the curve is shifted 5,,/3 from the position of 
the monochromatic line at O. The three pillars give the position and relative intensity of three 
components whose first four moments are equal respectively to the first four moments of the 
curve. 


and Hoyt’ for the same conditions (see their Fig. 3). The two axes of their 
figure have apparently been interchanged since their curve approximates 
more closely K/26?. 

The next simplest case is that of a beam diverging from a broad uniform 
source and limited by two slits of equal height, 7, separated by distance L. 
The maximum value of ¥ is /J/L. A curve of the intensity with y is an isosceles 
triangle 


T(y) - RK’ (Ym — | y | ) 


Kn! 1 i ; 
1(6) — —- — —— (15) 
tan @ \6'/? 6, '/2 
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where 6,, is the maximum value of 6. The shape of this curve (see Fig. 5) is 
the same as Fig. 4 except that the 6-axis has been raised. The curve of in- 
tensity with V caused by two unequal slits is an isoscles trapezoid.'® This is 
the difference of two triangles. Hence the curve of intensity with 6 is the 
difference of two curves of the type of Eq. (15). 











O dn/0 Om 





Fig. 5. Same as Fig. 4 but for the case of a beam diverging from a broad uniform source 
and limited by two equal slits of height H distant L from each other. ¥,, =H/L. The center of 
gravity is shifted 6,,/6 from the origin. 


As pointed out by DuMond and Hoyt the area of Fig. 4 is finite, although 
the intensity at the origin is infinite. The centers of gravity of Figs. 4 and 
5 are distant 56,,/3 and 6,,/6 respectively from the origin. This is very im- 
portant as it shifts the center of gravity of any x-ray line by the same amount. 
The equivalent shift in wave-length may be obtained by differentiating Eq. 
(1). Hence 








for Fig. 4 
Ad i? 
ae (16) 
12L° 
for Fig. 5 
AX H? 
i ’ (17) 
r 6L? 


The fractional change of wave-length is, therefore, independent of angle. For 
precise wave-length measurements this should be made small by narrowing 
the slits or making L large. If the intensity across the target were uniform 
(which never occurs), the shift could be calculated. 

In photographic measurements the position of the line may be measured 


10 Richtmyer, Phys. Rev. 26, 724 (1925). 

















DOUBLE X-RAY SPECTROMETER 625 


at the center. However, the central point receives rays from various parts of 
the target of height //7. If L is the distance of the photographic plate, then 
Eq. (16) gives the correction. 


Methods of analyzing spectrometer curves 

The author first became interested in this subject while associated with 
F. K. Richtmyer'® in a study of the single crystal spectrometer. The effect of 
any spectrometer is to transform a monochromatic line of infinitesimal width 
into a curve F(@). In general it will transform a curve $(@) into a curve G(@). 

Ehrenberg and Mark’ and Ehrenberg and Susich‘ were the first to attempt 
to correct for the width of the crystal. They assumed that all three curves 
were Gaussian in shape in which case the relation of the widths at half 
maximum is 

Wa? = We? + We’. (18) 

Allison and Williams'! used the above formula to correct for the crystal 
width Wy. The author believes that their method of correcting for vertical 
divergence, however, is in error. In the first place they assume that the width 
at half maximum of the curve J(6) is related to the width at half maximum 
of I(W) by Eq. (11). This is incorrect since the width at half maximum of 
1(6) is zero. In the second place they subtract this width from the measured 
width of the line, whereas Eq. (18) would have been more correct. Valasek™ 
has also subtracted his crystal and slit widths from the measured width of the 
line. In practice the wave-length and crystal curves are not Gaussian in 
shape, so it is necessary to develop the theory more carefully. 

It is observed that the intensity at any point of G(@) is the sum of con- 
tributions of the original curve on either side. If the areas under $(@) and 
F(@) are each unity, the equation for G(@) can be put in either of the following 
forms. 


G(0) 


J oe - ar@as (19) 


or 


Go) = f ore — Bas. (20) 
Eqs. (19) and (20) are integral equations. A solution for $(@) is impractical 
to use, so we will assume $(@) and study the quantity G(@)—@(@) by which 
(8) is elevated at any point. ¢(@) is usually wider and smoother than F(@) 
and so in Eq. (19) can be expanded by Taylor’s theorem in powers of 8 
¢’(8) (8) ¢””(8) 

n+ ——— +>: (21) 





G(0) = (0) — 
where the mth moment of F(8) is 


m= f wr@as. 


If the center of gravity of F(8) is taken as the origin, then uw, =0. 


4 Allison and Williams, Phys. Rev. 35, 1476 (1930). 
! Valasek, Phys. Rev. 36, 1523 (1930). 
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Equivalent triplet 


It will be shown later that any curve F(8) may be replaced by a triplet, so 
arranged that the first four moments of the triplet are equal respectively to 
the first four moments of F(8). See Figs. 4 and 5. The central component is 
placed at the center of gravity. The other two components are placed at 
distances i and —ah from the central component and comprise a fraction 6 
of the total weight. The fraction @ is not to be confused with the 8 of F(8). 
The ath moment is given by 


w.(1 + a) = ph"(a + a") (22) 


the — sign being used when n is even. This triplet can now be used in a 
simple graphical solution which corrects for the first five terms of Eq. (21). 
Fig. 6 shows three vertical lines separated by the same distances as were 


, B )) 
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Fig. 6. Graphical solution for the effect of the vertical divergence in Fig. 5 on the shape 
of an x-ray line #(@). Three vertical lines whose separations are those of the triplet solution cut 
(6) in points A, B and C. The line AC cuts the central line at P. The value of ¢(@) at B is 
lowered to G(@) such that G(@)—B=8AP. The value of 8 is given in Table I. There is also a 
lateral displacement equal to the position of the center of gravity of Fig. 5. For the inverse 
solution see text. 


the triplet components, which cut the curve $(@) in @(@—ah), $(@) and 
$(8+h) indicated by points A, B and C. The chord AC cuts OB in P, the 
position being determined by 


(1+ a)P = o(60 — ah) + ad(O + h) 
G(@) is defined as a point such that 
G(6) — $(0) = BBP 


6 is a fraction less than 1. If F(@) is expanded in a Taylor's series, then G(@) 
will reduce to the form of Eq. (21) in which yu, is given by Eq. (22). In the 
case that 8 = 1, the triplet reduces to a doublet in which the ratio of intensity 
of the two components is a. The conditions for the equivalent triplet by use 
of Eq. (22) are 
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w= 0 (23) 
by = Pap (24) 
v3 = ®aB(l — a) (25) 
ws = htaB(l — a+ a’). (26) 


Equations derived from these are 


(1 — a)* M3" 7 
ou ameter “diane - (27) 
(l—a@+a*) poms 
ML. 
= (l-«+e)— (28) 
Be 
1 h? Me 
sews Si coma ath a(l—at a?) (29) 
p Me Me" 
m 
h(i-—a)= = (30) 
Ke 


The value of a was found from Eq. (27) which is a quadratic in a. With this 
value / and 8 were obtained from Eqs. (28) and (29). A numerical check was 
made by substituting in Eq. (30) or Eq. (25). 

In the case F(8) is symmetrical u3;=0 and a@ is unity by Eq. (27). From 
Eqs. (28) and (29) 


m 

Pa— (31) 
Me 

1 

we (32) 

8 be" 


The ratio u4/p2? is what is known in statistical theory as the “flatness.” The 
flatness of a Gaussian curve is 3. 


TABLE I. Moments and equivalent triplets of various curves. 

















| Ma rt) | us M4 | bs" Ms | | h | 
» | oa aa o- Ae } ioe —_ om | 3 
Iype d @ | a3 d’ poms | ps? | a d | f 

1 || 0 | 0.333333; © | 0.200000) © | 0.1250) 1 | 0.7746) 0.5556 
II || O | 0.166667 0 | 0.066667 0 2.4000! 1. | 0.6325) 0.4167 
Ill | O 0.721348 0 1.561029 0 3.0000 1 | 1.4711) 0.3333 
IV | O 0.088889 0.016931 0.016931') 0.19047) 2.1429) 0.6185) 0.4993) 0.5763 
V 0 0.038889, 0.011640; 0.007209 0. 48333, 4.7068 0.3934 0.4934 0.4000 

| | 2 | i 





Type _ I Rectangle, width 2d. 

Type II Isosceles triangle, maximum width 2d. 

Type III Gaussian curve, half maximum width 2d. 

Type IV and V See Figs. 4 and 5, Moments taken about center of gravity. 5, =d. 

Types I or II are found in optical and x-ray spectrometers in which the angular width of 
the beam is restricted in the horizontal plane by slits, also in densitometer curves. The grouping 
of statistical data into equal intervals is another example of type I. 

Types IV and V are found in spectroscopic apparatus in which the energy distribution of 
the beam in the vertical plane is of type I or Il. Types TV and V are also found in the Dempster 
mass spectrograph. 
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The moments of most of the curves in Table I were easily calculated. How- 
ever, the moments of types IV and V about the center of gravity were more 
difficult. They were obtained by 


— J F(8)(8 — Ba) "dB (33) 


where 8» is the center of gravity. An easier method would have been to use 
the following formulae to obtain the moments directly from the moments 
about the origin, which are indicated by primes. 


Mi = 0 


/ Lau 
Mo = Me — M1” 

en acces . (34) 
Ms = Ms — Surme + 2m" 


ba = wa — Apr’us’ + Opp’ — 3yy"t. 


The solution of the constants /# and 8 in the case of the crystal curve was 
arbitrary. Some energy was detected at a distance of 20 times the half width 
at half maximum. A base line was drawn at this point. The value of was 
twelve times the half width at half maximum. 8 was 0.05 compared with one 
third for a Gaussian curve. This solution could not be applied since was 
greater than the width of $(@) and the series in Eq. (21) would not converge 
rapidly enough. The next method was to resolve the crystal curve F(@) into 
the sum of two curves F,(@)+ F.(@) which consisted of the narrow part and 
the broad base. F\(@) gave a reasonable solution. The broad base F2(@) was 
broader than $(@) at half maximum. This meant that it was but ‘slightly 
smoothed over by $(@) and could be added directly to the solution G,(@) 
to give G(@). 


The combined effect of vertical divergence and crystal width on the shape of 
x-ray lines. 


If the curve G(@) given by Eq. (19) is smoothed over by a second factor 
F,(@) into a curve //(@), it can be shown by a double Taylor’s series expansion 
that J7(@) is of the same form as Eq. (21) except that the single moment, say 
Ma, is replaced by the following group of moments and cross moments. The 
primed moments are those of F2(@). 


M4 + Fugu’ + Opome’ + duis’ + ba’. (35) 
Since the first moments are zero there remains 
Ma + Ooms’ + wy’. (36) 


For the lower moments the cross moments vanish. Therefore, approximately 
the depression of the curve $(@) due to two or more instrumental factors is 
equal to the sum of the depressions due to each factor. 

In the case in which all the curves are Gaussian in shape, the change in 
width at half maximum is also approximately equal to the sum of the changes 
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due to each effect taken separately, except for a cross product in the fourth 
order. 


Woy =z (IW? + W 2 + W.2)1/2 
. ? (W? + I's") (WwW, + 2W YW? + We4) 
Wa = We —— ot 1 
2 8,3 





Method of solving for the original curve 


If the graphical solution were applied to the original curve $(8), it should 
give the experimental curve G(@). If it is applied to the experimental curve 
G(6@), it gives a new curve J/(@). With Eq. (36) /7(@) may be written as 


(6) = G(@) + |G(0) — o(0)| + o!%(@)u2?/4 
whence 
o(6) = G0) + IG) — H(@)| + o%y.?/4 


In the last term @'‘(@) may be replaced by G''(@). The interpretation is 
simple. The depression, say at the peak, found by the graphical method is 
G(@) —JI(@). This is added directly to the experimental curve G(@) and gives a 
fair approximation to the original curve $(@) neglecting fourth order terms. 
If to this is also added the remaining term, then the fourth order terms are 
accounted for. 

This last term was neglected in all calculations made by the author. 
The precision of the electrometer measurements did not warrant the extra 
term. 

An attempt was made to modify the constants of the graphical solution 
so as to eliminate the last term. This was impossible as the value of h became 
imaginary. 


Application of theory to x-ray lines 


The effect of vertical divergence in shifting the center of gravity of a line 
has already been fully discussed. In order to calculate the effect of vertical 
divergence or crystal width on the width of an x-ray line the depression at the 
peak of the x-ray line was first estimated graphically by drawing in the three 
vertical lines described above, allowing the central line to pass through the 
vertex. See Fig. 6. Half the depression at the peak was the depression of the 
half maximum height. The graphical solution was then applied to each side 
at half maximum to find the elevation of the curve. This resulted in an ad- 
ditional broadening. 

It is interesting to note that the broadening due to the crystal increases 
with the flatness of the crystal curve and with the sharpness at the peak of 
the x-ray line. For these reasons the correction in any actual case is larger 
than that given by Eq. (18). 
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ABSTRACT 


The Lara, lines of silver at 4.15A were resolved by the double x-ray spectro- 
meter, which was enclosed in hydrogen to reduce air absorption. The width of La; at 
half maximum was 4.5 X.U. The separation of a2, —a, agreed within experimental error 
with the value of 8.18 X.U. given in the tables. The MoK lines were studied at first, 
second and fourth orders. The widths of a and a2 were the same, 0.281 X.U. The 
MoK 8.2 separation was 0.567 X.U. No trace of fine structure was found. The Cu& 
lines showed the following effects at both first and second orders. The CuK §;2 doublet, 
width 0.97 X.U. showed three partially resolved components, assumed to be {;, {2 
and 9’ in order of increasing wave-length. The last was about 3.5 percent of the total 
intensity and its distance from 8; was 1.34 X.U. The 82—; separation was estimated 
at 0.38 X.U. There is an excess of energy on the short wave-length side of 8; indicating 
possibly a fourth component. The width of CuKa was 0.61 X.U. No change in width 
was found between 15 kv. and 40 kv. Both a; and a2 were steeper on the short wave- 
length side. This agrees with the observations of Valasek and others. The height of a, 
was more than twice that of a2, but a, was enough narrower so that the ratio of areas 
was about two. No indication of fine structure was found. All x-ray lines were studied 
by means of the universal type of two crystal spectrometer described in an accom- 
panying paper. The MoK and CuK lines were checked on a spectrometer of the type 
used by Davis and Purks. The three sets of crystals used in the above investigation 
were examined in the parallel position. One set showed a doublet structure. 


INTRODUCTION 


VOLUME 38 


HE original purpose of the following investigation was the study of the 
L lines of silver. The curves shown in Fig. 2 of AgZLa,az represent the first 


measurements of absolute intensity by other than the photographic method. 
Because the lines were so wide a study of the CuK and MoK lines was made 
with the spectrometer to ascertain whether some of this width was due to the 
apparatus. The MoK lines have been investigated by Ehrenberg and Mark,' 
Ehrenberg and Susich,? Davis and Purks,’:* Allison and Williams*:* and Mark 
and Susich? using the double x-ray spectrometer. The same method has been 
applied to the CuK lines by Ehrenberg and Susich and by Purks.* Valasek® 


1 Ehrenberg and Mark, Zeits. f. Physik 42, 807 (1927). 

* Ehrenberg and Susich, Zeits. f. Physik 42, 823 (1927). 

* Davis and Purks, Proc. Nat. Acad. Sci. 13, 419 (1927). 
4 Davis and Purks, Proc. Nat. Acad. Sci. 14, 172 (1928). 
® Allison and Williams, Phys. Rev. 35, 1476 (1930). 

6 Allison and Williams, Phys. Rev. 35, 149 (1930). 

7 Mark and Susich, Zeits. f. Physik 65, 253 (1930). 

8 Purks, Phys. Rev. 31, 931 (1928). 

® Valasek, Phys. Rev. 36, 1523 (1930). 
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has investigated the K lines of Mo and Cu and other elements using the 
photographic method of Siegbahn. 


APPARATUS 


The spectrometer used in the following study employed the universal 
type of crystal mounting described elsewhere by the author.'® It consisted of 
an accurately divided circle 13.6 inches in diameter which could be turned 
through any angle by means of a micrometer tangent screw. See Fig. 1. The 
circle and tangent screw had formerly been part of a circular dividing engine. 




















Fig. 1. Universal type of double x-ray spectrometer adapted for the study of the AgLa;» 
lines. 7-tangent screw fitted with vernier V. A, B-calcite crystals. M-crystal mountings fitted 
with levelling screws L. Crystal A is mounted on shelf S. Crystal B is mounted on the circle. 
W-thin glass window of x-ray tube 0.00011 cm thick. R-rubber tube. H-thin rubber sheeting 
filled with hydrogen to reduce air absorption. J-ionization chamber filled with air. C-cellophane 
window 0.001 in. thick. Y-the portion of x-ray beam reflected from both crystals. This is as wide 
as the focal spot on the target. 


Crystal A was fastened rigidly to a shelf which projected over the circle. 
Crystal B was fastened rigidly to the circle. Both were at the same level and 
placed symmetrically with respect to the axis of the circle. With this ar- 
rangement it was possible, by adjusting the position of the x-ray tube, to 
study x-ray lines incident on the crystals at any angle. The axis of the circle 
was adjusted vertically within 10 seconds of arc by means of levelling screws 
and a sensitive spirit level, which was placed on the circle and rotated. A 
spectrometer telescope fitted with a Gauss eye piece and carrying the above 
level was used to adjust each crystal in the vertical plane within one minute 


© Spencer, Phys. Rev. 38, 618 (1931). 
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of arc. Small plate levels of the type used on surveyor’s transits were then 
adjusted on the crystal mountings so that any later deviation from level could 
be detected. The height of the ionization chamber window and target of the 
x-ray tube were adjusted level with the centers of the crystals by means of a 
Keuffel and Esser hand level. 

The ionization chamber consisted of a small aluminum cylinder 4X9 cm 
long which was filled with methyl bromide. A Compton type electrometer 
with a capacity of 10 cm was used. The total capacity of the system including 
the electrometer was 22 cm with the needle of the electrometer grounded, but 
when the electrometer was used at a sensitivity of 12,000 mm per volt at one 
meter the capacity was 100 cm. This increase in effective capacity with 
sensitivity has been discussed by J. J]. Thompson,''! A. H. Compton and Kk. T. 
Compton” and others. The electrometer was later adjusted to 3,000 mm per 
volt using a different suspension. This was the most satisfactory sensitivity 
as the electrometer was more stable and yet had 60 percent of its former 
charge sensitivity. The electrometer scale was so curved that the deflection 
was proportional to the time. The ordinates in Figs. 2—6 are in cm per second 
at a distance of 3 meters. 

The high voltage equipment was the same as used by Davis and Purks. 

The results obtained for the Mo and CuK lines were checked on a second 
spectrometer of the same design as that used by Davis and Purks.* Crystal 
B could be rocked about both the horizontal and vertical axes. For this reason 
this spectrometer was also used to study the crystals in the parallel position. 


THE DOUBLE CRYSTAL SPECTROMETER FOR SOFT X-RAYS 


The value of 2d for calcite is 6.06A so that wave-lengths up to nearly this 
value can be studied. However, for wave-lengths longer than 2A the absorp- 
tion in the walls of the x-ray tube and even in air becomes very large. 

The x-ray tube was provided with a thin glass window of the type de- 
scribed by Slack.'* This window was 0.00011 cm thick and was estimated to 
transmit 75 percent of the AgZla, radiation, which has a wave-length of 
4.15A. The thickness of the window was measured by application of an inter- 
ference method described by Wood." For this purpose a 50-watt tungsten 
lamp with clear glass bulb was used to illuminate the window. The images of 
the filament formed by the two surfaces of the thin window were then exam- 
ined by a direct vision spectroscope. The glass window was also examined for 
uniformity. This was done by looking through it at a sodium light made by 
holding a piece of glass in a flame. Newton’s rings were seen very faintly, but 
clearly enough to detect any asymmetry. 

These windows are so delicate that a puff of air on the convex side will 
cause them to collapse, although they will stand a pressure of one atmosphere 
on the concave side. In order to withstand the pressure incident to the glass 


J. J. Thompson, Phil. Mag. 46, 536 (1898). 

® A. H. Compton and K. T. Compton, Phys. Rev. 14, 85 (1919). 
13 Slack, J.0.S.A. and R.S.I. 18, 123 (1929). 

'§ Wood, Physical Optics, p. 157. 
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blowing when sealing the window on to the x-ray tube, a back pressure must 
be used. This was done by inflating a toy balloon and slipping it over the 
neck of the window. 

The second problem connected with soft x-rays is their absorption in air. 
This problem was solved by surrounding the crystals and the entire path of 
the beam by thin rubber sheeting. See Fig. 1. This was kept filled with hy- 
drogen thus eliminating most of the absorption along the path of the beam 
from the x-ray tube to the window of the ionization chamber. The ionization 
chamber contained dry air. The partition between the chamber and the 
hydrogen consisted of a sheet of cellophane 0.001 inches in thickness, which 
transmitted about 60 percent of the AgZa;, radiation. 


CRYSTAL CURVES IN THE PARALLEL POSITION 


Three pairs of crystals were studied in the parallel position using MoKa; 
at first order. Pair No. 1 was used by Davis and Slack" in studying the refrac- 
tion of x-rays. They obtained curves as narrow as 6 seconds at half maximum. 
The author found widths from 12 seconds upwards. At times a double peak 
appeared with a separation of 13.5 seconds and a total width about 33 
seconds. The doublet appeared when the slits limiting the vertical angle were 
widened. These crystals were also used by Davis and Purks*< in their study 
of the MoK radiation, but were not studied in the parallel position at that 
time. This greater width and double peak would indicate that these crystals 
have altered since the experiments of Davis and Slack. 

Crystal pairs No. 2 and No. 3 were cut from the same block of calcite as 
the pair described by Davis and Purks" for which a width of 4.5 seconds was 
obtained. They were examined by a method described by Davis and Stem- 
pel.'? The beam was limited horizontally by a 0.01 cm slit. Curves taken at 
various points along crystal pair No. 2 varied in width from 5.2 to 8.9 
seconds. Near one end a progressive shift in the peak of 5.5 seconds was ob- 
served, indicating that at least one of the crystals was not plane. Crystal pair 
No. 3 was examined in a similar manner, the widths ranging from 5.2 to 
8.2 seconds. No shift in the peak was found. 


THE AGLa,;a. LINES 


A curve of the AgLaj,. doublet (see Fig. 2) was taken with crystal pair No. 
1 on the universal type of spectrometer illustrated in Fig. 1. The width at 
half maximum of La; at 25 kv was found to be 420 seconds or 4.5 X.U. The 
separation between a; and a2 agrees within experimental error with the 765 
seconds corresponding to 8.18 X.U. given in the tables. 

At 5000 volts the AgLay lines were too weak for precise measurements. 
However, no change in width at this voltage was found. 

The International Critical Tables state that the relative intensity of 
Laz to La; for tungsten is 11.5 percent. The tungsten Lay: doublet is more 


© Davis and Slack, Phys. Rev. 27, 18 (1926). 
16 Davis and Purks, Phys. Rev. 34, 181 (1929). 
17 Davis and Stempel, Phys. Rev. 19, 504 (1922). 
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easily resolved than the silver Lay, doublet. The same ratio of intensity was 
assumed to hold for the silver Lay: lines. Therefore, the shape of AgLa: is 
shown in Fig. 2 with the same width at half maximum as Agla,. Subtracting 
AgLa, from the experimental curve shows that Agla, is asymmetrical hav- 
ing an excess of energy on the short wave-length side. This becomes quite 























i — 
| ‘ 
{OH ee ee 4: 
CMsed | | 
As La,a, first order 
8-— 29kv l0ma — 9s) —f i 
H=lom Le75cm_ | ] 
' f ; 
ee 
420 
6 | | oe — 3 a 
| [45x 
| | tf} \ 
| =. ‘ | 
<— Satellite reeion | ; a 2 | 
9 Ma “ = ‘ _| - $ PA QO 
21a ; Oo a $+——= As ~ + + — EE 
| one 05 “at ; 
[to i B —s8 8 A 
i oe - | | wan | j—>- 
0 -—r —— |_| t t ae —— t t —. 
2000" 2800° . 3000 4400 5200 


Fig. 2. AgLaa: at 25 kv and 10 m.a. taken at first order on the double crystal spectrometer 
shown in Fig. 1. Angles are twice the value for a single crystal. B is the base line measured at 0 
and 6200 seconds. The AgLa:a2 separation calculated from the tables is 765 seconds, which is in 
agreement with the data. Arrows give the position of reported statellites. 


large in the region of the satellites studied by Richtmyer.'* Later the satellite 
region was studied in more detail. The x-ray tube was gassy and finally broke 
down completely before accurate measurements could be made. 


MoKa anv 8 LINES 


Curves of the MoKa and 8 lines were taken on the universal spectrometer 
at fourth order with crystal pair No. 1 previously described. The widths of 
a, and a2 at half maximum were 86 and 88 seconds. For MoKa, this would 
correspond to a width at first and second orders of 19.4 and 39.3 seconds. The 
same crystals gave widths at these orders of 32 and 42 seconds. These crys- 
tals as stated before gave very wide rocking curves at first order, in the paral- 
lel position. 

The widths of MoKa, at first and second orders using crystal pair No. 2 
were 18.3 and 39.5 seconds. The second order value of 39.5 seconds cor- 
responding to 0.281 X.U. is considered the most reliable. This is the average 
of four curves. Fig. 3 shows a typical curve of MoKa;, at second order. The 
dotted line represents a Gaussian type of curve which has the same height 
and same width at half maximum. It is seen that the x-ray line is sharper at 
the peak and flares out at the base more than the Gaussian curve. This is 
typical of all x-ray lines studied. 


18 Richtmyer, Phys. Rev. 36, 1044 (1930). 
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The vertical slit used was one cm high at a distance of 75 cm from the 
target which was assumed to be a point source. The maximum deviation due 
to vertical divergence was 2.2 seconds as calculated from the formula 


bm = ¥* tan 6. 


A graphical method of finding the effect of vertical divergence on the shape 
of the x-ray line is described in another paper.! When this is applied, the 
correction at any point is negligible, since it is less than the deviations in the 
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Fig. 3. Typical curve of MoKa, at 40 kv and second order. B is the base line measured at 
0 and 500 seconds. The dotted line is that of a Gaussian curve with the same height and the 
same width at half maximum. The flaring out at the base is typical of x-ray lines. Angles are 
twice the value for a single crystal. 


data. The effect of the crystals likewise should be negligible at second order. 
Davis and Purks" found that a pair of crystals cut from the same block of 
calcite gave in the parallel position a width at half maximum for MoKa, 
at second order of 1.25 seconds. It is assumed, therefore, that the curve of 
MoKa, in Fig. 3 is free from instrumental errors. The reason for the flaring 
out at the base is unknown. The same crystals i.e. pair No. 2, on another 
spectrometer at second order gave 39.5 seconds and at first order gave various 
widths from 37 down to 24 seconds, the width depending on the part of the 
crystals used. Tests made by rocking crystal B vertically showed that the 
large width was not due to faulty alignment. The large variation in widths at 
first order would indicate that these crystals were not perfect. However, the 
TABLE I. MoKa,. Full width at half maximum uncorrected for crystal 
width or angle of vertical divergence. 











Order Aé AX 
Davis and Purks 2 25 sec 0.18 X.1 
Allison and Williams 2 39.4 0.281 
Mark and Susich 2 45.4 0.32 
Mark and Susich (topaz) 2 0.288 
Spencer 2 39.5 0.281 
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widths found in the parallel position should not have caused such large varia 
tions. 

Allison and Williams report widths at half maximum of 22.4 and 39.4 
seconds at first and second order. It has been pointed out in a previous paper! 
that the widths of the curves of Allison and Williams were not properly cor- 
rected for vertical divergence. Therefore, the uncorrected widths alone are 
compared. It is difficult to estimate from their curves the method by which 
the base line was determined. The author usually measured the base line at 
a point quite distant from the line. 

Mark and Susich® obtain a width of 45.4 seconds corresponding to 0.32 
X.U. at second order. They do not explain how the base line was estimated. 
They used both calcite and topaz, the latter giving a width of 0.288 X.U. 
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Fig. 4. MoK 2 at second order and 40 kv. The shape of WL,; was estimated from a study 
of WL®:. B is the base line measured at 550 sec. b is the base line assumed in the neighborhood 
of the curve. The curve was analyzed into two components 79.0 seconds apart. Note that the 
experimental peaks are about 1.5 seconds closer together. 


The MoKB doublet is shown in Fig. 4 at second order. The temperature 
was held constant within a range of 0.3°C. Further investigation in the region 
of the MoKy line showed that the Lf, line of tungsten was present, probably 
due to a thin layer of tungsten sputtered on the target from the filament. 
Knowing the relative intensity of WL. and WL£; from the International 
Critical Tables, an estimate of the intensity of the latter was made. This is 
shown in Fig. 4 and explains the asymmetry of the base of the MoK®». lines. 

The MoK 8,2 separation at second order uncorrected for the effect of the 
components on each other was 77.5 seconds corresponding to 0.557 X.U. 
With the base line B, the height of the saddle between 8; and 82 was 24 per- 
cent of the height of 8;. The height of 8. was 55 percent of the height of 6:. 
The MoK Bx doublet was also studied at first order. The uncorrected separa- 
tion was 37.6 seconds corresponding to 0.548 X.U. The saddle was 39 percent 
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of the height of 8; indicating poorer resolving power. An analysis of the effect 
of the crystal width on the shape of the curve at first order using the graphical 
method previously described, accounted for only part of the difference in re- 
solving power. The vertical slit at second order was 2.0 cm high at a distance 
of 75 cm from the target. This should cause a depression at the peak of 6, of 
less than the errors in the data. At first order the height of the vertical slit 
was only one cm. This would cause an even smaller depression at the peak. 

Each component of the doublet is elevated upon the side of the other com- 
ponent. This effect tends to make the separation of the peaks of the actual 
curve less than the true separation. The curve was analyzed into two com- 
ponents using the method of DuMond and Kirkpatrick.'*® The separation and 
base line must first be assumed. If the resulting form of the components is not 
reasonable, then the assumed separation may be varied. A separation of 79 
seconds corresponding to 0.567 X.U. was obtained. The K§,82 doublet arises 
from the Aes, 1/2, levels which also give rise to the L638, lines. The MoKBi2 
separation as calculated from the L838, separation should be 0.563 X.U. cor- 
responding to 78.4 seconds at second order. 

The separation may also be estimated from the relativity correction 
formula of Sommerfeld. 


Ra? 279a* 
Av —(Z - aE +——(Z — d)*+-:- 
54 432 


AX Av. 


Using for the screening constant d the usually accepted value of 8.4+0.2 the 
MoK§8\2 separation was calculated to be 0.568+0.014 X.U. corresponding to 
79.1+1.9 seconds at second order. 


TABLE II. MoK£,82 doublet separation. 











Order Aé AX 
Davis and Purks 1 40 sec. 0.585 X.U. 
Davis and Purks 2 76 0.546 
Allison and Williams 1 39.1 0.571 
Allison and Williams 2 77.8 0.559 
Mark and Susich (topaz) 2 0.59 
Int. Crit. Tables 2 78.6 0.565 
Spencer (uncorrected) 1 37.6 0.548 
Spencer (uncorrected) 2 ry! 0.557 
(corrected) 2 79.0 0.567 
Calculated from L384 separation 2 78.4 0.563 
) 


Fine structure formula 


79.1 0.568 +0.014 








The first measurements of the MoK®, separation using the double x-ray 
spectrometer were made by Davis and Purks. They obtained 40 seconds at 
first order corresponding to. 0.585 X.U., and at second order obtained 76 
seconds corresponding to 0.546 X.U. Allison and Williams obtained a value 
of 77.8 seconds at second order corresponding to 0.559 X.U. 


19 DuMond and Kirkpatrick, Phys. Rev. 37, 136 (1931). 
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Davis and Purks® report the existence of fine structure in their second 
order curves of the MoKa and 86 lines. Other investigators including the 
author have failed to find any trace of this fine structure. As previously noted 
crystal pair No. 1 used by Davis and Purks at the present time gives rather 
wide rocking curves in the parallel position and at times shows a doublet 
structure with a separation of about 14 seconds. 

The effect of such a doublet structure would be to spread an x-ray line out 
into two components, each as broad as the original line. The final curve would 
be broader than that obtained by a good pair of crystals. This is borne out by 
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Fig. 5. CuK Bi. at second order and 40 kv. B is the base line measured at 0 seconds. The 
812 separation predicted by the Sommerfeld fine-structure formula is 0.381 X.U. corresponding 
to 58 seconds. This agrees with the break in the slope. A weak component Q’ is seen on the long 
wave-length side. Another component 8’ was added on the short wave-length side in order to 
make the §;, 8, components symmetrical. This arrangement is arbitrary as the components 
themselves may be asymmetrical. The intensities in order of increasing wave-length are 6”’ 
13 percent, 8; 560 percent, 8. 28 percent and 3’ 3.5 percent. 


the relative widths of MoKa;, taken on crystal pairs Nos. 1 and 2 by the 
author. These have already been discussed. The second order curves taken by 
Davis and Purks’ on the other hand appear to be narrower than those taken 
by the author. See Table I. 


CuKa AnD 8 LINEs 


The CuKB,2 doublet, or rather triplet, is shown in Fig. 5 taken with crystal 
pair No. 2 at second order. The width at half maximum is 148 seconds cor- 
responding to 0.97 X.U. A break in the slope of the curve occurs at 0.38 X.U. 
on the long wavelength side of 8;. This is assumed to be #2. A third component 
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is noted at 1.34 X.U. on the long wave-length side of 8; with about 3.5 per- 
cent of the total energy. This is called 8’. 

The same crystals showed these details nearly as definitely at first order. 
Crystal pair No. 1 indicated these components at second order but gave a 
perfectly symmetrical curve at first order probably due to its poor resolving 
power. 

The same fine-structure formula which was used above in the case of the 
MoK§8,, doublet was here used to calculate the CuK. separation. This was 
calculated to be 0.381+0.015 X.U. corresponding to 58.4+2.3 seconds at 
second order. A vertical dotted line in Fig. 5 has been placed at this distance 
and coincides with the break in slope of the curve. 

An attempt was made to analyze the curve corrected for 8’ into two com- 
ponents using the method of DuMond and Kirkpatrick.'® The solution was 
very asymmetrical having an excess of energy on the short wave-length side. 
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Fig. 6. CuKa; and a at 40 kv. and second order. The two curves have been made to over- 
lap in order to conserve space. CuK a; is also shown drawn to half scale. B is the base line meas- 
ured at 0 and 1500 seconds. The following effects are noted. CuXa is more than twice as high 
as CuKa, but is enough narrower so that the ratio of the areas is very nearly two. Both lines 
are steeper on the short wave-length side. 


Two other possibilities were considered. First, all the excess energy may be- 
long to 6;. Secondly, both components may be symmetrical, the excess energy 
indicating another component 6’’. The last solution was carried out. See 
Fig. 5. The separation of 8;—6’’ was 71 seconds corresponding to 0.46 X.U. 
The intensity of the various components in percentage of the total intensity is 
as follows, 6; 56 percent, 6, 28 percent, 8’ 3.5 percent, B’’ 13 percent. The 
above solution is rather arbitrary and should be considered as a description 
of the data rather than as a correct analysis of the physical components. 

The asymmetry due to 8” was also observed by Purks® who studied the 
CuKBy doublet at second order with crystal pair No. 1. His value of the By 
separation was 0.32 X.U. The 8’ —8; separation was 0.8 X.U., the intensity of 
8’ being greater than that given in Fig. 5. 

The CuKaja, lines were studied at 40 kv at first and second orders on the 
universal spectrometer. They represent the results of a fourteen hour con- 

















































640 ROY C. SPENCER 


tinuous run in which the temperature was constant within a range of 0.3°C. 
The widths of a; and a, at second order are 96 and 118 seconds, corresponding 
to 0.60 and 0.75 X.U. See Fig. 6. The separation at first and second orders 
is 3.80 and 3.84 X.U. which is a little less than the 3.86 X.U. given by Sieg- 
bahn.?" An average of first and second orders shows that both a; and ay» are 
about 1.26 times steeper on the short wave-length side. The effect then, of 
poor resolution as in a single crystal spectrometer with wide slits, is to move 
the position of the peak toward the position of the center of gravity of the line. 
This would affect to some extent the determination of the wave-length of the 
peak but not the separation of ajay. The ratio of the heights of a; to a: was 
2.44, the ratio of the areas being 2.06. A curve of a taken at 20 kv showed no 
change in width due to voltage. 

The universal type of spectrometer made possible a measurement of the 
angle between first and second orders for CuKa;. The angle corrected for re- 
fraction was found to be 24 seconds less than the 32° 35’ 25”’ calculated from 
values given by Siegbahn.*" A correction for the thermal expansion of calcite 
reduced this by 8 seconds. Another 8 seconds may be accounted for by meas- 
uring the midpoint at half maximum instead of the peak. A correction for 
vertical divergence would have increased the discrepancy by about 5 
seconds. The remaining error of about 13 seconds is probably in the circle. No 
other test of the circle was made. 

In order to check some of the above results CuKa, and a, were also studied 
on the second spectrometer at 40 kv using the same crystals at first order. The 
width of a; was 0.69 X.U. compared with 0.61 X.U. obtained from the 
previous first order curve. However, no change of width occurred at 15 kv. 
At 40 kv the height of a was 2.25 times the height of az. A difference in the 
slopes of each line was also observed, though less marked than before. 

An examination of former curves of the CuK and NiKa, and az lines taken 
with crystal pair No. 1 at first, second and third orders shows similar effects. 

Valasek'® has observed the difference in slopes of the CuKa lines with the 
photographic method. This has also been detected by Seljakow, Krasnikow 
and Stellezsky.*! 

A study of the spectrometer was made in order to find a possible ex- 
planation for the ratio of the heights of a; to az. For the later curves the x-ray 
tube was 75 cm from crystal A. Therefore, with the target fixed in position 
the change in angle between CuKa; and a2 would cause the beam to move 
sidewise about 0.05 cm at crystal A. For the earlier curves the movement was 
only 0.025 cm. A curve was made of the distribution of energy across the 
beam coming from the focal spot. This was done by placing a narrow slit in 
the beam and moving the tube horizontally as was done by Richtmyer,” in 
the case of the single crystal spectrometer. The focal spot was 0.5 cm wide 
at half maximum. Slits at least one cm wide were used for the Cu curves so 
it is not probable that the ratio of heights for a, and az, was due to the beam 


20 Siegbahn, Spectroscopy of X-rays. 
*1 Seljakow, Krasnikow and Stellezsky, Zeits. f. Physik 45, 548 (1927). 
22 Richtmyer, Phys. Rev. 26, 724 (1925). 
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impinging on the edge of the slit. Steps in the crystals should have little 
effect, since the sidewise movement was small compared with the total width 
of the beam. 

Purks® has studied the Ka, and ag lines of Cu and Ni using crystal pair No. 
1 and at second order resolves the lines into components. If the extra com- 
ponents which Purks finds on the long wave-length side of CuKa; and a2 were 
smoothed over, they would account for the difference in slopes of the two 
sides found by the author. Poor resolving power would do this. However, 
crystal pair No. 1 used by Davis and Purks*®* and Purks® at the present time 
gives wider rocking curves than crystal pair No. 2 used to obtain the curves of 
the MoK and CuK lines shown in this paper. The author has reduced the 
effect of accidental variations in intensity by taking many of the points in du- 
plicate and checking at various places along the curve at the end. 

In conclusion, the author wishes to express his appreciation to Professor 
Bergen Davis for his interest in the work and for the use of the splendid 
high voltage equipment and facilities for pumping x-ray tubes, previously 
assembled by him and his colleagues. 
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THE BROADENING OF THE RESONANCE 
ATOMIC LINE OF HELIUM 


By WALTER WEIZEL* 


RYERSON PuysicAL LABORATORY, UNIVERSITY OF CHICAGO 
(Received June 12, 1931) 
ABSTRACT 


The asymmetric broadening of the resonance atomic line of helium is explained 
by the shape of the potential energy curves of the two center systems consisting of 
two helium atoms. The broadened atomic lines account for some of the unstable elec- 
tronic levels of the helium molecule (He:), which have hitherto not been found. 


HE width of atomic emission and absorption lines, is known to be ap- 

preciably affected by pressure. If the radiation process is affected by 
other gases, there is a slight effect only. In alkali, mercury and cadmium 
spectra, however, lines of great width have been observed, the broadening 
resulting from the vapor pressure of the metal itself in most cases. This kind 
of broadening is not at all symmetrical, enlargements to the long wave- 
length side prevailing. 

Some features of the pressure effect may be explained on the basis of a 
shortening of the life time caused by resonance and by means of the Heisen- 
berg uncertainty principle. This gives an uncertainty of the energy of the 
levels, but it seems very difficult to account for the asymmetry of the broad- 
ening in this way. On the other hand, it seems obvious, that a system of two 
colliding atoms can be treated as a two-body system—a method very familiar 
in the theory of molecules—which suggests a connection between molecular 
spectra and the pressure effect on the width of atomic lines. 

In a recent paper Hopfield! reported some work on the far ultraviolet 
spectrum of helium. Besides a continuous spectrum, due to the Hez molecule, 
there are some photographs of the He atom resonance line and some other 
lines of the main series, which show some remarkable features. In an arc dis- 
charge they are all reversed and as a matter of fact quite distinctly broadened 
to the ultraviolet (short wave-length) side. No intensity measurements and no 
measurements of the shape of the lines have been made, but as I will show 
later, the mere fact that there is an enlargement to the ultraviolet side will be 
a sufficient clue to connect the resonance line with the molecular spectrum. 
It seems furthermore worth while to remark that Hopfield’s plates indicate 
that the intensity and perhaps also the broadening of the resonance line (not 
the higher lines of the main series) is smaller in the oscillatory discharge than in 
the arc. Conceding that it is very difficult to compare intensities under such 
different conditions as arc and oscillatory discharge without exact measure- 





* Fellow of the Rockfeller Foundation. 
' J. J. Hopfield, Astrophys. J. 72, 133 (1930). 
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ments, we will try to give an explanation for the supposed quenching of the 
resonance line in the oscillatory discharge. 

To simplify our considerations, we will limit them to the resonance line 
of the helium atom at 585A, which is the 2'P—1'S line of the atomic spectrum. 
We now investigate the molecular terms derived from a helium atom in the 
normal state and another helium atom in the states 11'S, 24S, 2'P, 2°S and 
2°P. If both atoms are in the 1'S state, they will give only one molecular 
term, '2,. The index g indicates, that the term is even with respect to a re- 
flection at the center of mass. This ' state is the lowest state of the He, 
system, but since two normal He atoms give no stable compound, it must be 
an unstable continuous term. Perhaps a very shallow minimum could occur 
at very high internuclear distances 7, but this would not affect our considera- 
tions. From the atomic states 11S+2!S two molecular states are derived, a 


U(r) Singlet terms Triplet terms U(r) 
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Fig. 1. Solid curves show presumable potential energy of the known levels of Hee. Broken 
curves show presumable potential energy of the unknown levels of He2. A’ A’’ shows resonance 
line broadened to short wave-length side. 


'Y,, and a 'X, term. Similar terms *>, and *Z, are connected with the atomic 
states 115+2°S. The atomic combination 1'S+2'P gives 4 molecular terms 
NT,, '2,, I, and 'S, and the analogous triplet atomic combination 4 quite 
analogous triplet terms. In all we get 12 possible molecular terms derived 
from a combination having one atom of principal quantum number two. In 
fact, from the analysis of the He. band spectrum only five molecular states 
are known, which could dissociate into such atomic configurations. 

The '2, state, derived from the 11S+2!S atoms, certainly must be identi- 
fied with the 2's=(1s0)?2pa2so'Z, state? of the molecule and the 'II,, coming 
from 1'S+2'P, with the 2'p=(1sc)?2po2p7'Il, molecular level. Quite analog- 
ous identifications have to be made for the analogous triplet states (see Fig. 
1). In the molecular triplet system, there is an additional state 3*u =(1se)? 
2pa3po*X, and according to Hund,’ this state has to be identified with the 


2 See W. Weizel, Zeits. f. Physik 56, 727 (1929) for these states. 
3 F, Hund, Zeits. f. Physik 63, 19 (1930). 
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3, state, dissociating into 1'.S+2'P. A similar singlet molecular term has not 
been found in the He. band spectrum, but probably exists. 

Now let us consider the potential energy curves of the 5 singlet molecular 
terms dissociating into the atomic combinations 1'.S+2!S and 11S+2'P. Two 
of the curves connected with the latter combination increase with 7 at high 
values of 7, the other two decrease. Since there are two stable molecular levels 
II, and '3,, the curves of these two terms are the ones which increase and the 
curves of #II,, and '!S, have to decrease. The resonance atomic line, in terms of 
the two-body system, then has to be written as 'II,—'S, and 'Z,—'S,, since 
there is a selection rule allowing only transition from wu states to g states and 
vice versa. This leads to the important conclusion that in the upper state of 
the resonance line the electronic energy always increases on the approaching 
of another helium atom. 

According to the reproductions of Hopfield’s plates the lines are enlarged 
to the ultraviolet side about 500 cm~'. There can be no question, that the 
average translational energy of the excited He atoms in the arc may be high 
enough to accout for such an effect. It is certain, that an electron in exciting 
an atom will transfer to it a translational momentum and energy, so that the 
average kinetic energy of the He atoms in the 2'P states may be much higher, 
than the average temperature energy. It is interesting that this argument 
would not hold for the long lived metastable states. 

The eigenfunctions of a two-center system in an unstable state will have 
the largest amplitudes at r values corresponding to the turning point of the 
particles in the classical model, that is, at the point where the whole kinetic 
energy is converted into electronic (potential) energy. According to the 
Franck-Condon principle the change of the distance between the nuclei 
during the electronic jump must be small. Consequently the frequency radi- 
ated during a collision is proportional to the energy difference between the 
potential energy curves of the upper and lower states at the special value of 7, 
which is the internuclear distance when the radiation process occurs. (Length 
of the line A’A”’ in Fig. 1). The question, whether the line is broadened to the 
ultraviolet or to the red, now depends on whether the potential energy curve 
of the upper or the lower state is steeper. 

Since in the helium resonance line, we observe a broadening to the ultra- 
violet, we must conclude, that the upper potential curve is steeper. 

But the real case is a little more complicated. There are two upper molecu- 
lar states participating in the emission of the resonance line. The 'II, state 
has twice the statistical weight of the ‘II, state. Its influence therefore is 
probably stronger. Our assumption that the upper state has the steeper 
potential energy function is only made ad hoc and further evidence for that 
would be desirable. The eigenfunctions of a normal He atom have appreciable 
values only in the near neighbourhood of the nucleus. In consequence there 
should be only a very small interaction between two normal He atoms at 
larger internuclear distances. This means that the potential energy function 
is very flat indeed. In excited states however, the eigenfunctions have greater 
amplitude at larger distances from the nucleus, so that there is a more ap- 
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preciable overlapping at larger r values. This means a larger interaction 
energy, which gives an increase of the electronic energy for these terms, as we 
stated above. 

In this way, we have not only got a very simple explanation of the fact 
that the resonance line shows a pressure broadening to the ultraviolet, we 
have also accounted for two of the missing electronic terms in the helium 
molecular spectrum. It is obvious that the other lines of the main series of the 
helium atom will account for the missing electronic states of the molecule 
derived from the atomic configurations 1'S+n'P. 

Finally we will try to account for the relative weakness of the resonance 
line in the oscillatory discharge compared with the arc. In the arc the density 
of the current is rather small, and therefore there is only a very small amount 
of metastable atoms and He: molecules in the gas. In the oscillatory discharge 
however, the instantaneous current density is high, and consequently the 
percentage of metastable atoms and molecules is higher. This difference is 
known to explain the enhancement of the He. band spectrum in the oscilla- 
tory discharge. Since metastable atoms and He: molecules do not require 
much energy for further excitation, it seems probable that the presence of 
these atoms and molecules reduces the velocity of the electrons in the dis- 
charge. Now it is known from measurements of Hanle* and Schaffernicht,° 
that the yield of excited singlet states starting from a fundamental singlet 
state is the greatest if the velocity of the electrons is about twice as high as the 
excitation voltage. The reduction of the velocity of the electrons would there- 
fore also cause a quenching of the excitation of singlet states and this would 
easily account for the quenching of all singlet lines. To explain why only the 
resonance line is quenched, we have to consider the possibility, that excitation 
of higher singlet states starting from metastable atoms occurs. Such processes 
could compensate sufficiently for the loss of excitation of the higher singlet 
states, but could never make up for the great decrease of excitation of the 
resonance line. 


‘W. Hanle, Zeits. f. Physik 56, 94 (1929). 
5 W. Schaffernicht, Zeits. f. Physik 62, 106 (1930). 
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THE PERTURBATIONS IN THE HELIUM BAND SPECTRUM 
By G. Hl Dirke 
THe Jouns Hopkins UNIVERSITY 
Received June 8, 1931) 


ABSTRACI 

The helium bands furnish an extensive material for the study of perturbations in 
particular for a test of the theoretical conditions, which according to Kronig must be 
fulfilled in order that a perturbation may occur. It was found that: 1. Whenever two 
energy levels come close together which satisfy those conditions, a perturbation occurs. 
II. For those perturbations which cannot be traced to the coincidence of two known 
terms it can be shown that there must be as yet empirically unknown levels with the 
required properties to produce these perturbations. II]. Whenever two levels come 
close together which do not satisfy Kronig’s conditions, no perturbation occurs.—The 
nature of the observed perturbations is discussed. Only one term of each sequence is 
perceptibly perturbed, but at least in one case it can be clearly seen that all the levels 
after the perturbations are displaced by a constant amount with respect to those be- 
fore the perturbation. It is also shown how the intensity anomalies may be explained. 


YINCE the early days of spectroscopy it has been known that in the regu- 
larly spaced sequence of lines in a band sometimes one or more lines are 
displaced irregularly. The rotational energy levels which give rise to these 
lines are said to show perturbations, and since the beginning of a theory of 
molecular spectra the reason for these perturbations has been assumed to be 
some kind of resonance effect within the molecule. Kronig! gave more pre- 
cision to this idea and derived the conditions under which perturbations may 
occur. 

The aim of the present paper is to study the perturbations in the He. 
spectrum and investigate, how far the theoretical rules are able to account 
for the observed perturbations. The helium band spectrum is particularly well 
adapted for this purpose as it is well analyzed and contains a large number of 
electronic levels, the nature of which is fully understood. One example of an 
interpretation of a perturbation was given previously.? In the meantime two 
papers by Rosenthal and Jenkins* appeared in which perturbations in the CO 
and CN molecule were analyzed in connection with the theory. The authors 
found a complete agreement with the theory, but their considerations, al- 
though doubtless correct in all main points, do perhaps not seem quite con- 
clusive, for in CO the nature of the second electronic level seems doubtful,‘ 


1 R. de L. Kronig, Zeits. f. Physik 50, 347 (1928). 

* G. H. Dieke, Nature 123, 446 (1929), 

3 J. E. Rosenthal and F. A. Jenkins, Proc. Nat. Acad. 15, 381 (1929); 15, 896, (1929). 

4 The authors assume the level which perturbs the final state of the Angstrom bands which 
are singlets to be the final (triplet) state of the 3rd positive group of CO. That a triplet state 
perturbs a singlet state to such a degree seems from theoretical reasons highly improbable. 
There may be however exceptions from the rule which forbids such interaction, but we would 
expect them to any marked extent only for heavy molecules in which the triplet separation is 
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and in CN it is a level which is not well known yet. The situation is much 
clearer for the helium bands, but, as the perturbations take in the CO and CN 
molecules a form different from that in the helium bands, Rosenthal and 
Jenkins were able to investigate phases of the problem, for which the He. 
perturbations are unsuited. 

The material for the present investigation is taken mainly from the pub- 
lished data of the helium bands, though to a lesser extent also unpublished 
material’ in the possession of the author was used. 

In order that a perturbation can arise for a given rotational level of the 
molecule, it is necessary that there is another energy level of the molecule 
very close to it. The closeness of the two levels is, however, not sufficient for 
them to perturb each other. According to Kronig they must satisfy besides 
the following conditions: 

A. The total angular momentum J of the two levels must be the same. 
B. Both levels must be positive, or both must be negative.’ C. If the 
component of the angular electronic momentum along the internuclear 
axis is A for the one level it must be A or A+1 for the other one.’ 
D. The multiplicity of both levels must be the same. EZ. Both levels must be 
either antisymmetrical or both must be symmetrical in the nuclei if the mole- 
cule has two identical nuclei. F. The internuclear distance for both levels 
must be roughly the same. 


considerable. I hope that a further investigation of the CO spectrum which was started in this 
laboratory will clear up this point. 

* The analysis of the different He, bands has been published very irregularly by ditferent 
authors in different periodicals. In order to facilitate looking up the original data for those who 
desire to do so, a table is given here in which is indicated where the different bands can be 
found. The symbols refer to the following publications: 


l. G. H. Dieke, T. Takamine, S. Suga, Zeits. f. Physik 49, 637 (1929). 
Il. G. H. Dieke, S. Imanishi, T. Takamine, Zeits. f. Physik 54, 826 (1929). 
IT. G. H. Dieke, S. Imanishi, T. Takamine, Zeits. f. Physik 57, 305 (1929). 


CI. W. E. Curtis, Proc. Roy. Soc. A101, 38 (1922). 
C1. W.E. Curtis and R. G. Long, Proc. Roy. Soc. A108, 513 (1925). 


CIV. W.E. Curtis, Proc. Roy. Soc. Al18, 157 (1928). 

CV. W. E. Curtis and A. Harvey, Proc. Roy. Soc. A121, 381 (1928). 
CVI. A. Harvey, Proc. Roy. Soc. Al25, 484 (1929). 

Im. S. Imanishi, Sc. Papers, Inst. Phys. Chem. Res. 10, 193 (1929). 
Im Il. S. Imanishi, Sc. Papers, Inst. Phys. Chem. Res. 10, 237 (1929). 
Im Ill. S. Imanishi, Sc. Papers, Inst. Phys. Chem. Res. 11, 139 (1929). 
rs E. A. Pestel and W. Weizel, Zeits. f. Physik 56, 197 (1929). 


WI. W. Weizel and Chr. Fiichtbaur, Zeits. f. Physik 44, 431 (1927). 
Wl. W. Weizel, Zeits. f. Physik 51, 328 (1928). 
W ILl. W. Weizel, Zeits. f. Physik 52, 175 (1928). 
WIV. W. Weizel, Zeits. f. Physik 54, 321 (1929). 

Many bands were published in different places. In that case usually only the results of 
Dieke, Imanishi and Takamine are given because they are probably a little more complete and 
based on somewhat more accurate measurements. Only for the results contained in Imanishi's 
papers also another reference is given, if possible, because those papers will probably be inacces- 
sible to many readers. 

The author is at present engaged in a complete revision of the whole He, band spectrum, 
but it will take probably some time before it is finished and can be published. 
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In this paper we shall try to find out from the empirical energy levels of 
the He. molecule whether these conditions are necessary and sufficient to pro- 
duce perturbations. It is most convenient to divide the investigation into 
three parts, i.e. I. Find pairs of levels for which the conditions A to F are 
satisfied and show that they are perturbed. We shall see that we can find 
three such pairs of levels and that all of them show pronounced perturbations. 
Il. See whether all the known perturbations (those which were not treated 
in part I) can be explained by an interaction of two such levels which satisfy 
the conditions A to F. This question can also be answered in the affirmative. 
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* Also 1-2 and 2-2 in I. 
** Also 1-2 in I. 
t Also 2—2 in Im II. 
tt Only 2p—4x. 
§$ Only 2p —6dp. 


6 Kronig uses the terms even and odd instead of positive and negative. The meaning is that 





the ¥-function of a positive level remains unchanged if the coordinates of all the particles are 
replaced by their negative values. For a negative level the sign changes with such a substitution. 

? The notation in this article is in accordance with the one agreed upon by most workers 
in band spectra (see Mulliken, Phys. Rev. 36, 611, 1930). The known energy levels of the He 
molecule can be considered to arise from one valence electron. The azimuthal quantum number 
of this electron is indicated by a letter s, p, d the total quantum number by a number preceding 
this letter, e.g. 5p. All the terms e.g. of the 4d electron are said to form a term complex. The 
projection of the orbital momentum on the internuclear axis is designated in the usual way by 
capital Greek letters =, Il, A . ... These symbols are used here to identify the levels also, 
when on account of the uncoupling of the orbital momentum they have no longer any physical 
significance. 
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III. It is to be shown, that whenever two levels coincide closely, which de 
not satisfy the conditions A to F, no perturbations arise. The Hes spectrum 
furnishes ample material to test also this point. 


ParT I 


In Fig. 1 all the known electronic levels of the triplet system of the He, 
molecule are drawn. In order to be able to draw the figure on a large enough 
scale, the three lowest levels 2s, 2p=, 2pIl are omitted. The term system of 
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Fig. 1. Diagram of the known triplet levels of the He, molecule. The levels represented are 
those with the lowest rotational quantum number. The drawn out lines are the levels with the 
vibrational quantum number V =0, the dotted ones those with V =1. 


the singlet system is exactly analogous, but as it is known with less com- 
pleteness, we shall leave it mostly out of consideration. For each electronic 
and vibrational level the rotational levels* up to about J = 25 are known, and 
our first intention is to find those rotational levels which according to the 
rules mentioned above are able to perturb each other. 


8 For the purpose of the present paper also the triplet system is treated as a singlet system. 
This is permissible as the triplet separation is very small and cannot be seen under ordinary 
circumstances. The influence of the spin on the rest of the molecule can therefore be neglected. 
The quantities which are called f in the present paper refer strictly speaking to K. 
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The condition F is fulfilled automatically for the levels of the He. mole- 
cule, as only levels which are symmetrical in the nuclei occur. 

The internuclear distance for those levels which have not too different 
vibrational quantum numbers is roughly the same for all terms, so that we 
can also regard condition F as fulfilled. 

According to D we have to compare triplet levels only with triplet levels. 

Whereas conditions D, E and F are fulfilled for any pair of levels of the 
triplet system, our choice is considerably limited by the condition B. 

All the rotational levels can be divided into two classes, the positive and 
the negative levels. Ordinary transitions occur only between positive and 
negative levels, whereas, according to B, positive levels can be perturbed only 
by positive ones and negative levels only by negative ones. Because half the 
energy levels are missing due to the symmetry of the He. molecule, the di- 
vision into the two classes is especially simple in our case. Successive levels 
of one electronic state are alternatively positive and negative but, as for the 
s= states only the ones with an odd value of J occur, they are all negative 
for this electronic state. As all the p-levels (pS and pI) can combine with the 
negative s-levels they must all be positive. All the d-levels (d=, dII and dd) 
combine with the p-levels and are therefore negative. 

We have therefore the negative s- and d-levels which may perturb each 
other and on the other hand the positive p-levels. A perturbation of a p-level 
by an s- or d-level or vice versa is, according to B, not possible. 

Let us consider the negative levels first. We have not made use of the con- 
ditions A and C yet. We would not expect the latter one to hold to any extent 
for those He.-terms which, like all the d-levels, show a marked uncoupling 
of the orbital momentum from the internuclear axis. But it turns out that 
levels which obey the other conditions and violate only C cannot be found 
among the known levels anyway. Our task has reduced itself now to finding 
s- and d-levels with the same value of J which fall close together. If we con- 
fine ourselves first to levels with the same total electronic quantum number », 
there can be obviously no two s-terms with the same J. There are, however, 
two or three d-levels with the same J namely a d&, dll and dA for odd values 
of J and a dil and dA for even values of J. These levels might perturb each 
other. They do it however in a systematic way and their deviations from the 
normal energy values are usually not called perturbations, because all of the 
levels are affected in a regular way.’ 

If we confine ourselves to perturbations in the restricted sense, that means 
to perturbations which are caused by a more or less accidental coincidence 
of two levels, there remains only the possibility than an s-level comes very 
close to a d-level with the same J. Now, as Fig. 1 indicates, for small values 
of J the s-levels lie below the d-levels. The rotational energy for normal levels 
like the s-levels is roughly BJ(J+1). The constant B which is connected 
with the internuclear distance is about the same for the s- and d-levels. Now 
the d-levels are not normal levels but show very pronounced deviations due 


® The anomalies which arise from the interaction of the levels of one complex are treated 
in detail: Zeits. f. Physik 57, 71 (1929). 
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to the uncoupling of the orbital momentum of the electron. Both the dII, and 
dA, levels'® which might be perturbed by an s-level increase more strongly 
with J than a normal level. Therefore, if for small values the s-levels lie below 
the dll and dA levels with the same value of J they will do so even more for 
high J-values. There is, therefore, no chance of a perturbation. There remains 
finally to compare the s-levels with the d> levels. Here indeed we find, as the 
d& levels increase more slowly with J than normal levels" that for a given 
value of J the corresponding sS and d& levels come very close together. 


oh 








Fig. 2. The difference nd SJ —ns J as function of the rotational 
quantum number J, for n=4, 5 and 6. 


In Fig. 2. this is illustrated graphically. The difference between the nd=— 
and the corresponding ms=— level is plotted as a function of J for the levels 
with the total electronic quantum number n=4, 5, 6. From the figure can 
be seen that this difference becomes very small for J = 17, if nm =4, for J =9 if 
n=5, and for J=5 if n=6. 

Until now we considered only levels with the same total quantum number 


10 The subscript a and } have here the same meaning as in the previous publications of the 
author on the helium spectrum. a designates the sublevel which has only odd values of J,b the 
one with only even values of J. For a symmetrical molecule, like the helium molecule this nota- 
tion is often more convenient than the notation proposed by Mulliken, Rev. of Modern Phys. 
3, 94 (1931). 

1! The rotational energy is for large values of J proportional to (J-2) (J-1). 
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n and the vibrational quantum number V zero. We must, however, also ex- 
pect that levels with V =1 and V=0 perturb each other. As far as the p-levels 
are concerned, it happens that there are no levels with the same J of this 
type which come close together. The perturbations of the p-levels which 
Curtis and Long found must therefore be due to other reasons, and they are 
discussed in Part II. 

As for the s- and d-levels there are probably a few perturbations but the 
empirical material is at present not quite sufficient to find them definitely. 
In one example the position of both levels is known. It is the perturbation of 
the 4s! and 4d! levels.” The difference between corresponding levels is 
about +33 cm=! for J=15 and —20 cm™ for J=17. The closest approach of 
these two electronic levels occurs at the same value of J as for the correspond- 
ing levels with V=0. But the distance is much larger, 20 cm™! for V=1 as 
compared with 9.9 cm~! for V =0 and the corresponding perturbation ought 
to be accordingly much smaller. The data do not allow to see clearly whether 
the perturbation is present, as the lines in the 4sS'—>2pI1' band in which such 
a perturbation might be detected most easily fade out before reaching the 
value J =17 for the initial state. 

The empirical material is entirely absent for finding the analogous per- 
turbations in the corresponding levels with the total quantum numbers five 
or six. 

Fig. 1 shows that the 5s=! level is very close to the 6d levels. The same is 
true for the 5d! and 5dIl' levels which are not shown in the figure, but the 
position of which may be estimated from the relative positions of the corre- 
sponding levels with V =0. This coincidence ought to give rise to some inter- 
esting perturbations, but unfortunately the levels are not sufficiently enough 
known yet. 


Description of the perturbations. 


n=4. The extrapolated difference between 4d217 and 4s217 is 9.9 cm“. 
This extrapolation cannot be done with a very high degree of precision as the 
d> levels follow a rather complicated law. But the use of a more complicated 
interpolation formula would probably not improve the result much. The value 
9.9 cm™! is probably a little too high but can scarcely be more than 1 cm™! 
wrong. The actually found difference is 18.7 cm™, so that the distance be- 
tween the two levels is increased, due to the perturbations by, about 8.8 cm~. 
The two levels act as if they repel each other. This behavior is found also in 
the other two cases, and is in agreement with the theory. The actual perturba- 
tions of the 4s217 term is about —5.1 cm™, and that of the 4d217 term 
+4.2 cm. These values cannot be obtained with a very high accuracy. Their 
difference 9.3 cm coincides within the limits of an accuracy with the value 
8.8 cm! given above. 

n=5. Whereas we could extrapolate for the perturbed terms with »=4 
only from lower values of J, as lines with J >17 could not be determined with 


12 The index at the upper right of the term symbols indicates the vibrational quantum num- 
ber V. If it is omitted it is usually understoood that we have levels with V =0. 
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certainty, we can extrapolate from both sides of /=9 for the terms with the 
total quantum number five. It is important to note that different results are 
obtained if we extrapolate from lower or higher rotational terms. This seems to 
be quite definite and outside the limits of the experimental errors and the errors 
of extrapolation. The difference 5d29—5s=9 is —6.0 if extrapolated from 
J<9%and —8.6 if extrapolated from J >9. The actual perturbed value is — 11.4 
so that the perturbation is —5.4 resp.—2.8. This difference, if real, can only 
mean that there is a constant displacement of about 2.6 cm™ in the relative 
position of all the levels with J <9 with respect to all the levels with J >9." 

That such a thing actually occurs is shown also by the behavior of the 
5s= levels alone. All the rotational levels except the perturbed one with J =9 
can be represented quite with the usual accuracy by the formula A+ 
BJ(J+1)—8(J+4)*. In this formula B and 8 have the same value before and 
after the perturbation, but the constant A is 1.06 cm higher after the per- 
turbation than before it. That is shown clearly by Table I which gives the 
differences between successive 5s= levels. 

















TABLE I. 
J | 2 4 6 | 8 | 10 12 14 
Ss(J+1)\cale| 71.10 | 127.73 | 183.92 | 239.51 | 294.20] 348.08 | 400.67 
—~Ss=(J—1)/obs | 71.10 | 127.74 | 183.88] 242.38] 292.48] 248.16] 400.63 
1 2:87! —1.81 ‘08 | —.04 





obs. —calec. | .00 .0 














All the observed and calculated differences agree perfectly within the 
limits of experimental errors except the two values which contain the per- 
turbed term with J =9. If only this level were perturbed and all the others 
normal, then perturbations of the differences s©9—s7 and s~11—sZ9 ought 
to have the same magnitude and opposite sign. The table indicates that they 
are 1.06 cm~ different. This means that the s=9 term is perturbed by +2.87 
cm! and that the following levels do not come back to the values which one 
would expect if there were no perturbations, but are all displaced by the con- 
stant amount +1.06 cm“. 

An analogous thing seems to be true for the 5d terms. But as they do 
not follow a simple formula, it is difficult and uncertain to obtain quantitative 
data. The term 5d29 is found to show a perturbation of —2.3 cm~ with re- 
spect to the lower levels and of —1.3 with respect to the higher ones. The 
difference of —1.0 cm™! represents a constant shift of all the higher levels 
with respect to the lower ones. 

n=6. The extrapolated difference between 6d25 and 6sZ5 is about +6.0 
cm~!, (Extrapolation here especially uncertain.) The perturbation of the 6s25 
level with respect to the lower levels is found to be —0.89 cm and with re- 
spect to the higher levels —1.16 cm~'. There would therefore be a constant 
shift of —0.27 cm~! of the higher levels with respect to the lower ones. 
Whether this is real or not cannot be said with absolute certainty. The 6d25 


13 Such a behavior was also found by Rosenthal and Jenkins for CO. 
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level shows a perturbation of +1.5 with respect to the higher levels. Whether 
there is also a constant shift cannot be made sure of here because there is only 
one level known below the perturbed one. 

Intensities. Until now only the shift of the energy levels has been dis- 
cussed. But it is found that also the intensities are abnormal. That would 
mean theoretically that also the characteristic functions of the levels, by 
which the intensities are determined undergo perturbations. No calculations 
have been made yet about the amount of the perturbations in the y-functions, 
and they will be in general quite complicated. 

An example which does not quite refer to the present case, and which is 
very much simplified, will give, however, an idea of how the intensities can 
be affected. The perturbations are due to a quantum mechanical resonance 
phenomenon. If Y; and yz are the characteristic functions of two coinciding 
energy levels, if they do not perturb each other, then very often the perturbing 
interaction is of such a nature, that the two original states lose their identity 
and we have to take as the two new characteristic functions @ = (Wi; +wW2)/ 2!” 
and ¢@2=(Wi—wy2)/2!*. The transition probabilities are given by integrals of 
the form A, = [xb do and A» = |xpodv. These would determine the inten- 
sity if there were no perturbation. For the perturbed lines the intensity is 
given by 

Ay? = (Ay + A2)? 


As? (1, — A»)*. 


I] 


As mentioned above, we cannot expect this simple model to represent the 
case we are considering here. But it is interesting to note, that a behavior of 
the intensities as suggested by these considerations can be found in the per- 
turbed lines. 

From the experimental point of view the two clearest cases are in the 
bands 5d resp. 5s2—2p= and 6d resp. 6s2—2p~ because the region in 
which these bands lie is relatively free from other lines. The intensities of the 
perturbed lines are 


n=5 n=6 
nsi—2pz F’: normal normal 
R: very weak stronger than normal 
ndx—2pr iR: stronger than normal weak 


The intensities are only roughly estimated but especially the fact that the 
lines R(8) of 5s2—>2p> and R(4) of 6d2—>2p> are much weaker than normal 
is quite evident. 

Normally i.e. without a perturbation, the P-branch of the combinations 
with the d> levels is entirely absent,? whereas the R-branches of the com- 
binations with the s= and d~& levels have intensities of the same order of 
magnitude. 

If we consider therefore the perturbed transitions we ought to find one 
strong and one weak R line (we have strictly speaking no more the right to 
say which one comes from the s= and which one from the d> level) corres- 
ponding to the cases ¥:+yY2 and Y, — Ye of our model. That is exactly what we 
find and the weak line is in both cases the violet component. 
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The two P-lines ought to have the same intensity (half of the normal of 
the P line of the s=»— p> transition). That we find only one line with normal 
intensity shows that the model cannot give an accurate account of the facts, 
and this cannot be expected, as clearly there is in our case, when the unper- 
turbed levels do not exactly coincide still sense in keeping the d= and s= 
levels separate. 

Only by a more detailed calculation we can hope to clear up these points 
sufficiently. 

About the intensities in the other bands, very little definite can be said. 
They all lie in a region which is very rich in other lines, so that many super- 
positions may be expected. The only case in which an intensity anomaly 
seems to be without question is the line P(10) of 5s2—+2 II which is weak. 


Part II 


In the preceding section we have investigated all the perturbations which 
arise from the interaction of known terms. There are, however other per- 
turbations which were already discovered by Curtis and which cannot arise 
from any known terms. This section is concerned with a discussion of these 


perturbations. 
They are 
4pr6S — 1.02 
— 2.03 ; 
4pr9 j also perturbed if V = 1 
+ 4.43 
Spr2 — 1.56 
— . (+1.27 
ail _ oe 


We have seen that a p-level cannot be perturbed by an s- or d-level. It 
might, however, be influenced by another p- or an f-level. We can dispose of 
the first possibility immediately. For a p-level which might affect 4pII could 
be either a fll level with a higher oscillational quantum number, or a p2 
level. It can be easily seen that a pII level with a higher value of V cannot 
produce such a perturbation. In our case it would have to be 3plIl*. The 
extrapolated position of this level is too high to cause the perturbation, but 
as we cannot be very sure about the extrapo'ation, this argument is not 
sufficient. It is very unlikely that two terms of the He, molecule with a differ- 
ence of four units of the vibrational quantum number can have any appreci- 
able effect on each other.“ Furthermore even if the perturbation in 4pII° 
were caused by 3)II* there would be no reason for the perturbation of the 
same rotational levels in 4pII'. For the difference between 4pII' and 4pI1° and 
that between 3pI1° and 3pII‘ is quite different. Also it cannot be seen that if 
pIl6 is perturbed why not also plI7 rather than pII9. All these arguments 
practically exclude the possibility of a perturbation of the levels in question 
by other All levels. 

4 That isdue toa restrictionof whichthe rule F on page 647 is a qualitative expression. This 
rule F which was not originally given by Kronig has to the exact quantitative rule which limits 


the perturbations of two vibrational !evels the same relation as the Franck-Condon rule to the 
exact rule for the intensities of vibrational transitions. 
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A p& level is entirely out of the question, for it contains only rotational 
terms with an even J and would therefore be unable to perturb pI19, 

The only possibility, therefore, at least if we restrict ourselves to the 
terms of the single valence electron, is that the pll terms are perturbed by 
f-terms. An f-complex would consist of f=, fl, fA, and f¢ terms. We cannot 
expect it to combine with the 4s-levels. In atoms such a transition would be 
entirely forbidden (the azimuthal quantum number of the valence electron 
would change three units), and as the levels of the He. molecule, especially 
the higher ones are very much like atomic levels, we expect this to hold also 
for the molecular terms. The f-complex ought to combine freely with the 
d-terms, but these lines would all fall into the infrared. For these reasons the 
f-complex is not known empirically and we do not know its exact structure, 
e.g. we do not know whether it is a regular complex, like the d-complex, or an 
inverted complex like the p-complex. If it is a regular complex and it lies for 
small rotations a little above the pII level, the f=» and fII, levels would just 
have the required properties to account for the observed perturbations. But 
we should expect then a perturbation for a higher fll, level due to fII, which 
has not been found. 

It is perhaps better to postpone the discussion of other possibilities until 
more about the structure of the f-complex is known. 

The fact that instead of the one unperturbed line we get two lines if 
4p119 or 5pII5 are the initial levels was explained previously by the author as 
being due to a splitting up of the spin fine structure which is usually too nar- 
row to be noticed. 

There is, however, another explanation which seems more likely now. 
Ordinarily only the fll levels and not the f-levels will combine with the 2s= 
terms. As we saw previously, however, if those levels perturb each other, they 
lose their identity and we ought to expect both of the perturbed lines to com- 
bine with the s-level. The sum of the intensities of the two lines ought to be 
equal to the expected intensity of the unperturbed line. That was noticed to 
be the case by Curtis. Whether this is the right explanation for the existence 
of the two lines can best be ascertained by a further study of similar cases. 


Part III 


It was shown in Part I that whenever levels which satisfy the conditions 
of page 647 almost coincide a perturbation results. It remains to be shown that 
the coincidence of levels which do not satisfy those conditions does not result 
in a perturbation. With the material at our disposal, of course, no rigorous 
proof can be given, but the evidence for the correctness of the statement is 
very strong. We shall try to look first for almost coinciding levels in which 
only one of the conditions is violated. We can determine the relative position 
of levels with different degrees of accuracy. All the levels, e.g. of the triplet 
system belong to two groups. It is possible to determine the relative position 
of any two levels within one group with the accuracy of the wave-length 
measurements, whereas the determination of the relative position of two 
levels belonging to the two different groups involves the calculation of the 
head of a Rydberg series and is accordingly less accurate. The same is true 
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for two levels, one of which belongs to the triplet and the other one to the 
singlet system. The two groups are 

2s, np(n = 3); 
and 

2p, nd(n = 3). 
The two groups might be connected by the discovery of a band which cor- 
responds to the transition from a level of one group to one of the other group. 
Such a band would be e.g. 262-—>2s= which must be expected in the near 
infrared. 

We first look for levels which do not satisfy condition A. It is easy to find 
quite a number. A few examples are 6214 and 8p21 difference 2.3, 8pII8 
and 9pX3 difference 2.8, 4pI1'11 and 5/II3 difference 2.9, 3dA14 and 3d219 
difference 1.4, 5s211 and 5dII10 difference 1.0 etc. In all these cases the levels 
come much closer together than in Part I, and nevertheless, there is no trace 
of a perturbation. 

If we look for terms which violate only rule B we have to compare 
terms of the two different groups mentioned above, and it is not possible to 
fix the relative position of the terms with the same precision as before. The 
error will, however, scarcely exceed a few wave numbers.” 

The following examples show that a shift of that amount cannot make any 
difference in the conclusions. For, while some terms are pushed farther part, 
others come closer together. 


4pIti4 and 4dII14 difference — 6.2 
4p1116 and 4dII16 difference 12.6 
5 pll6 and 5d6 difference —11.3 
5plls and 5d8 difference + 8.9 


Also in these cases there is no trace of a perturbation. 

It was mentioned before that there is no material at present to study the 
violation of condition C and that we cannot expect to hold it for the He.- 
terms anyway. 

As the comparison of singlet and triplet levels involves the limit of a 
Rydberg series of the singlet system which is known with much less ac- 
curacy than those of the triplet system, we shall not give the data here which 
show that also rule D is necessary for perturbations. Even if the error in the 
relative position of the singlet and triplet terms is considerable, always levels 
can be found which satisfy all other conditions except D. In no case a per- 
turbation is found. 

As both the conditions E and F are automatically fulfilled for all terms of 
the helium molecule, there is no possibility to test their validity with the 
material of the He. bands. 

% The two terms, the relative position of which has to be found from the limits of the Ryd- 
berg series are 2s Y =34301.8 (calculated by Curtis and Long from the limit of the series npII 
—2s) and 2p11=29530.7 (calculated by the author from the limit of the »sS—2p)II series). 
If these terms are extrapolated from the higher members of the nms= resp. mpll term series the 
values are 34291.2 resp. 29520.3. The extrapolation to the lowest members of a series is also for 
atomic spectra rather inaccurate. The agreement of the last values to within about 10 cm™ 
with the other values shows that the levels follow the Rydberg series law very closely. 
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ABSORPTION BAND SPECTRA OF SILVER BROMIDE AND 
SILVER IODIDE VAPORS 


By Brooks A. Brice 
New YorkK UNIvVeRsItTY, UNIVERSITY HEIGHTS 
(Received July 8, 1931) 
ABSTRACT 
Vibrational quantum analysis..-The absorption spectra of the vapors of Agbr 
and Agl have been photographed with a 21 foot concave grating. Band heads were 
measured in the region 3165-3501A for AgBr and 3016-3556A for Agl. Continuous 
absorption below 3350A, with its maximum at about 3170A, was observed for both 
molecules. A vibrational analysis similar to that already carried out for AgCl gives the 
following equations for 


, ’ 


v=vetw,.'u'—w,.'x Ute.’ V U3 — wl Ul +e xe ul” 
AgBr: v=31280.43+180.8u’—4.45u"—0 0600 —247 .72u'°+0.6795u'” 
Agl: v=31190.874+131 .3u'—5.175u7—0.050u%—206.18n''+0.4327u'" 


where u =7+}. Rotational structure is not sufficiently resolved for analysis. The band 
heads are single. The electron jump is not identified, but the most likely possibility is 
OF on Be 

Heats of dissociation... Heats of dissociation were calculated by extrapolation 
of vibration frequencies. For the normal states the values are 2.77 volts for AgBr and 
3.02 volts for AgI. For the excited states the heats of dissociation are 0.21 volt for AgBr 
and 0.10 volt for AgI. With the available data it was not possible to decide whether 
the products of photochemical dissociation of the silver halides are metastable halogen 
and normal silver, or metastable halogen and excited silver. 

Isotope effects of bromine and silver... AgBr proves to be an excellent example of 
the vibrational isotope effect in band spectra. The bands show in most cases four well- 
separated heads of practically equal intensity. Agreement of observed and calculated 
displacements confirm the existence of two silver isotopes and two bromine isotopes. 
The vibrational isotope effect of silver was observed also in the AgI spectrum. No evi- 
dence for an isotope of iodine was found. 


INTRODUCTION 


VOLUME 38 


HE band spectra of the vapors of the silver halides AgCl, AgBr, and 
Ag] are strikingly similar. The bands are shaded to the red and are single- 


headed. They lie in the ultraviolet between 3000 and 3600A. The origins of 
all three band systems lie quite close to the resonance lines of the silver atom. 
Even with the high dispersion of a 21 foot concave grating, the rotational 


structure of these bands is not sufficiently resolved to permit analysis. 
These spectra were first obtained by Franck and Kuhn! in absorption and 





fluorescence. They were unable to make a vibrational analysis of these band 
systems, but from an examination of the bands, continuous absorption, and 
fluorescence series, they were led to conclude that the products of photochem- 
ical dissociation of the silver halides are normal silver atom and a metastable 


1 J. Franck and H. Kuhn, Zeits. f. Physik 43, 164 (1927); 44, 607 (1927). 
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halogen atom. They also concluded that in the vapor state these molecules 
are of the “atom-binding” type. 

A complete vibrational quantum analysis of the band spectrum of AgCl 
vapor, photographed with high dispersion, has been published by the writer.” 
Values were obtained for the heats of dissociation of AgCl both in the nor- 
mal and excited states. An assignment of vibrational quantum numbers to 
Franck and Kuhn's data for AgBr and AgI was made. Reasons were given 
for believing that the products of dissociation of the silver halides from the 
excited state were a metastable silver atom and a metastable halogen atom. 
The vibrational isotope effect of both silver and chlorine was observed. 

A similar high dispersion study has now been extended to AgBr and Agl. 
Heats of dissociation are calculated as in the case of AgCl. However, with 
complete data on these three molecules, difficulties are now encountered in 
attempting to identify the products of dissociation. Isotope effects of silver 
and bromine are observed. 


EXPERIMENTAL 


The absorption spectra of the vapors of AgBr and AgI were obtained with 
an arrangement similar to that used previously for AgCl. In the present 
case quartz windows were clamped on the ends of the open 2 foot silica tube 
to reduce convection currents. The windows were kept free from condensing 
vapors by means of flames. The temperature of the vapor was not measured, 
but comparing the distribution of bands with that of the bands observed by 
Franck and Kuhn, the temperature must have been higher than theirs, which 
was stated to be between 800° and 900°C.* Photographs were made on East- 
man 33 plates using the first and second orders of a 21 foot concave grating* 
mounted at New York University. Good pictures were obtained with expo- 
sures of 9 hours using a 500 watt tungsten lamp as a source. The comparison 
spectrum was that of an iron are. 

Contact prints of the spectra are reproduced in Fig. 1. The isotope effects 
are illustrated by the enlargements. The silver isotope effect increases in going 
from AgCl to AgBr to AgI, whereas the halogen isotope effect decreases from 
the chloride to the bromide. The bands observed extend from 43165 to A3501 
for AgBr, and from \3016 to 43556 for AgI. For AgBr, a continuous spectrum 
extends from about A3100 to A3350, with its maximum at about A3180. Agl 
shows a stronger continuous spectrum from about A3000 to 43350, with its 
maximum at about A3170. Measurements of the short wave-length bands of 
both systems are made difficult by these overlapping continuous spectra. Ab- 
sorption below 3000A was not investigated. 


2 B. A. Brice, Phys. Rev. 35, 960 (1930). 

® Ashley and Jenkins (Phys. Rev. 37, 1712 (1931)) have recently rephotographed the silver 
halide absorption bands at different measured temperatures. Their results indicate that the 
above-mentioned temperatures are too high. Franck and Kuhn report no continuous absorption 
appearing for AgCl even at 1300°C. But Ashley and Jenkins find the whole spectrum effaced by 
continuous absorption at their highest temperature, 850°C. 

* The grating used at present in the mounting is the property of Townsend Harris Hall, 
College of the City of New York. 
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ABSORPTION SPECTRA OF AgBr AND Agl 


TABLE I. Wave-lengths in air, wave-number in vacuum, for observed heads. 
F and K bands observed by Franck and Kuhn. 








Ag!’ Bri? 


» 
3? | 31583. 
9? | 31488. 
15?) 31416. 
2? | 31337 


69 | 30187 
17 | 30110. 
76 | 30023. 
41 | 29945. 
93 | 29869. 
52 | 29784. 


-38 | 29688. 
03 | 29629. 


53 | 29546. 
$1 | 29450. 





95 | 29308. 


97 | 


28981. 


3317.3 
3326.4 
3348.77 
3358.73 
3371.27 
3381.31 
3394.01 
3404.10 
3415.55 
3427.04 
3438.24 
3450.16 
3461. 
3473.67 
3484.84 
3508.47 
3521. 
3532.16 
3545.83 


3556.55? 


29214.5 

































































AglBr*? Ag!’ Br! Ag'®Br‘t F&K 
r v v v Abs. Fluor. 
5 | | (31580.1) -- _ 
0 | - (31485.7) ~- -- 
2 - | - (31414.7) | 31421 | 31387 
| ae — | 31134 
0 — |(31336.3 — _ 
3199. 31245.9 | 31244 — 
3210. 31139.8 _— — 
3215 31088.5 | 31089 — 
. 3225 30996.62 | 31001 — 
- 3232 30925.0 | 30923 | 30896 
| 3236 30891.5 — - 
| _ < 3241 30843.0 oe —_ 
- — 3250 30753.20 | 30755 — 
| — 3258 30681.65 | 30684 | 30653 
- _ 3267. 30600.3 | 30602 — 
| . — 3276. 30510.12 | 30509 ws 
3284.55 | 30436.83 | 3284. 30440.00 | 30440 | 3041! 
3292.93 | 30359.37 | 3392.59 | 30362.51 | 30363 — 
. — 3301. 30278.92 — — 
- . — 3302. 30269.01 | 30273 
40 | 3311.21 | 30191.78 | 3310.84 | 30195.16 | 3310. 30199. 34 | 30199 | 30171 
30 | 3319.68 | 30114.75 | 3319.33 | 30117.93 | 3318. 30123.10 | 30120 
39 | 3329.21 | 30028.55 | 3328.73 | 30032.88 | 3328. 30038.02 | 30035 — 
80 | 3337.86 | 29950.73 | 3337.43 | 29954.59 | 3336. 29959.62 | 29952 | 29933 
57 | 3346.34 | 29874.83 | 3345.84 | 29879.30 | 3345. 29884.57 | 29883 — 
23 | 3355.84 | 29790.27 | 3355.27 | 29795.33 29800.92 | 29800 — 
18 | 3366.70 | 29694.18 | 3366.11 | 29699.38 | 3365.36 | 29706.00 | 29706 — 
67 | 3373.30 | 29636.08 | 3372.69 | 29641.44 | 3371.97 | 29647.77 | 29652 . 
48 | (Ag 3383) a 3382.13 | 29558.71 | 3381. 29565.09 | 29561 - 
91 | 3393.65 | 29458.37 | 3392.91 | 29464.79 | 3392. 29472.70 | 29467 - 
— — . — 3398. 29412.27 — — 
97 | 3410.05 | 29316.70 | 3409.30 | 29323.15 | 3408. 29330.73 ~ — 
58 | 3420.96 | 29223.21 | 3420.15 | 29230.13 29238. 42 - 
— : — 3431. 29137.19 
3437.68 | 29081.08 - — 3435. 29096.06 - —_— 
60 | 3448.34?) 28901.18 | 3447.43 | 28998.84 | 3446.51 | 29006.58 — = 
a: — 3460.16?} 28892.15 | 3458. 28903.68 — — 
- - ; 28782.93 — — 
- - | = 3486. 28670. 84 _ _ 
. - 3500 28556.35 — = 
TaABLe I. (Continued) 
Age" Agi] . K. 
v r v Abs. Fluor 
31565 — 
. 31480 a 
- 31380 — 
- 31270 | — 
- 31153 31148 
— 31067 — 
— 30947 30943 
. _ 30863 min 
- — 03744 | 30739 
- = — 30339 = | 30535 
3294.74 30342. 30339 ' 30334 
- — — 30260 | —_ 
30135.90 3316.83 30140.63 30137 30132 
30053. 28 3325.89 30058.52 30056 | — 
. — — 29931 
29853.16 3348.04 29859. 29856 — 
29764.66 3358.08 29770. - 
29653.92 3370.47 29600. — - 
29505. 88 3380.44 29573. - 
29455.25 3393.04 29463. _ 
29367 .94 3403.06 29376. - 
29269. 50 3414.32 29280. . 
29171. 37 3425.83 29181. -- 
29076. 34 3436.93 29087. - — 
28975.90 3448.87 28986. - 
28880.97 3460.13 28892. _ — 
28780.79 3472.23 28791. -- 
28687.54 3483.38 28699. § -- 
28494. 33 3506.82 28507.7 - 
28387.94 3519.86? 28402.1: — 
28303.23 3530.42 28317. = 
28194.11 3543.79 | 28210.35 - — 
28109. 13 3554.612 | 28124. ° — 

















Weak unclassified bands at approximately 
A3015.8, 3035.1, 3053.3, 3074.3, 3094.8, 3113.7, 3115.9, 3136.4, 3138.2, 3156.4 
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Wave-lengths in air and wave-numbers in vacuum for the observed heads 
of the AgBr and AglI bands are recorded in Table I. For AgBr most of the 
values are the mean of one measurement on a first order plate and three 
measurements on two second order plates. Bands heads designated by a 
question mark indicate uncertain settings, due to poor contrast or overlapping 
continuous absorption. In some cases only one of the four isotope heads could 
be seen. In such cases, since the bands are shaded to the red, it was assumed 
that on the high frequency side of the origin settings were made on the heads 
of the lightest molecule Ag'’’Br7’, while on the low frequency side of the 
origin such settings were assumed made on the heads of the heaviest molecule 
Ag!’ Br®!. 

For AgI most of the measurements in Table I are the mean of one meas- 
urement on a first order plate and three measurements on two different second 
order plates. By examining the plates with the unaided eye, band structure 

AqBr 
234 356 * & 9 OQ MW 1S 14 15 16 

















Agl 
2345678 9 ON 2 13 14 1S 1 17 


Ty | 
—t 








1 {—+ +——++ 


——— a cee 


} 

Sees | 
0-0-0-0-—-+-++ 
0-0-0-0-0-0-0 

















Fig. 2. Assignment of vibrational quantum numbers to bands of AgBr and Ag]. Solid cir- 
cles indicate observed bands, dotted circles additional absorption bands observed by Franck 
and Kuhn, 


could be seen between 3000 and 3290. But due to the presence of the con- 
tinuous spectrum, the weak heads could not be seen under the high magnifica- 
tion of the comparator. However, the positions of a few heads between 3016 
and \3156 were marked and approximately measured. These bands could 
not be fitted into the vibrational analysis, and are given at the foot of Table I. 
Bands observed by Franck and Kuhn are given in Table I for comparison. 

For both AgBr and AglI, the temperature used was too high to bring out 
bands near the origin of the system. Many long wave-length bands were de- 
veloped by the higher temperature. 

It was found possible to excite the band spectrum of AgBr in emission, 
in the same way as was done with AgCl, by photographing a discharge in 
hydrogen with AgBr fused on one electrode.? A spectrogram was taken on a 
quartz Hilger E2, but the plate was not measured. At this low dispersion the 
bands appeared diffuse on account of unresolved isotope heads. 

















ABSORPTION SPECTRA OF AgBr AND Agl 


VIBRATIONAL ANALYSIS 


Fig. 2 illustrates in the customary way the assignment of vibrational 
quantum numbers to AgBr and AglI. The frequencies and corresponding 
quantum numbers are in Table I. Some difficulty was encountered in the 
analysis of AgBr due to the fact that the bands of the v’ =0 progression al- 
most coincide with bands which would belong to the v’ =3 progression. The 
isotope effects aided in reaching a final solution. The tentative assignment of 
vibrational quantum numbers given to Franck and Kuhn’s data by the 
writer* for AgBr was not quite correct, as the v’=0 progression was not 
recognized. The assignment of quantum numbers to the AgI bands given at 
that time has proved to be correct. Some difficulty was caused in the case of 
Agl by the fact that the vibration frequencies of the normal state were ap- 
proximately twice as large as some of those for the excited state (200 cm 
and 100 cm7). 

The following equations, constructed from the vibrational analysis, repre- 
sent the heads of the observed bands for all three** silver halides: 

v=v.tw,'u'—w,'x,'u? +0, U3 —w. ul +we''x.u!” 
Ag!?Cl®: vy =31606.92 + 281.0 u’ —6.00u" — 0.095" — 343.6u"’+1.163u'” 
Ag! Br*!: y = 31280.43+4 180.8 u’—4.45u” —0.060u'3 — 247.72u'’ +-0.6795u'” 
Ag!T: »=31190.874+131.3 u’—5.175u" —0.050u" — 206.184" +-0.4327u'” 
The origins of all three systems were found by calculating the vibrational 
terms and applying the equation y=v,.+G’—G" to each observed head. The 
value of v, was thus in each case the average of about 20 calculations. 
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lig. 3. w,:« curves for the normal states of AgIl, AgBr and AgCl. 


The constants for the above equations were determined from the w,:u 
curves. The curve for the normal state of each molecule is shown plotted on 
the same scale in Fig. 3. They are linear throughout the range of observed 


* See p. 971 of ref. 2. Note that the distribution of bands in Fig. 5 of the previous paper was 
misleading at first glance because of the fact that fluoresence bands were included. 

** The cubic term of the equation for AgCl has been revised to give better agreement with 
observed heads. 
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values. But this range is small, and the intercepts on the u-axis found by ex- 
tending these straight lines are v7) =148 for AgCl, 182 for AgBr, and 238 for 
AglI. The value for the heat of dissociation of the normal state given by this 
extrapolation! is Dy =22460 cm! (2.77 volts) for AgBr and 24460 cm~! (3.02 
volts) for AgI. Terenin® deduced a value 2.4 volts for AgI by a dissociation 
fluorescence method. Thermochemical data® give 2.6 volts for AgBr and 2.0 
volts for AgI. 

The w,:« curve for the excited state shows “negative” curvature for all 
three molecules; hence the cubic terms in the foregoing equations. Birge has 
used a different method of plotting to find the heat of dissociation in such 
cases.’ However, he has pointed out that a fairly good determination may be 
made by dropping the quadratic term in the w(«) function. In the present case, 
a straight line drawn through the first three observed values of w, was extra- 
polated. The energy of dissociation of each of the three molecules in its ex- 
cited state is low, being 2673 cm™ (0.33 volt) for AgCl, 1717 cm=! (0.21 volt) 
for AgBr, and 769 cm! (0.10 volt) for AgI. 

The various molecular constants of the silver halides, obtained from the 
vibrational quantum analysis, are collected in Table II for comparison. These 
constants refer to Ag!""CI®, Ag! Br®!, and Ag!°"T. 





























TABLE IT. 
AgCl AgBr Agl 
System origin | Ve 31606.92cm™! =| = 31280.43 31190 .87 
(0, 0) band Vo 31574.40 cm™ 31246 .02 31152 .24 
Vibration frequencies wo 342.4 cm™! 247.05 205.75 
wo’ | 275.0 cm” 176.2 126.2 
we’ | 343.6 cm™ 247.72 206.18 
| We’ 281.0 cm™! 180.8 131.3 
Anharmonic constants | «,’’x,"’ 1.163 0.6795 0.4327 
We'Xe" 6.00 4.45 5.175 
We’ Ve —0.095 —0.060 —0.050 
Heats of dissociation | Dy" 3.11 volts 2.77 3.02 
| D,' 0 “ 33 volt 0. 21 | 0 ° 10 
D 3.1 volt 2.6 | 2.0 
Measure of J’/J’’ | ewo!’/wo’ | 1.25 | 1.40 | 1.63 
Reduced mass | m 26.37 46.47 | 58.05 
Nuclear separation ro’ 2.00A | 2.30 2.44 
Moment of inertia | I,’’ 185 - 10-* gm-cm? 406 - 1074 572 -10-* 





The ratio wo’’/w»’ may be taken as a rough indication of the increase in 
moment of inertia of the molecule upon electron jump to the excited state. 
This change in moment of inertia increases from AgCl to AgBr to AgI. This 
fact is also indicated by the intensity distribution of observed bands in Fig. 2. 
The “Condon parabola” of intensity is narrow for AgCl, but wider for AgBr 
and Agl. Indirect calculation of the magnitude of the nuclear separation and 


‘ Birge and Sponer, Phys. Rev. 28, 259 (1926). 

5 A. Terenin, Physica 10, 209 (1930). 

6 Quoted from ref. 1. 

7 R. T. Birge, Trans. Far. Soc. 25, 707 (1929). 

8 See R. T. Birge, Bull. Nat. Res. Coun. 11, 233 (1926). 
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of the moment of inertia of the molecules was made by using Morse’s® em- 
pirical equation @ 97 o* = 3000 A*/cm. 


IsoTOPE EFFECTS 


The theory of the vibrational isotope effect in band spectra has been dis- 
cussed by Mulliken,'® Loomis," Gibson,” Patkowski and Curtis,'* and Birge." 
The magnitude and direction of the isotope shifts for AgBr and AglI were cal- 
culated by the equation 


Ap = (p —_ 1) (w,'u' sae i u’’) 


where p=(u/u"')"*, w being the reduced mass of the reference molecule, ,‘ 
that of the isotope molecule. The p factors were calculated assuming integral 
atomic masses. The w, values pertain to the reference molecule, and were 
found by interpolating the available w,:« data, read directly from the curves. 

It is customary to choose the more abundant molecule as the reference 
molecule. But in the cases of both AgBr and Agl, the relative abundances 
of the isotopic molecules differ very little. For silver bromide the order of 
increasing reduced mass is (1) Ag!*’Br7*, (2) Ag!**Br7*, (3) Ag!®7Br®!, (4) 
Ag!’*Br8!. Molecules (4) and (1) were chosen as reference molecules, since 
more w, 2“ data were available for them. Isotope shifts were then calculated 
for the following pairs: first set of bromine shifts »(3)—vq), for which p<1; 
second set of bromine shifts »(2,—»4, with p>1; first set of silver shifts 
Y,9)—Vay, With p<1; second set of silver shifts v(3)— 7,4) with p>1. Due to 


Ts ABLE e TIT. bon csnonand of observed and calculated ene shifts for AgBr. 














Bromine isotope effect 
Ag" Br’! —Ag!"*Br® Ag! Br® —Ag!@Br*! 
p—1=—0.007128 p—1=+0.007235 





1 (v'’, 2”) Av (cm™'!) | Av 





(v’, 2”) | | Av (cm™)! Ap 





Pr | PG obs —calc. oh. aie. jonas 
(1,5) | +7.70 | +7.76 | 40.06 | (1,8) | —7.74 | — 7.56 | -0.18 
(2,6) | 8.35 | 7.63 | —0.72 (2, 6) — 8.38 | — 8.35 | -—0.03 
(3,7) | 9.12 9.29 | 40.17 (3,7) | — 9.15 | — 9.47 +0.32 
(1, 6) 9.37 | 8.79 | —0.58 (1,6) | — 9.42 | — 8.89 —0.53 
(2, 7) 9.99 | 9.73 | —0.26 | (2,7) | -10.03 | — 9.74 —0.29 
(3, 8) 10.75 | 11.10 | +40.35 | (3,8) | 10.78 | 10.65 —0.13 
(2, 8) 11.62 | 11.77 | 40.15 (2,8) | -11.67 | —11.69 +0.02 
(4, 9) 11.65 11.20 | —0.45 (4,9) | -—11.69 | —11.82 +0.13 
(3,9) | 12.36 | 12.23 | -—0.13 (4, 10) | —13.29 | -—14.33 +1.04 
(4, 10) 13.23 | 13.88 | +0.65 (3, 10) —14.00 | —14.03 +0.03 
(3,10) | 13.95 | 14.18 | 40.23 | (4,11) | -—14.86 | —15.21 +0.35 
(4, 11) | 14.80 | 15.55 | 40.75 | (3,11) | —15.57 | —14.98 | -0.59 
(4,12) | 16.35 17.24 | +0.89 (4,12) | —16.42 | -15.40 | -—1.02 


| av. +0.085 | | av. —0.068 





* P. M. Morse, Phys. Rev. 34, 57 (1929). 

1 R.S. Mulliken, Phys. Rev. 25, 119 (1925). 

1 F, W. Loomis, Bull. Nat. Res. Coun. 11, 260 (1926). 

2 G. E. Gibson, Zeits. f. Physik 50, 692 (1928). 

18 Patkowski and Curtis, Trans. Far. Soc. 25, 725 (1929). 
4 R, T. Birge, Trans. Far. Soc. 25, 718 (1929); Phys. Rev. 35, 133 (1930). 
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TABLE IIL. (Continued) 


Silver isotope effect 


| Ag! Br? —Ag Br? Ag!" Bre! — Ag! Bers! 
p—1= —0.003904 | p—1=+0.0039760 
(v’, v’’) | Av (em™!) Ay obs. —calec.| (v’, 7’’) Ap Ap calc. —obs. 
| cale. obs. cale. obs. 

(1,5) | +4.22 +4.38 +0.16 | (1,4) — se -3.17 | ~@.16 
(2, 6) 4.57 4.45 ~0).12 2,5) —3.68 —3.14 | —0.54 
(3, 7) 5.00 4.96 —0.04 (1, 5) —+.26 —4.18 | -—0.08 
(1, 6) 5.13 4.93 —0.20 | (2,6) oe Se ef L0.67 
(2,7) | 5.47 5.26 -0.21 | (3,7) | -—3.03 —5.14 | 40.11 
(3,8) | 5.89 6.04 +015 (1, 6) ~5.18 | -5.03 | —0.1S 
(2,8) | 6.37 6.41 | +0.04 (2,7) | -5.51 | -5.27 | -0.24 
(4,9) | 6.38 6.00 -0.38 (3,8) | —5.93 | -—5.50 | -0.34 
(3,9) | 6.77 — | es —6.41 | 6.33 —~0.08 
(4,10) | 7.25 7.46 +0.21 (4, 9) —6.42 | -6.62 | 40.20 
(3,10) | 7.64 7.73 +0.09 (3, 9) —6.81 —6.38 —0.43 
(4, 11) 8.11 8.63 +-0.52 (4, 10) ~_ —7.91 +0.61 
(4, 12 8.96 9.58 +0.62 (3,10) | —7.69 —7.58 —0.11 
—— (4,11) | —8.17 —8.29 +0.12 
ay. 0.070 (4, 12) —9.02 | —7.74? —1.28 
(5, 13) —9.64 | -—11.53? | +1.89 


| av. +0.012 





this choice, shifts observed and calculated come out all positive using mole- 
cule (4) as reference molecule, while those using molecule (1) as reference are 
all negative (all isotope shifts observed were on the low frequency side of the 
origin). 

A comparison of observed and calculated isotope shifts for AgBr is shown 
in Table III. The p—1 factors are given at the head of the table. The observed 
Av were obtained directly from the data of Table I. The columns obs.-cale. 
were reversed to calc.-obs. in the two cases where p—1 is positive. The mean 
value of this difference is given for each set of shifts. In many cases the in- 
dividual deviations are larger than they should be. However, this can prob- 
ably be attributed to the experimental error in measuring heads where sharp- 
ness and contrast were poor. 

At the beginning of the vibrational analysis of AgBr there was some doubt 
as to the proper assignment of quantum numbers to the excited state levels, 
i.e., Whether uw’ should be one unit less than is here given. \With the present 
assignment, the average values of obs.-calc. (or calc.-obs. as the case may be) 
for the four sets of shifts are +0.085, —0.068, +0.070, +0.012 cm~'!, as 
compared with the values —0.96, —0.34, —0.52, —0.59 cm™ if u’ be de- 
creased by 1 unit. Hence the present assignment is undoubtedly the correct 
one. Ps 

The silver isotope shifts in AgI are given in Table IV. Calculations were 
made with reference to the molecule Ag!*7I. The agreement of observed and 
calculated shifts is not quite as good as for AgBr. 

There is no evidence in these photographs for an isotope of iodine. Bar- 
ton” includes an isotope of iodine I in his list of isotopes predicted from 


1 Hf. A. Barton, Phys. Rev. 35, 408 (1930). 
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symmetry considerations. If such an isotope exists, its abundance is small. 
The absorption spectrum of AglI is not favorable for observing its presence, 
since weak heads due to an isotopic molecule AgI'™ would fall within the rota- 
tional structure of the AgI'*’ bands on the low frequency side of the origin, 
and would be interfered with by continuous absorption on the high frequency 
side of the origin. 


TABLE IV. Comparison of observed and calculated isotope shifts for AglI. 

Silver isotope effect 
Ag!” —Ag?°7] 

p—1=—0.004992 


























v’, v’’) | Ap (cm=!)) Ap obs. —calc. 























(v’, v’’) | Av (cm) Av | obs. —calc.| 
cale. obs. | | cale. | obs. 
(0, 5) +5.52 +4.73 —0.49 (2, 11) 9.96 10.30 +0 .34 
(1, 6) 5.64 5.24 —0.40 (3, 12) 10.56 11.08 +0.52 
(1, 7) 6.60 6.50 —0.10 (2, 12) 10.88 11.73 +0.85 
(2, 8) vane 5.74 —1.38 (3, 13) 11.48 11.43 —0.05 
(1, 8) 7.57 7.04 —0.53 (2, 13) 11.80 10.93 —0.87 
(3, 9) 7.76 6.58 —1.18 (3, 14) 12.39 12.02 —0.37 
(2, 9) 8.08 7.61 —0.47 (3, 15) 13.29 13.41 +0.12 
(1, 9) 8.53 8.42 —0.11 (4, 16) 14.12 14.19 +0 .07 
(2, 10) 9.02 8.98 —0.04 (3, 16) 14.18 13.95 —0.23 
(3. 11) 9.64 10.20 40.56 | (4,17) | 15.00 | 15.35 | 40.35 
ave. —0.17 




















However, Aston" finds only one line for iodine with the mass spectro- 
graph, corresponding to a mass integral with Xe"* within experimental error. 
Assuming the packing fraction to be the same as that of Xe, he points out 
that the atomic mass of iodine is identical with that obtained chemically, 
which is 126.932.'7 Hence it is not likely that an iodine isotope exists in de- 
tectable quantities. 

Interest has recently been aroused in the isotopes of halogens by Becker’s 
report!’ of evidence for a third chlorine isotope Cl** from the infrared spec- 
trum of HCl. However, Ashley and Jenkins" find no evidence of Cl** in a re- 
examination of the silver chloride absorption band spectrum, which offers a 
particularly favorable opportunity for detecting the presence of such an 
isotope. 


DISCUSSION OF RESULTS 
Since the heats of dissociation of AgCl, AgBr, and AgI in both the normal 
and excited states have now been determined, it should be possible to iden- 


tify the energy states of the products of dissociation. The energy left to the 
atoms after dissociation from the excited state is calculated by the relation 


E= hvo + Dy’ om Do" 


16 F, W. Aston, Proc. Roy. Soc. A115, 487 (1927); A126, 511 (1930). 
17 Jour. Am. Chem. Soc. 53, 1627 (1931) Atomic weights for 1931. 

18 H. Becker, Zeits. f. Physik 59, 583, 601 (1930). 

19 M. Ashley and F. A. Jenkins, Phys. Rev. 37, 1712 (1931) (A). 
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where jv is the energy corresponding to the (0, 0) transition in the molecule. 
It is assumed that two normal atoms would result by dissociation from the 
normal state.2° The results of this calculation are shown in Table V. The 


TABLE V. Energy relations, using extrapolated TABLE VI. Using thermo 

heats of dissociation. chemical values. 
hv D’ | Do" | E 7p | E-*P De | E |E-?P 
AgC] | 3.895 | 0.33 | 3.11) 1.11) 0.11 | 1.00 3.1] 1.12] 1.01 
AgBr. 3.855 0.21 y BY 1.30 0.46 | 0.84 2.6 |} 1.47 1.01 
Agl 3.841 0.10 3.02 | 0.92 | 1.94 1.00 


0.94 |—0.02 2.0 


column headed *?P gives the separation of the metastable and normal levels 
of the corresponding halogens. The last column gives the energy left to the 
dissociated atoms after subtracting the ?P halogen excitation. 

The values of iv» are known with great accuracy. The values of De’ are 
relatively small, and hence a considerable error in determining them would 
not affect E greatly. Thus a correct identification of the products of dissocia- 
tion will depend almost entirely upon the reliability of the normal state heats 
of dissociation D9’’. 

The following possible dissociation products must be examined. (1) Nor- 
mal silver atom, metastable halogen atom. This process would require that 
the differences E—*P be zero. (2) Excited silver atom and normal halogen 
atom, which would require that the three values of E be constant. (3) Excited 
silver atom and metastable halogen atom, for which products the differences 
E—?*P should be constant but not zero. (5) Normal silver and normal halogen, 
for which the values of E would be near zero. (6) Dissociation into ions, which 
would require values of E well over 3 volts. 

Dissociation into ions or into two normal atoms is definitely out of the 
question. However, the data of Table V are not in accord as a whole with 
either (1), (2), or (3). The results for AgI agree excellently with process (1) 


Agl+hw-Agt+l’. 


But the results for AgCl do not indicate this process, showing a discrepancy 
of a whole volt from such an explanation. On the other hand, coming back to 
Agl, there is here a disagreement of 1 volt between the extrapolated and ther- 
mochemical values of Do’’. An examination of Table V thus indicates that 
either the products of dissociation are not the same for the three silver halides, 
or that the extrapolated values of D)’’ are not reliable. 

In view of the great similarity of the spectra of the three molecules, it does 
not seem reasonable that their products of dissociation are different . It is, 
however, quite possible that the heats of dissociation are not accurate. But if 
the extrapolated values of D,’’ are too small for AgCl and AgBr, this would 
be contrary to usual experience, as the Birge and Sponer extrapolation almost 
always gives values considerably too high. 






20 See ref. 4. 
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ABSORPTION SPECTRA OF AgBr AND Agl 


In the previous paper by the author,? thermochemical values of Do’’ for 
AgBr and AgI were used in calculating the relations indicated here in Table V. 
The differences E—*P came out practically constant, and it was concluded 
at that time that the silver halides dissociate into a metastable halogen atom 
and a metastable silver atom with approximately 1 volt excitation. More ac- 
curate values of hvo and D,’ for AgBr and AglI are now available from the 
present investigation. In Table VI values of E and E—?P are calculated, now 
using the thermochemical values D, for the heats of dissociation instead of 
the extrapolated values as in Table V. The differences E—*P are now even 
more remarkably constant than previously reported, and still may indicate 
dissociation into a metastable halogen atom and an excited silver atom. The 
correctness of this conclusion would depend upon whether these thermochem- 
ical values are accurate.* If they are accurate, we would expect to find a 
metastable level in silver at about 1 volt (8100 cm~') above the 2S level. 

By analogy with copper and gold, it was suggested that the metastable 
silver atom might be in a *D(d°s*) state. But in a recent extension of the analy- 
sis of the silver arc spectrum by Blair*! it appears that the ?D(d*s*) terms of 
silver lie close to the ?P(d'°sp) terms, and are therefore not low-lying as in 
the case of Cu and Au. No combinations of these terms with the ?P terms 
have been found. Also no terms of the quartet system of Ag have been found. 
Consequently the possibility of a low-lying metastable state in silver is ex- 
ceedingly doubtful. 

Thus we cannot at present decide definitely whether the products of dis- 
sociation of the silver halides are a metastable halogen and a normal silver 
atom, or a metastable halogen and an excited silver atom. Since it is not 
likely that any low-lying metastable level exists for Ag, the former explana- 
tion is more probable. 

It is possible that more information concerning the normal state vibration 
levels of AgI and AgBr at higher quantum numbers may be found in the series 
of diffuse bands reported by Kuhn*® at much higher temperatures than have 
been used in the present investigation. 

It is not possible at this time to draw definite conclusions as to the type 
of electron transition involved in producing the band spectra of the silver 
halides. However, the molecules are “even,” and the band heads are single. 
The configuration of the molecule should resemble that of rare gas atoms. 
The most likely type of transition for these molecules is '2—!Z or WI—!2. 
But the latter case is doubtful, since one would expect to see a Q-branch 
head as well as a P- or R-branch head. 

I wish to thank Dr. R. S. Mulliken and Dr. F. A. Jenkins for their sug- 
gestions and interest. I am grateful to the Naval Research Laboratory for 
courtesies extended to me during this study. 


* The values given are quoted from Franck and Kuhn's paper. Unfortunately I have not 
been able to find their original source, and therefore do not know their accuracy. 

*tH. A. Blair, Phys. Rev. 36, 1531 (1930); see also A. G. Shenstone, Phys. Rev. 31, 317 
(1928). 
2 H. Kuhn, Zeits. f. Physik 63, 458 (1930). 









































AUGUST 15, 1931 PHYSICAL REVIEW VOLUME 38 


A DIAGRAM OF SOME OF THE ENERGY LEVELS OF GADO- 
LINIUM IV IN THE CRYSTAL LATTICE AS OBTAINED 
FROM THE ULTRAVIOLET ABSORPTION SPECTRA 
OF GdCl;-6H20 AND GdBr;:6H.O 


By Simon FREED! AND FRANK H. SPEDDING? 
CHEMICAL LABORATORY OF THE UNIVERSITY OF CALIFORNIA 
(Received May 28, 1931) 

ABSTRACT 


A number of electronic energy levels of the gadolinium ion in the crystals 
GdCl;-6H2O and GdBr3-6H:-O were obtained from their ultraviolet absorption 
spectra. The intervals between these levels were found for the ion in GdCl;-6H,O and 
in GdBr3:6H.O at room temperature and at that obtained with liquid air and in 
GdCl;:6H.2O also at the temperature reached with liquid hydrogen. Levels were 
found to be decomposed by a magnetic field into doublets of enormous separations 
amounting to as much as 15 times the normal Larmor precession. Transitions occurred 
with large changes in magnetic moment which were different along the different axes 
of the crystal. The intervals between the electronic levels in the absence of a magnetic 
field are much smaller than might be expected for an ionic crystal of the rare earths. 
It has been concluded that the H.O molecules separate the positive gadolinium ions 
from the negative ions and that very possibly the feeble fields to which the gado- 
linium ion is exposed arise in great measure from the polarized HO dipoles. Small 
intervals and large magnetic separations in crystals lead to a “Paschen-Back effect” 
which is visualized as the incipient uncoupling of the positive ion from the lattice. 
Since magnetic separations differ along the different axes of the crystal, uncoupling 
can occur more readily in one direction than in another. No evidence was found for 
a combination between the oscillation of the ion in the lattice and the frequency of 
the electronic transition, a possibility imagined by Ehrenfest. 


E POINTED out in our work’ on the absorption spectra of the rare 

earths at low temperatures why we selected to study Gd IV in an at- 
tempt to obtain the electronic energy levels of an atomic ion in a crystal lat- 
tice. It may be sufficient to recail here that Hund‘ had obtained 8S7,2 for the 
basic state of Gd IV in the gas by assuming that the seven unbalanced elec- 
trons were in the 4f shell, the 5s and 5 being completely full (the Bohr- 
Stoner assignment) and that Russell-Saunders coupling existed between 
these electrons. This basic state agreed with the magnetic susceptibility of 
the crystals Gd2(SO,4)3:8H2O over an extended temperature range down to 
1.3°K.5 The close agreement showed that within the experimental error all of 


1 Fellow of the John Simon Guggenheim Memorial Foundation, at present in Leiden, 
Holland. 

* National Research Fellow, University of California. 

* Freed and Spedding, Nature 123, 525 (1929); Phys. Rev. 34, 945 (1929); J. Am. Chem. 
Soc. 52, 3747 (1930). 

‘ Hund, Zeits. f. Physik 33, 853 (1925). 

® Woltjer and Kamerlingh Onnes, Leiden Comm. 167 C.; Giauque, J. Am. Chem. Soc. 49, 
1870 (1927). 
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the ions were in this basic state. Hence of all the rare earths, gadolinium 
would probably have the simplest absorption spectrum because its basic 
state is single (in the gas and probably also in the crystal)* and the other 
levels are rather remote from it. 

Each level has been established by from five to eight criteria which are, 
for the most part, peculiar to spectra in crystals. They consist in comparing 
the spectra of Gd IV in the two salts at the various temperatures’ and in 
employing the spectra of GdCl;-6H,O with different axes in a magnetic field 
at room temperature. 

Bunsen found that the position in wave-lengths of the absorption of rare 
earth crystals was independent of the direction in which the light traversed 
the crystal. We have confirmed his conclusion by measuring the absorption 
spectra of GdCl;-6H.O along two perpendicular directions. 

The crystals of GdCl;-6H.O grow in flat oblong plates and those of 
GdBr;-6H.O grow in prisms having two prominent parallel faces. The 
spectra were usually taken as the light traversed the prominent faces. In our 
original work, we accepted the crystallographic report of Benedicks® that the 
crystal GdCl;-6H:O was tetragonal. The nature of the Zeeman effect which 
we investigated led to the conclusion that the gadolinium ions were not 
situated in an electric field of tetragonal symmetry. A rotation of ninety 
degrees about the “optic axis,” a line perpendicular to the flat faces, did not 
leave the Zeeman separations unaltered.'° As a result, we employed the 
Zeeman effect in three directions for purposes of identifying levels common to 
different absorption lines. The levels have been determined (1) by comparing 
the intervals between the lines of the spectrum of GdCl;-6H.O at room tem- 
perature (2) by observing the corresponding intervals at the temperature 
obtained with liquid air (3) and with liquid hydrogen. Then (4) a comparison 
was made with the corresponding intervals in the spectra of GdBr;-6H,O at 
room temperature and (5) at that obtained with liquid air. The levels were 
further identified by the extent to which the lines originating from them were 
decomposed by a transverse magnetic field when the unique axis of the 
crystal was perpendicular to the field and when the oblong face of Gd- 
Cl;-6H2O was so placed that its length was (6) perpendicular to the lines of 
force and (7) parallel to the lines of force. We also obtained (8) a spectrum 
when the unique axis of the crystal (“optic axis”), was parallel to the field. 
The resolution of our spectrograph was not sufficient to resolve any of the 


6 Bethe, Ann. d. Physik 3, 133 (1929); Kramers, Proc. Akad. Weten. Amsterdam 32, 1176 
(1929), 

7 At lower temperatures, the absorption lines shift slightly toward the red and the inter- 
vals between the lines composing a multiplet are somewhat increased. This effect of tempera- 
ture may be correlated with the contraction of the crystal which brings the ions closer together, 
subjecting them to greater electric fields. Phys. Rev. 34, 945 (1929). 

8 Bunsen, Pogg. Ann. 128, 100 (1866). 

® Benedicks, Zeits. f. anorg. allgem. Chemie 22, 403 (1900). 

10 Dr. A. Pabst of the Geology Depart ment of this University has kindly communicated to 
us that his measurements (about to be published) show that GdCl;-6H,O is actually mono- 
clinic. 
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Zeeman components in this longitudinal direction. The degree of widening of 
some of the lines was of aid in several instances. 

The relative measurements are accurate to about one cm™! in the absence 
of the magnetic field but are somewhat less accurate in a magnetic field. It 
may be seen, then, that the enormous magnetic separations which occur have 
made our study possible. We shall discuss the magnitude of the Zeeman 
effect toward the end of the paper. All the lines which have been assigned to 
levels had a measurable Zeeman separation. We have not wished to assign 
any lines undecomposed by a magnetic field although there are a number 
whose intervals are equal to those of the accepted levels in both salts at 
every temperature. It is likely that other lines would have contributed to an 
understanding of the energy levels if a greater optical dispersion had been 
available. This work is now being repeated and extended under much more 
favorable conditions but we find it desirable to publish the results already ob- 
tained. 

The lines of the spectra of GdCl;-6H2O and of GdBr3;-6H2O lie almost 
entirely in the ultraviolet. There are a few faint lines in the visible all of 
which sharpen as the temperature is reduced. The lines fall into groups which 
suggest a multiplet structure and we have interpreted these groups as cor- 
responding to possible lines of the gaseous spectra that have been decomposed 
by the electric fields of the lattice.’ We must refer the reader to the previous 
publications for the enumeration of the lines. Table I gives a list of the lines 
with which the present paper is concerned. 


TABLE I. List of observed lines. 


~GdCl; - 6H20 


GdBr; . ol 1,0 











| 
| 


Line Room Temp. Liquid Air Liq. Hydrogen , , 
Number (cm~?) ; ‘em=!) ; (m=) Room Temp. Liq. Air 
(em!) (cm7!) 

2 | 35796.5 35792.5 35790.5 | 35791.5 35785 .5 
20 | 35876.5 35874.5 35872.5 | 35876.5 35873.0 
30 =| 36144.0 36136.5 36136.5 | + 36137.0 36128.0 
31 36170.5 36165 .0 36164.5 | 36169.0 36163 .0 
32 36186.5 36181 .0 36180 .5 36184 .0 36177 .5 
33 36200 .0 36196.5 36196.0 36200 .5 36194.5 
35 36223 .0 36219 .0 36220.0 36222 .0 36219 .0 
42 36418 .5 36411 .5 36413 .0 36411.5 36402 .5 
43 36444 .5 36438 .5 36441 .5 36442 .0 36437 .0 
44 36461 .5 36458 .5 36459 .0 _ 36457 .0 36452 .0 





| 





| 
} 


A study of the data has led to the following conclusions. The interval 
26-29 is identical with the interval 30-35 not only because the intervals re- 
main equal at the various temperatures in the two salts but also because 
three different magnetic separations of the line 26 are equal to those of 30 and 
the separations of 29 are equal to those of 35. Hence 26 and 29 arise from one 
electronic level A’ (see Fig. 1) (the designations are arbitrary) and lines 30 
and 35 arise from another common level B’ and also 26 and 30 have a lower 

1! The separations bet ween the components in multiplets of the unperturbed Gd IV might 


be expected to be about 1000 cm™ or more from the formula for relativity doublets derived by 
Sommerfeld and generalized for multiplets by Goudsmit (Phys. Rev, 31, 946 (1928)), 
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level D in common while 29 and 35 come from the same lower level A. In the 
same way the intervals 30-31 and 42-43 are identical; that is, the upper™ 
level of 3/ is identical with that (B’) of 30 while 42 and 43 end at the same 
upper level C’. 

The segregation of 30, 31, 32, etc. gives them the general appearance of a 
multiplet and the lines 42, 43, 44 resemble them closely. The intervals 30-31 
and 42-43 have just been discussed. The interval 3/-32 appears to be the 
same as 43-44. The nearness of 435 to 44 made it impossible to compare the 
magnetic separations of 44 quantitatively with those of 32 since the mag- 
netic spectra of 44 blurred badly with those of 45. The interval 3/—32 equals 
43-44 in both salts at room temperature and at that of liquid air. There 


INTERVALS 



































GdCl; -6H,0 GdBr;:6H:O 
Room Liquid Liquid Room Liquid rr Cc’ 
Temp. Nitrogen Hydrogen Temp. Nitrogen ||| 
em"? cm! cm"! cm} cm"? | |i 
274.5 275.0 276.5 274.5 274.5 — 11 B' 
374.5 344.0 346.0 345.5 342.5 | | 
LI | 
Ptrr aa 
35796.5 35791.5 ; Vit} Tq 
35792.5 35785.5 26 30 | 32 | 42 |44 
35790.5 29 131/35 | 43 
| ; | if 
| || | | | 
26.5 28.0 28.0 31.5 35.0 r | | D 
16.0 15.5 14.0 15.0 14.5 th 
36.5 38.0 39.5 38.0 41.5 : 


Fig. 1. Energy level diagram, 


appears to bea deviation somewhat greater than the mean error of measure- 
ment at the temperature reached with liquid hydrogen, but the lines 44-45 
are not clearly resolved. It appears likely that these intervals are truly 
equal. We have further evidence that 3/ and 32 belong to the same multi- 
plet because their energy levels interact in rather strong magnetic fields as is 
shown by the dissymmetries in position and especially in the intensity of the 
Zeeman components whereas symmetrical decompositions are obtained when 
the levels are rather remote from each other. (See Figs. 2 and 3). 

We have been inclined to believe that 33 is included in this multiplet on 
account of its magnetic interaction with 32. However, 33 does not take part 
in any interval which is equal to another at the various temperatures and 
hence its inclusion must await further evidence. In addition to the general 
similarity of the grouping of the lines 30, 3/, 32 and 42, 43, 44, we have fur- 
ther evidence for a common multiplet origin for the lines from their shift with 


12 If the lower level is assumed identical for both lines 31 and 30, the diagram would not be 
compatible with the Paschen-Back effect that has been observed; the other conclusions which 
have resulted from the accepted diagram would follow from this alternative one also, 
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the temperature and by the change in wavelength produced when the bro- 
mide ion is substituted for the chloride ion. A reduction in the temperature 
brings about a greater separation of the levels as one would expect if the 
separation was produced by the field or its derivatives" upon one electronic 
level because the ions are then on the average nearer each other and exert 
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Fig. 2. Microphotometer curves of absorption spectra of GdCl;-6H,0. Unique axis perpendi- 
cular to field, parallel to light ray. Long axis perpendicular to field. 


stronger fields upon them. The refractive index and the chemical properties 
of the bromide ion prove that it is considerably more polarizable than the 
chloride ion. Hence the negative charge induced on the surface of the bromide 
ion opposite the positive ion would exert a greater field upon the electronic 
configuration of the positive gadolinium ion, separating the components of 


8 Stern, Phys. Zeits. 23, 476 (1922). 
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the “electric” multiplet further. The magnetic separations of 42 and 43 are 
equal to those of 30, 31, and 32 and consequently all their decompositions 
take place at the lower levels only and their upper levels are not decomposed 
within the limits of our measurements. It is then not surprising that with an 
interval of 16 cm~' between 3/ and 32 and with magnetic separations of about 
16 cm” at fields of 23,000 gauss a Paschen-Back effect was observed." 
The spectra show, then, the astonishing regularity that all the upper levels 
do not decompose in a magnetic field with the crystal in this direction while 
the three levels, B, C, D, decompose equally with separations of about 0.7 
cm! per kilogauss, about 15 times the normal Larmor precession. 

Magnetic 
= 2 = 2 = Field 
Kilogauss 
0 








Fig. 3. Absorption spectra of GdCl,-6H.O. Unique axis perpendicular to field, parallel 


to light ray. Long axis perpendicular to field. 


If the level 4 had been decomposed to the same degree it would have been 
natural to assume that the lower multiplet was really the *S;. level of Gd IV 
in the gas decomposed by the electric fields of the lattice. (The theories of 
Bethe” and the first approximation of Kramers expect S levels to remain 
undecomposed in the crystal lattice.) Such a possibility would have been 
especially attractive since the extreme separations of *%S;. amounts to 
2x7/2X2=14 times the normal Larmor precession equal, to the observed 
within the experimental error (g=2 and j=7, 2 and the factor 2 results from 
the symmetrical extremes m=7 2 and m=-—7,/2). The assumption would 
have been further supported by the results of Bethe who showed that only 
those levels with j (or rather w a magnitude associated with j) odd or half- 
integral (as 7/2) can be decomposed by a magnetic field. However magnetism 
in crystals is still an obscure subject and much further work is necessary. 

The model employed for visualizing the Paschen-Back effect in gases is 
roughly the following. A multiplet results from the different relative orienta- 


4 Freed and Spedding, Phys. Rev. 35, 1408-9 (1930). 
' Bethe, Ann. d. Physik 3, 133 (1929), 
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tions of the spin and orbital moments of the electrons, each level of the 
multiplet representing a fixed relative orientation. (It is perhaps better to 
say that the vectors of spin and orbital momenta precess about each other at 
definite angles.) When the levels are so close together that the decompositions 
produced by the magnetic field approach the intervals between the levels, 
the dissymmetries in the resulting Zeeman patterns express the uncoupling 
of the orbital and spin momenta of the electrons. Somewhat similarly, each 
electronic level of an “electric” multiplet in the crystal, that is, a multiplet 
produced by the lattice, may be regarded as representing the mutual energy 
of the ion in a definite direction and the crystal lattice."* When the electric 
fields are weak, the magnetic separations may approach the intervals between 
the components of the electric multiplet and then dissymmetries set in which 
may be said to represent the disorienting of the ion from the lattice. The data 
show that the magnitude of the separations varies with the axes of the crystal 
so-that the incipient uncoupling of the ion from the lattice is more readily 
possible in one direction than in another. When the electric fields of the 
lattice are strong, a magnetic field may produce a Paschen-Back effect of 
another character under special conditions. In this case, the lattice is strongly 
coupled with the orbital momentum of the electron (because of its electric 
moment) and the energy between the magnetic field and the magnetic 
moment of the orbital motion will be small compared with the coupling 
energy of the lattice and orbit. However, the magnetic field may be strong 
enough to uncouple the spin moment from the orbital moment. Such a 
Paschen-Back effect would probably manifest itself in the interaction be- 
tween a component of one electric multiplet and a component of another. 

Kramers® has computed the decomposition produced by the lattice upon 
the level associated with the electron in the 4f shell of Ce IV in the mineral 
xenotime and obtained intervals of several thousand cm '. Bethe’ concluded 
that separations of several hundred cm ' would probably result from the elec- 
tric fields of ionic crystals Our levels have much smaller intervals, in keeping 
with the current ideas on the crystal structure of such a substance as GdCl; 
-6H,O. In all probability the H.O molecules immediately surround the 
gadolinium ion, shielding it from the negative ions. That is, the negative 
ions are relatively distant from the positive ion and it is indeed possible that 
the feeble field to which the gadolinium ion is exposed originates in great 
measure at the polarized HO molecules. 

On the other hand one might assume that the separation in the levels B, 
C, D (all of which appear to have the same magnetic moment) can be at- 
tributed to different oscillational frequencies of the ion in the crystal lattice. 
The possibility of a combination of the electronic frequency of an ion and its 
oscillational frequencies in the lattice was imagined by Ehrenfest.'? We are not 
in a position to disprove the existence of such a combination in the gadolin- 

16 This idealization is valid when cylindrical symmetry is approximated by the lattice as in 
elongated tetragonal symmetry. Analogous but more complicated models would be necessary 
for a close approximation to other crystalline forms. 
17 Ehrenfest, Gedenkboek H. Kamerlingh Onnes, 1922. 
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ium crystal, but the evidence we feel, is definitely against such a combination 
of frequencies. In the first place, one would expect some regularity in the 


TABLE II. Magnetic decomposition of the lines. 


Observation transverse to field; unique axis perpendicular to field; long axis of crystal 
GdCl;-6H2,0 perpendicular to field. 

















Shift towards Shift toward Total Total 
Line Field longer wave- shorter wave- separation separation 
number kilogauss lengths lengths cm7! per kilogauss 
cm"! cm7! cm! 
26* 18 6 5 11 0.6 
23 7 9 16 0.7 
29* 18 0 0 0 0 
23 0 0 0 0 
30 18 6 6 12 0.7 
. 23 7 8 15 0.7 
31 18 5.5 5.5 11 0.6 
23 7 10.5 17.5 0.76 
33) Large separation—blur with 31 
33 
35 12 0 0 0 0 
23 0 0 0 0 
42 20 5 6 11 0.6 
23 6 8(?) 14 0.6 
43 15 6 5 11 0.7 
23 blurs with 44 


44 Blurs with 45 even with low field strengths. 
Note: While some of the lines sharply divide into two components as the field is increased, 
e.g., 26 30 etc., others tend to blur as they widen, e.g., 27. Still others tend to fade out so that 
ic is difficult to observe them, e.g. 29. See Fig. 1. 











Unique axis perpendicular to field; observations transverse to field; long axis of crystal 
GdCl;-6H:O parallel to field. 





Shift toward Shift toward Total Total 

















Field longer wave- shorter wave- —_ separation separation 
Line kilogauss lengths lengths cm7! per kilogauss 
cm" cm" cm 
26 23 3 3 6 0.27 
29 23 5 5 10 0.43 
30 18 2 2 + 0.22 
23 3 3 6 0.26 
31 18 2 2 4 0.22 
23 3 3 6 0.26 
33) Decompose and blur together 
33 
35 18 4 5 9 0.5 
23 5 7 12 0.5 
42 20 3 3 6 0.3 
23 + 3 7 0.3 
43\ Decompose and blur together 
44 
Observations parallel to field; unique axis parallel to field. 
26 no visible effect, 30 no visible effect, 42 no visible effect 
29 widened 31 widened 43 widened 
32 clearly double 44 doubled (?) 


35 widened 











spacing of the levels if they arose from oscillations. Indeed, one would ex- 
pect the lattice oscillations to deviate regularly (and only slightly) from a 
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harmonic character and the corresponding intervals would then be almost 
equal (or multiples of some obvious fundamental frequency). The oscilla- 
tions of a lattice composed of bromide ions would probably be considerably 
different from one of chloride ions. For example, the reststrahlen'’ of KCI lie 
at 63.4u and those of KBr at 82.6u, a difference of 36.6 cm~'!. The reststrahlen 
of TICI (a heavier chloride) lie at 91.64 and of TIBr at 117.0, a difference of 
23.7 cm™'. There is but little difference, however, between the frequencies of 
gadolinium chloride, 36.5 em™!, 16.5 cm~', 26.5 cm~' and the corresponding fre- 
quencies of the bromide, 38 em™!, 15 em=, and 31 em. It is much more na- 
tural to regard these intervals as due to the electric fields of the lattice and 
as arising in part from the chloride ions in one case and from the bromide ions 
in the other, both kind of ions, however, being made ineffective by the H.O 
molecules which intervene between them and the positive gadolinium ion. 


'® Rubens, Sitz. Preuss. Akad. Wiss., Berlin (1917), p. 47. 
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THE DISSOCIATION OF WATER IN THE GLOW DISCHARGE 
By Ernest G. LINDER 
CORNELL UNIVERSITY 
(Received June 23, 1931) 
ABSTRACT 


The theory that ionization in the dark space increases exponentially with dis- 
tance from the cathode, is applied to the dissociation of water vapor. Experimental 
results are given, which it is shown can be explained quantitatively if the total energy 
of the electrons generated in the dark space is taken to be 

f eVi-V)dn 

where S is the width of the dark space, V, is the total cathode potential drop, V is 
the space potential, and » is the number of electrons per element of volume, the ex- 
ponential increase of which is given by Townsend's equation. The experimental data 
include measurements of the rate of dissociation for currents from 1 to 28 ma, electrode 
spacings from 1 to 9.75 cm, and a pressure of 0.75 mm of mercury, also measure- 
ments of the eathode potential drop and the width of the Crookes dark space. Possible 
reaction mechanisms are discussed. The net energy per dissociation has an almost 
constant value of 11 volts, whereas the amount of dissociation ranges from 4.78 to 
5.90 molecules per electron in the dark space and negative glow, depending upon the 
magnitude of the cathode drop. Probe measurements in the positive column give an 
electron density of 7.95 X10? electrons per cm*, and an average energy of 3.71 volts 
per electron. The probability of dissociation by an electron in the positive column 
having an energy greater than 7.6 volts, is computed to be 0.00115. 


Il. INTRODUCTION 


HEORIES of the cathode fall of potential and the Crookes dark space, 

based on the idea of ionization increasing exponentially with distance 
from the cathode within the dark space, have been developed by H. A. Wilson; 
Gintherschulze,? Compton and Morse,’ and Morse,‘ and have been found gen- 
erally to give fair agreement with the principal electrical phenomena. The 
work described here shows that the same idea can also be applied so as to lead 
to a fair quantitative interpretation of cases in which chemical action occurs 
in the discharge. 

Lack of sufficient knowledge of conditions in electrical discharge has long 
been a serious obstacle in the study of their chemical effects. In particular, 
no satisfactory comparison of the chemical yield with amount of ionization 
has been possible, because of the absence of a suitable method of determining 
the amount of ionization or even the total energy expended by the electrons. 
The theory presented here offers a means of determining this latter quantity, 
and its application to the dissociation of water vapor is shown to result in 
fair quantitative agreement. 

1H. A. Wilson, Phys. Rev. 8, 227 (1928). 

* A. Giintherschulze, Zeits. f. Physik 33, 810 (1925). 


°K. T. Compton and P. M. Morse, Phys. Rev. 30, 305 (1928). 
4 P. M. Morse, Phys. Rev. 31, 1003 (1928). 
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II. APPARATUS 


The apparatus is shown in Fig. 1. It consisted essentially of a discharge 
tube so arranged that water vapor could be passed through it at a suitable 
rate and pressure, and the decomposition products collected and measured. 
In the figure the tube is shown in detail, while the trap, pump, and storage 
bottle are illustrated schematically and on a smaller scale. The bulb B con- 
tained ice, which was used as the source of water vapor. The rate of evapora- 
tion was controlled by surrounding B with a water bath. In the work de- 
scribed here, this bath was always held at a temperature of 10°C. 

The discharge tube was made of Pyrex glass, and was about 6 cm in 
diameter and 17 cm in length. It contained two aluminum disk electrodes, 
E, and Ee, about 0.3 cm thick and 3 cm in diameter, which were used as cath- 
ode and anode. The distance between these could be varied by sliding the 
tube a through the tube }. A wax seal was made at W. Tubes a and b were 


























Fig. 1. Glow discharge tube and auxiliary apparatus. 


close-fitting, and 6 was made i0 cm long to diminish the possibility of wax 
vapors entering the discharge tube. 

Besides the aluminum electrodes, there were two probe electrodes, m and 
n, which were made of 25 mil tungsten wire. Electrode » was used for making 
measurements of the electron density and energy by the Langmuir—Mott- 
Smith method. Electrode m was used for measuring space potentials in the 
dark space and negative glow. Its position could be varied by moving the iron 
block in the side-tube Z with a magnet, and its distance from the cathode, 
could be read on the scale along LZ shown in the figure. 

The discharge tube was surrounded by an electric furance F, with which 
it was baked out for about thirty minutes at 350°C before each run. This was 
found to lead to better reproducibility of the data. P was a two-stage mercury 
pump, and S a ten-liter storage bottle in which the gases produced by the 
dissociation of the water were collected. A McLeod gauge, connected at g 
was used to measure the pressure. 
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III. Data 


Runs to measure the amount of dissociation were made with discharge 
currents from 1 to 28 m.a., electrode spacings from 1 to 9.75 cm, pressure at 
0.75 mm, and temperatures, as measured by a thermometer inside the furnace, 





PRESSURE / 
«mm of Hg) 
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Fig. 2. Typical curve showing increase of pressure with time for 
various discharge currents. 


from 25 to 50°C. Under these conditions the discharge was abnormal. The 
negative glow was rose-colored, while the positive column and anode glow 
were not visible. 

Readings of the gas pressure in S were taken at intervals of a few minutes. 
Typical data of this sort are shown in the graph of Fig. 2, where pressure in S 
is plotted against time, for discharge currents of 10, 5, 17, and 26 m.a., and 

TABLE I, Rates of gas production. (cm*/sec. X 10°). 














I m.a dcm 
1.0 1.9 3.0 4.3 7.75 9.75 
1.0 239 159 166 150 173 
1.5 239 
2.0 343 
3.0 465 531 520 510 531 571 
5.0 717 822 916 862 929 909 
10.0 1430 1725 1900 1860 (2020 2230 
\ 1925 
15.0 2585 2880 3030 2980 3340 
17.0 3610 
20.0 3420 3935 4140 4150 (4640 
4360 
25.0 4420 4770 4870 5000 5970 
5710 
26.0 5530 
28.0 5620 
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an electrode spacing of 7.75 cm. The slopes of the various sections of this 
graph give the rates of dissociation for the corresponding currents. A com- 
plete list of such rates is given in Table I. 

Fig. 3 shows these rates plotted against discharge current. These curves 
all pass through the origin, but are shifted to the right for clarity. The slight 
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Fig. 3. Rate of dissociation for various discharge currents and electrode spacings. 


curvature of these graphs indicates that the relation between the rate of reac- 
tion dg/dt and the current can not be linear as was reported by the writer pre- 
viously® for measurements over a smaller current range on the decomposition 
of normal paraffins in the glow discharge. It will be shown later on that this 
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Fig. 4. Variation of rate of gas production with electrode spacing. 


upward curvature can be interpreted as due to the increase in the cathode 
potential drop with increase in discharge current. 


> Ernest G. Linder, Phys. Rev. 36, 1375 (1930). 
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If the rate of dissociation, i.e., the rate of production of gas, is plotted 
against electrode spacing, the curves of Fig. 4 are obtained. From these it 
may be seen that separating the electrodes from 1 cm to 9.75 cm produces 
but a comparatively small increase in the amount of reaction. In fact, for 
currents up to 5 ma., such increase in separation produces almost no de- 
tectable change. Hence the conclusion may be drawn that the greater part 
of the dissociation occurs in a region close to the cathode, probably the 
Crookes dark space or the negative glow, or both. This same conclusion was 
reached by A. Kk. Brewer and his coworkers,’ who synthesized a number of 
compounds in a glow discharge tube immersed in liquid air and found that 
the products froze out in a sharp band on the walls near the negative glow. 

The writer’s method of determining the locus of the reaction is valid only 
if the amount of dissociation occurring behind the anode is negligible. That 
this is true will be shown in a later paragraph describing the probe measure- 
ments. 

Two analyses’ of the gas collected in the storage bottle gave the following 
results: 


I II 
Oxygen 30.0 percent 30.4 percent 
Hydrogen 70.0 69.6 


There is obviously a small deticiency of oxygen, which may be due to the 
possible formation of small amounts of O3, which could not be distinguished 
from O,. by the method of analysis used. Tests for H2O» in the water in the 
trap showed only a trace, an amount far too small to account for the missing 
O.. A similar deficiency of oxygen has been found by Bates and Taylor,® 
and also Urey and Lavin,’ who dissociated water by photochemical and elec- 
trical discharge methods, respectively. 

Because of this uncertainty in the nature of the oxygen compounds pres- 
ent, the quantity of hydrogen was taken as the measure of the amount of 
dissociation, it being assumed that each H» molecule represented one dis- 
sociated H.O molecule. 

On the above basis, the number of molecules dissociated per electron of 
current has been calculated for different values of discharge current. To get 
the dissociation occurring only in the dark space and negative glow, the rates 
used in the computations were those for an electrode spacing of 3.5 cm, which 
corresponds to a fairly flat region of the rate vs. separation curves of Fig. 4, 
and probably represents closely the rate of dissociation in the region men- 
tioned. The quantities Vy, thus obtained, are given in column eight of Table 
Ill. 


6 A. K. Brewer and J. W. Westhaver, Jour. of Phys. Chem. 34, 153 (1930); 34, 2343 (1930); 
A. K. Brewer and P. D. Kueck, Jour. of Phys. Chem. 35, 1281 (1931); 35, 1293 (1931). 

7 The writer is indebted to Mr. Ardith P. Davis of the Cornell Department of Chemistry 
for making these analyses. 
’ J. R. Bates and H. S. Taylor, J.A.C.S. 49, 2438 (1927). 
° H.C. Urey and G. I. Lavin, J.A.C.S. 51, 3290 (1929), 
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IV. CALCULATION OF THE AVERAGE ENERGY EXPENDED BY THE ELECTRONS 
GENERATED IN THE DARK SPACE 


In attempting to interpret the data presented above, or chemical action 
in glow discharges in general, it is desirable to know the energy of the elec- 
trons which are either produced at the cathode surface and traverse the en- 
tire dark space,!° or are generated at some point in the dark space and travel 
therefore only the distance between that point and the edge of the field-free 
region in the negative glow (e.g., such a path as ad in Fig. 5) before ceasing 
to gain energy from the field. 

Obviously the energy gained by each electron will be e(Vi—V), where e 
is the electronic charge, V, is the total cathode potential drop, and V is the 
potential of the point at which the electron is produced. In general each elec- 
tron will also receive some energy from the impacting electron which ejects 
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it from its parent atom. However, in calculating the total energy of the elec- 
trons, the initial energies will cancel out, since the energy thus gained by one 
electron is lost by another. Hence only the quantity e(Vi— V) need be con- 
sidered. 

It is clear also that some of the energy e(V;— V) will in general be lost 
before all of it has been gained, due to impacts of various kinds made by the 
electron before it reaches the edge of the field-free region. But for the moment 
all methods of expenditure of energy shall be disregarded, and only the aver- 
age energy gained by each electron computed. 

If mo electrons leave the cathode surface, the total energy gained by these 
and the , secondary electrons produced by them in the dark space, will be 


W = Wyn, = meV, + J e(V; — V)dn (1) 
no 
where ;( = )+2,) is the total number of electrons which enter the field-free 
region of the negative glow, and W, is the average energy per electron. 
10 Tn this article the term “dark space” is used to designate the space between the cathode 


surface and the edge of the field-free region in the negative glow, but not the visible edge of the 
glow, as is sometimes the case. 
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Now consider an element of volume such as is indicated by the dashed 
lines in Fig. 5. Let it be of width dx, and let it be at the position x =x, where 
the cathode surface is given by x =0, and the edge of the field-free region by 
x =S. The number of electrons generated in this element is 


dn = nadx (2) 


where 7 is the total number of electrons which cross the inner boundary of the 
element, and a is the number of ionizing collisions made by an electron in one 
centimeter of advance. By integrating, we get, 


s 
log (2/1) =f adx. (3) 
0 


To express a in terms of x, we make use of Townsend’s equation" as modi- 
fied by Compton and Morse,” 


— pCD 
|, (4) 
X — X'/29C 
where p is the pressure, X is the field strength, X’ its space derivative, and C 
and D are semi-empirical constants which have been determined by Town- 
send" for a number of gases including water vapor. This modified equation 
applies to nonuniform fields, whereas the original equation applied only to 
uniform ones. 


Substituting Eq. (4) in Eq. (3) yields 


a= pCexp| 





| : — pcD 
n/No = exp | pc J exp (| (5) 
Now from Aston’s work" we have 
X =C,(S — x) 


so that by integration, 

V = —C,(Sx — x*/2) + Co. 
Since V=0 when x=0, and V= JV, when x=S, the two constants C; and C. 
can be evaluated, we get 


V = (2V;/S2)(Sx — x*/2), (6) 
and 


X = — (2V,/S*(S — x). (7) 


By substituting Eq. (7) in Eq. (5) we get an expression for m/mo in terms 
of x and the constants C, D and p. If we call X positive when it accelerates 
electrons away from the cathode, and put 


2D p°C?S? 
2 = ’ 
4pCV (x — S — 1) 


11 J. S. Townsend, The Theory of Ionization of Gases by Collision, Chap. I. 
2K, T. Compton and P. M. Morse, Phys. Rev. 30, 305 (1928). 
13 F, W. Aston, Proc. Roy. Soc. 84, 526 (1911). 
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and integrate, we obtain, 


DpPs*c? "a : * (pez) 
log (2, 2») = — logs — F(s) , (8) 


2V; 


* (z=0) 


where 


F(s) = s+ —+——+- 


Eq. (8) permits the calculation of ”/n 9 at any point in the dark space 
from Townsend's constants C and D, and the experimentally measurable 
quantities, p, Sand Vy. A graph of 2/9 computed in this manner from data 
presented in this paper is given in Fig. 5. For this case, the discharge current 
is 3 m.a., p=0.75 mm of Hg, S=0.75 cm, V,=325 volts, C=12.9 and D= 
22.4.4 A graph of the potential distribution computed by means of Eq. (6) 
for the same case, is also given in Fig. 5. These curves are typical of all the 
other cases, the data for which are given in Table IT. 





TABLE II. Values of n/no at various positions in the dark space for different discharge currents. 





lee I 
aa 1 m.a. 3 5 10 15 20 25 
. ee 
0.1 cm | 1.96 2.07 2.26 2.22 2.43 2.25 2.34 
0.2 3.77 4.39 4.39 4.86 5.42 5.21 5.50 
0.3 6.82 8.42 9.35 10.50 11.80 11.30 12.60 
0.4 12.30 16.00 18.60 20.00 23.70 24.00 27.10 
0.5 20.70 28.00 31.00 35.50 43.30 45.00 51.50 
0.53 57.00 
0.56 63.50 
0.585 65.20 
0.595 | 63.30 
0.600 32.80 45.00 49 .00 52.00 
0.610 53.00 
0.650 | 56.00 
0.690 60 .00 
0.700 | 51.00 59.00 
0.750 | 59.00 
0.800 68 .80 
0.900 79.00 


0.960 | 72.00 

The integral of Eq. (1) can now be evaluated graphically by plotting n 
(obtained from Eq. (8)) against V,— V (obtained from Eq. (6)). Values of 
the integral thus computed, are listed in Table III, column six. To obtain 
W,, divide the total energy W, (obtained from Eq. (1)) by 2, (computed from 
Eq. (8)). Values of 1, found in this manner, are given in column seven of 
Table III. , 

It should be noted that the above method of computing electron energies 
permits the calculation of the average energy only, and not the energy dis- 
tribution, due to the fact that an electron is in general ejected from its parent 
atom with an energy which may be any fraction of the excess over the ioniza- 
tion energy possessed by the impacting electron. Knowledge of how the en- 


4 J. S. Townsend, The Theory of Ionization of Gases by Collision, p. 26. 
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TaBLe III. Summary of results. 











Vi-W, 
I S V; log 2,/my  1/Ne “- V)dn Wy, Nu, — 
(m.a.) (cm) (volts) (volts) (volts) “ (volts) V1 
1 0.96 302 4.28 72 49.8 53.8 4.78 11.2 82.2% 
3 0.75 325 4.08 59 50.0 55.5 5.18 10.7 82.8 
5 0.69 343 4.09 60 51.1 50.8 5.30 10.7 83.1 
10 0.61 385 3.97 53 56.0 63.3 5.67 4.2 83.6 
15 0.595 435 4.15 63 57.8 64.7 6.03 10.7 85.2 
20 0.585 500 4.18 05 62.8 70.5 6.22 11.3 85.9 
2 5.90 13.4 85.7 


25 0.560 554 4.15 64 70.5 79. 


| 


| 
| 
| 
| 
| 








| 
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ergies of the impacting electron and the ejected electron are related is too in- 
complete at present to permit a calculation of the energy distribution by a 
method such as the above. 

If the reaction only in the neighborhood of the cathode is considered, we 
can write, 


ND, = pW = pal, (9) 


where JN is the total number of HO molecules dissociated per m,; electrons, D, 
is the net energy per dissociation, and # is the fraction of the total electron 
energy expended in producing dissociation. Differentiating this, we have, 


dN p dn, 
— = — jj’; —» 
dt D, dt 
dN 
or — = P Wo. (10) 
dt dD; 


Thus the rate of dissociation is proportional to both the discharge current 
and the average energy of the electrons. Experimental values of dp/dt, which 
is proportional to dN/dt, are plotted against J in Fig. 3. The upward curva- 
ture of these graphs may be accounted for by the increase in the cathode drop 
and hence the increase of W with increase of the current in the abnormal dis- 
charge. A quantitative check of this interpretation can be obtained from 
Eq. (9), for the quantity 

Wig D, 
— Some oe 
NY p 
should be a constant independent of current if dN/dt is proportional to the 
product WJ. Values of k are given in Table III column nine, and are constant 
within the experimental error. 

It can also be shown that the calculated energy W is ample to produce 
the observed amount of dissociation, for although there are intermediate re- 
actions, the net reaction is HxO—-H,.+ 02/2, which requires 2.48 volts, where- 
as it has been shown that the available energy is Wi,/.N or about 11 volts. 


% R. Mecke, Zeits. f. phys. Chem. B7, 108 (1930). 
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Thus the fraction of the total electron energy expended in producing dissoci- 
ation is found to be, 


p = D,/k = 2.48/11 = 0.226. (11) 


The average energy per electron JV; is only about fifteen percent of the 
total cathode drop energy V;. This is in marked contrast with theories such 
as that of Ryde," in which the assumption is made that all electrons traverse 
the entire dark space without making collisions, and for which we should 
therefore have 1/,= 1. The present theory yields an energy of only about 
0.15 V, because the electrons on the average are generated in the dark space 
at a position so near to the boundary of the field-free region that they fall 
through only about fifteen percent of the total cathode drop V;. This may be 
seen clearly by referring to Fig. 5. 

An experimental check on the accuracy of the calculated value of W; is 
given by the work of Giintherschulze’’ on the energy of the positive ions 
generated in the dark space. In work on water vapor he obtained the result 
that for a current of 50 m.a., the energy absorbed by the cathode was 84.8 per- 
cent and 85.7 percent of the total cathode drop energies for pressures of 1.83 
mm and 5.03 mm, respectively. These data are in good agreement with the 
figures given in the last column of Table III, which represent the percentages 
of the total cathode drop energies not absorbed by the electrons according 
to the theory presented here. 


V. Discussion OF PossiIBLE REACTION MECHANISMS 


Barton and Bartlett'® have shown in their work with the mass spectro- 
graph, that the primary product resulting from ionizing impacts in water, is 
H,O+, and that H and OH* are probably the immediate secondary products. 
Hence it appears that some dissociation results from the ionization process. 
However, in view of the results presented here, it does not seem likely that 
in the glow discharge all of it can be attributed to ionization, since that would 
require an excessive total ionizing power, the number of ions produced per 
electron of W, volts energy being then equal to N,, the number of molecules 
dissociated per electron, Thus, according to the data in Table III, the total 
ionizing power would have to be about three or four times that usually ob- 
served.'® It seems more probable that some excited molecules dissociate, 
either spontaneously or upon subsequent impacts with other molecules. 

Foote and Mohler®® have reported an excitation potential for water at 
7.6 volts. Such an energy would be sufficient to produce either of the follow- 
ing reactions: 

(1) HAOO— H + OH 4.83 volts”! 
(2) HO—-He+0 — 5.26 volts*!. 


1 J, W. Ryde, Phil. Mag. 45, 1149 (1923). 
17 A, Giintherschulze, Zeits. f. Physik 23, 334 (1924). 

18 H. A. Barton and J. H. Bartlett, Jr., Phys. Rev. 31, 822 (1928). 

19 K. T. Compton and I. Langmuir, Reviews of Modern Physics 2, 127 (1930). 
20 Bull. N. R. C., 9, Critical Potentials, p. 124 (1924). 

*t R. Mecke, Zeits. f. phys. Chem. B7, 108 (1930). 
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Of these, (1) seems most likely, since the spectrum of the discharge in water” 
shows the Balmer lines and the OH bands strongly, but no spectrum due to 
the He molecule. Reaction (1) is also analogous to that due to ionization 
suggested by the work of Barton and Bartlett. 

The negative ions H~ and OH~ are apparently not present in the dis- 
charge in important amounts. There is no spectroscopic evidence for their 
existence, nor did the work of Barton and Bartlett indicate their presence. 
Hence it is not likely that reactions such as 


H.O — H* + OH- 
or H.O — H- + OH+ 


occur to any great extent. This is fortunate since the presence of such ions of 
opposite sign would lead to recombinations producing neutral H.O again, so 
the hydrogen and oxygen reaching the storage bottle would be only a net re- 
sult of an unknown amount of dissociation and recombination, and it would 
be impossible to compute the actual dissociation per electron as was done 
above. 

It seems that the only negatively charged particles present in the gas in a 
great amount are the electrons. Recombinations of H.O* and an electron are 
of small probability. Furthermore the density of neutral molecules under the 
experimental conditions was about 10° times that of the electrons in the nega- 
tive glow, so that impacts with neutral molecules would likely cause the dis- 
sociation of the H.O* ion, as was demonstrated by Barton and Bartlett, 
before it could pick up an electron. Negative ions on the walls might lead to 
recombinations producing water, if the H.O* ions reached there before dis- 
sociating, but this is unlikely on account of the large number of collisions that 
most such ions make with neutral molecules before reaching the walls (about 
10* per centimeter). 


VI. PropE MEASUREMENTS 


Electrode m, Fig. 1, was used for making measurements of the space po- 
tential in the dark space and negative glow. These were not made by the 
Langmuir—Mott-—Smith method* since this was found to be beset with diffi- 
culties, to be described later, due to the presence of chemically active gases. 
Instead, the space potential was taken as that of the probe when it collected 
zero current. This procedure is known to give erroneous results due to the 
high velocity electrons present. Later some successful runs by the Langmuir— 
Mott-Smith method were made which showed the error to be about eight 
volts in the positive column and negative glow. This is about two percent of 
the total cathode drop, hence no correction was made for it, since it is but 
slightly larger than the error in measuring the cathode drop. 

The length S of the Crookes dark space was taken as the distance from 


22 W. Watson, Astrophys. J. 60, 145 (1924). 
23H. M. Mott-Smith and I. Langmuir, Phys. Rev. 28, 727 (1926); I. Langmuir, Gen. Elec. 
Rev. 27, 449, 538, 616, 762, 810 (1924). 
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the cathode to the point where the potential became constant. This point 
could be determined to within about 0.5 mm. Values of S, so measured, are 
listed in column two of Table III. The cathode potential drops are given in 
column three. 

Electrode » was used for making probe runs by the Langmuir—Mott- 
Smith method,” and thus determining the electron densities and energies. 
As has been stated, difficulties were encountered due to the chemical activ- 
ity of the gases present. At first tungsten electrodes were tried, but these 
were found soon to become coated with a layer of oxide, which seemed to in- 
terfere with the collection of electrons, so that the values of electron density 
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Fig. 6. Typical probe runs by the Langmuir—Mott-Smith method. I. In the center of the 
positive column, 5.5 cm from the cathode. II. Back of the anode 3 cm; ordinates multiplied 
by 100. 


obtained were far too small (about 1/100 th of the values eventually found). 
Nevertheless, such an oxide-coated probe was used as electrode m, and func- 
tioned satisfactorily since a null method was employed for the measurements 
with it. 

Platinum was then substituted for the tungsten, but this too was found 
to oxidize. A light amber color could be observed, and the currents collected 
decreased with use of the probe. 

Tungsten was then returned to, and the procedure adopted of cleaning 
off the probe by positive ion bombardment before the runs, by using the 
probe as a cathode for two or three minutes with a discharge current of a 
few milliamperes. This process produced a bright metallic surface, with which 
reproducible results could be obtained in the positive column, and which were 
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not altered even after additional cleanings of the same sort. Upon standing 
for a day or two with either air or water vapor in the tube, the readings then 
obtained were found to have only about half their former value, but when the 
probe was again cleaned the previously found data could be reproduced. 

If electrode E, was used as cathode and moved close to so that was in 
the negative glow, 7 was found to oxidize so rapidly that it became medium 
brown colored in about ten minutes. Hence it was not found possible to make 
runs by the Langmuir—Mott-Smith method in the negative glow, even by use 
of this cleaning procedure. 

Curve I in Fig. 6 isa graph of run 31, which is typical of the measurements 
taken in the positive column. The points do not lie on as smooth a curve as 
might be desired because of the difficulty inherent to such conditions as a flow- 
ing stream of gas, of obtaining a steady state in the discharge. The accuracy, 
however, is ample for determining satisfactory values of electron density and 
energy. 

In the upper part of Table IV, data from five probe runs are given, for 
which » was 5.5 cm from the cathode, the electrode separation was 9.95 cm, 


TABLE IV. Probe measurements data. 




















Run V T I. N. 
No. (volts) (°C) (Amps. /cm*) (el /cm?) 
31 3.51 27,100 380 (10-*) 9.30 (107) 
32 3.67 28 ,400 334 7.93 
33 3.93 30 ,400 303 7.02 
36 3.31 27,100 326 7.95 
37 3.93 30 ,400 326 7.55 
Av. 3.71 28 ,680 7.95 
42 1.06 8,170 13.9 0.143 
43 1.06 8,170 16.2 .167 
Av. 1.06 8,170 15.1 0.155 











the discharge current 10 m.a., and the pressure 0.75 mm. V is the mean energy 
of the electrons and 7 their temperature, /, the electron current density, and 
N, the electron density. No corrections were made for the positive ion cur- 
rent, since it was negligibly small. 

A value for the probability of dissociation by electron impact in the posi- 
tive column was obtained by computing the number of impacts made by elec- 
trons having energy in excess of 7.6 volts, the excitation potential, and com- 
paring it with the experimentally observed amount of dissociation in the posi- 
tive column. The volume of the positive column was taken as 250 cm‘, the 
dissociation there was computed from the data shown in Fig. 4. The value 
of the probability was found to be 0.00115. This is of the order of magnitude 
usually found for the probabilities of excitation by electron impact. 

In the lower part of Table IV are given data from runs made 3 cm back 
of the anode, with discharge conditions the same as above, except that the 
electrode separation was only 2 cm. Here the electron density was found to 
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be only about 0.02 of its value in the positive column, and the energy about 
0.33. As above, the number of electrons having energies in excess of 7.6 volts 
may be calculated, and it is thus found that the amount of reaction in this 
region back of the anode is only 1/6650th of that in the positive column. 
Curve II of Fig. 6 represents data taken in this region. It is a graph of run 43 
of Table IV. The ordinates are multiplied by 100. 

In conclusion, the writer wishes to express his thanks and appreciation to 
Professor Henry A. Barton under whose direction this work was carried out, 
as well as to Professor E. H. Kennard and other members of the Department 
of Physics for their valuable suggestions and assistance. 
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POLYMERS AND NEW INFRARED ABSORPTION 
BANDS OF WATER 


By Joseru W. ELLis 
UNIVERSITY OF CALIFORNIA AT Los ANGELES 


(Received June 24, 1931) 


ABSTRACT 


New absorption bands of water at 1.79 and 1.744 are interpreted as combination 
bands arising from 510 cm™ (19.54) +1640 (6.14) +3450 (2.904) and 510 +1640 +3580 
(2.79u) respectively. The 19.54 band, although somewhat hypothetical, is assumed to 
represent the vibration of one H,O group against another, either in a simple polymer 
or in a definitely arranged lattice of HO groups. The well-known 4.74 band, which 
has no parallel in the water vapor spectrum, probably is (510+ 1640) cm~. The spec- 
trum of selenite, CaSO, 2H,O, has bands paralleling all of the liquid water bands in 
the shorter wave region, but all resolved into doublets. 


HERE seem to be pronounced tendencies at present for the chemist and 

the physicist to disbelieve the existence of polymer molecules as definite 
entities. Thus G. G. Longinescu! in a summary article on “molecular associa- 
tion” would explain, through a theory of molar concentration, all of the ab- 
normalities in the behavior of certain liquids usually accounted for through 
the postulated existence of relatively simple molecular aggregates or poly- 
mers. He states, “Solids and liquids are composed of simple molecules just 
as gases are. Associated molecules do not exist; only the concentration of 
simple molecules varies from one substance to another and is much greater 
for ‘associated’ molecules than for normal compounds.” C. P. Smyth? states, 
“The deviation of various properties of liquids from normal behavior, which 
many investigators have attributed to the formation of molecular complexes 
of definite chemical formulae, may be explained in terms of mere orientation 
of the molecules relative to one another and of the electric forces acting be- 
tween them. In extreme cases the orientation may become so pronounced and 
the forces so strong that definite complex molecules are formed.” G. W. Stew- 
art has given the name of “cybotactic state” to this supposed condition of 
orientation or alignment of relatively large numbers of molecules and in the 
example of water* he believes his x-ray analysis of the liquid state can be 
interpreted as vitiating the previous conception of the simultaneous existence 
of mono-, di- and trihydrol molecules. 

In spite of the present tendencies briefly outlined above new spectroscopic 
findings in the infrared absorption of water and of the water of crystallization 
in selenite seem to favor the concept of definite polymers. Using the record- 
ing quartz spectrograph of moderate dispersion and resolving power which 


1G. G. Longinescu, Chem. Rev. 6, 381 (1929). 
2 C. P. Smyth, Chem. Rev. 6, 549 (1929). 
3G. W. Stewart, Phys. Rev. 37, 9 (1931). 
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has been employed in many previous investigations, two new closely neigh- 
boring absorption bands at 1.74 and 1.79u have been found for liquid water. 
Absorbing layers between 0.5 and 2 mm are most suitable for bringing out the 
bands. These bands apparently escape detection by the visual method 
customarily used but may be found, as a single unresolved weak absorption 
maximum in the author’s* curve for water published in 1924. It is possible 
that at that time this maximum was thought to be the atmospheric water 
vapor band at 1.87, although its location is definitely removed from this 
band. The water vapor band obviously is obscured by the broadening of the 
1.98u liquid band. 

The 1.74 and 1.794 bands find no place in the interpretation and cor- 
relation of the spectrum of the triatomic HeO molecule. The water vapor 
molecule is fairly certainly known to be triangular and should have three 
fundamental frequencies, although one of these may be weak because of a 
small change in the electric moment of the molecule produced by the vibra- 
tion giving rise to it. Only two of the fundamental frequencies can be identi- 
fied with comparative certainty with the 6.27 and 2.67y4 absorption bands of 
the vapor. Whether the third fundamental wave-length is “active” and lies in 
the region 2—3y, as is believed by Mecke,® must be finally decided by an analy- 
sis of the rotational structure of this region. In any event it is impossible to 
associate the new bands of the liquid at 1.74 and 1.79u or the moderately 
strong band at 4.74 with this third fundamental for they do not appear in the 
vapor spectrum. Furthermore, all of the known higher frequencies of the vapor 
spectrum can be interpreted as harmonics or combinations of the 6.27 and 
2.674 bands, and all the higher frequencies of the liquid spectrum, excluding 
the 4.7, 1.79 and 1.74u bands, can be analogously regarded as harmonics or 
combinations of 6.1 and ~3u fundamentals. Therefore, it seems necessary to 
look to another entity as the origin of these excluded bands, and the most 
probable entity is a polymer. 

If we assume the existence in the spectrum of the liquid of a band at 19.5u 
(510 cm~!) then the 4.74 (2130 cm~!) may be regarded as the additive com- 
bination of 510 and 1640 cm™! (6.14). Again, 1.744 (5750 em~'!) and 1.79u 
(5590 cm~') may be interpreted as combinations of (510+1640) cm~! with 
3580 cm! (2.79u), and (510+ 1640) cm~! with 3450 cm™! (2.90u) respectively 
within the limits of accuracy with which the values are known. The bands at 
2.79 and 2.90u represent two of the three components of the 3u absorption 
region revealed through Raman scattering studies by Kinsey’ and by others. 
The 19.5u band is in a degree hypothetical although such a band has been 
quoted by Rawlins and Taylor’ as present in the spectrum of water. The 
writer however has been quite unable to find any very clear-cut evidence for 
the existence of such a band. It is true that the reflection and absorption rec- 


* J. W. Ellis, J.O.S.A. and R.S.I. 8, 1 (1924) (Fig. 3B). 

5 See D. M. Dennison, Rev. of Mod. Physics 3, 280 (1931). 

® R. Mecke, Phys. Zeits. 30, 907 (1929). 

7 E. L. Kinsey, Phys. Rev. 34, 541 (1929). 

8 Rawlins and Taylor, “Infrared Analysis of Molecular Structure,” p. 61. 
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ords of Rubens and Ladenberg® show a gradual rise from about 8u toward a 
maximum near 18 or 20u, at which point their records cease, but whether this 
is to be identified with the assumed 19.54 maximum is uncertain. This un- 
certainty is enhanced by the fact that this general rise parallels an increase in 
absorption by the vapor, a phenomenon usually ascribed to a complicated 
rotational spectrum. 

A record of a thin film of water has been taken, to ascertain if there is 
characteristic absorption near 2.54, in which region bands representing com- 
binations of 19.54 with 2.79 and 2.90u might be anticipated. Although there is 
pronounced absorption in this region it has been impossible to decide whether 
it is caused by new bands or whether it is caused by the considerable breadth 
of the 2.79 and 2.90u absorption maxima themselves. 

In spite of the uncertainty as to whether a 19.5u band has ever been ob- 
served, it is here assumed to exist and is interpreted as arising from the vibra- 
tion of two H.O groups against each other. But it seems impossible to deter- 
mine whether this vibration occurs in a simple dihydrol molecule, H4Qse, or 
between neighboring constituent groups of a more general space lattice. If 
the former is true the 19.5, 6.1, 2.90, and 2.794 bands must be looked upon as 
four of the fundamental bands characteristic of the dihydrol molecule, the 
last three not differing much from bands characterizing the H2O vapor mole- 
cule. The 4.7, 1.79 and 1.744 bands would then be combination bands arising 
from these fundamentals. If the latter is true these last three bands must be 
regarded as combinations of a low frequency lattice vibration with character- 
istic vibrations of the H2O molecular units. In the terms ordinarily used these 
would be combinations between “external” and “internal” vibrations of the 
lattice, a phenomenon which in general is permitted.'® The latter interpreta- 
tion would seem to gain support in the fact that the 4.74 band is even stronger 
in ice" than in water; however, it has never been proved that the elementary 
unit of the ice lattice is not HQ». It is rather remarkable that the spectro- 
graph used resolved the 1.74 and 1.79u bands in as much as it does not resolve 
the harmonics of 2.79 and 2.90u. In this connection it must be mentioned 
however that the Raman scattering reveals a third maximum’ in the 3y re- 
gion, at 3.144, which does not seem to play a role in the combination phe- 
nomena which we are discussing but which, as a study of temperature varia- 
tion and the effects of dissolved substances indicate, does have harmonics 
associated with it. The relative sharpness of the 1.74 and 1.794 bands does, 
in the light of the present interpretation, indicate a fairly sharp 19.54 band 
and consequently the existence of a more definite attractive force than would 
be obtained in a mere orientation and alignment of molecules inferred in 
Longinescu’s theory of molar concentration or Stewart’s cybotactic state. 

Although no study was made of ice in this investigation the variation of 
absorption with temperature was studied. In addition to the sharpening and 
shifting of band centers toward shorter wave-lengths, a phenomenon dis- 


® Rubens and Ladenburg, Verh. d. D. Phys. Ges. 11, 16 (1909). 
© Schaefer and Matossi, Das Ultrarote Spektrum, p. 287. 
'! Tamman, Naturwiss. 15, 632 (1927). 
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covered by Collins,” it was found that the transmission through a 1.5 mm 
cell in the region 1.74—1.79y increased at least 50 percent as the temperature 
was raised from 8° to 99° C. But the transmission in the region of 1.60y in- 
creased even more so and consequently it is difficult to say whether the 
change at 1.74—1.79u really represents a diminution in the strength of the 
characteristic absorption bands there. The decrease in absorption in the 
1.60u region seems to be associated with a decrease in the longer wave portion 
of the broad 1.454 harmonic band. 

The interpretation of the preceding paragraphs is supported by an analy- 
sis of the absorption spectrum of selenite, CaSO,4-2H.O. It has long been 
known® from a study of reflection and absorption spectra that the water 
molecules in crystals which have water of crystallization have characteristic 
frequencies similar to those of water and ice. The well-known water bands 
near 6, 4.7, 3, 2 and 1.54 were found in selenite, or gypsum, by Coblentz.™ 
The 3u absorption has been resolved into a doublet by Schaefer® with 
components at 2.85 and 2.95u. In the shorter wave-length region the present 
investigation has revealed a doubleness in the following bands, the first four 
of which have been previously recorded by the writert: 1.99, 1.95u; 1.74, 
1.70u; 1.50, 1.45; 1.20, 1.174; 1.02, 0.98u. All of these bands closely parallel 
bands in water, as a reference to Table I and Fig. 1 will reveal, although some 


TABLE I. Wave-lengths and wave numbers for water and selenite. 


Selenite Water 























Interpretation r v r v 
y* 14u 715 cm= 19.Su 510 cm= 
a 6.1 1640 6.1 1640 
y*¥+p, 4.3 2320 4.7 2130 
ied 2.95 3390 2:90 3450 
re 2.85 3510 2.79 3580 
Vite 1.99 5020 | 
aes 1.95 5130 1.96 5050 
ey oe 1.74 5750 1.79 5590 
OY tol Ho 1.70 5880 1.74 5750 
22 1.50 6670 1 
205 1.45 6900 pl.45 6850 
ni +202 1.20 8340 1 
vi+2r3 1.17 8550 pi.18 8480 
tie 1.02 9800 1 
Ses 0.98 10200 (0.98 10200 








of them were differently interpreted in the earlier publication.‘ It is interest- 
ing to note that there is greater sharpness in the selenite bands, resulting in a 
resolution not only of the 1.74, 1.704 maxima but of all of the simpler over- 
tones and combination bands. The 2.95, 2.854; 1.50, 1.454 and 1.02, 0.98u 
doublets form an anharmonic series with doublet separations increasing in the 
following manner: 120, 230 and 400 cm-!. The 1.99, 1.954 and 1.20, 1.174 


2 J. R. Collins, Phys. Rev. 26, 771 (1925). 

13 For a summary see Schaefer and Matossi, reference 10. 
4 See reference 13, p. 363. 
© See reference 13, p. 368. 
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maxima represent combinations of 6.14 with 2.95, 2.854 and 1.50, 1.45 re- 
spectively. The 1.99, 1.954 and 1.20, 1.174 doublets have wave number sepa- 
rations of 110 and 210 cm™, in good agreement with the separations of the 
bands which govern them. 

Of particular interest, however, is the 1.74, 1.704 doublet corresponding to 
1.79, 1.744 of pure water. Since it represents a combination of (2.95, 2.85), 
and 6.1p with a still greater wave-length, the value of this greater wave- 
length can be determined. It turns out to be about 14u, considerably lower 
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Fig. 1. Wave number diagram. 


than the corresponding 19.54 band of water. But this is consistent with the 
assignment by Schaefer and Matossi of a band at about 14y in the reflection 
spectrum of gypsum" to the water of crystallization. The 715 cm™ frequency 
of the 14 band is here regarded as the vibration of one H,O group against 
another, this frequency differing from that of the corresponding 510 cm™ 
frequency in ordinary water because of differences in the perturbing in- 
fluences of surrounding molecules or ions. 

Schaefer and Matossi"’ point out from an analysis of Coblentz’s records 


16 See reference 13, p. 334; also Fig. 135, p. 331. 
17 See reference 13, p. 363. 
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for selenite, CaSO,-2H2O, and for anhydrite CaSO,, that the 4.7y region of 
absorption represents a superposition of a water band and the first overtone 
of a 9u band characteristic of the SO, ion. It is clearly evident that the wave- 
length of the water band is the shorter of the two, at such a wave-length as to 
yield with the SO, overtone band a maximum at 4.5u. This fact is in good 
agreement with the present interpretation of this band being a combination 
of 144 with 6.1p. 

The wave-length and wave-number data, both for liquid water and the 
water of crystallization in selenite, have been assembled in Table I. A wave 
number diagram has also been drawn to scale in Fig. 1; however, the in- 
tensities of various bands, represented by heights of lines, are for the most 
part quite arbitrary. 
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THE ABSORPTION OF LIGHT BY FLAMES 
CONTAINING SODIUM 
By C. D. CHILp 
COLGATE UNIVERSITY 
(Received June 18, 1931) 
ABSTRACT 


The intensity of the light from flames containing sodium vapor was found to 
equal approximately e/ao}(1+2aox)'*—1j, where x is the number of flames, e the 
amount of light that would be emitted per unit thickness, if no light were being ab- 
sorbed, and ao is the coefficient of absorption for the sodium light at the beginning 
of its passage through the vapor. This expression is based on the assumption that 
the coefficient of absorption becomes less the further the light passes through the 
vapor. This may be expressed by the formula a=ao/(1+2aox), where a is the coeffi- 
cient for light that has passed through x flames and ao is the value given above. The 
values found for e and ado were 2.06 and 4.33 respectively, where one flame into 
which a 0.1 percent solution of NaCl was being sprayed was taken as the unit of in- 
tensity of light. The light from flames into which different concentrations of NaCl 
were sprayed varied less rapidly than the square root of the number of flames. This 
is explained by assuming that with greater concentrations the molecules of salt in the 
flame are less completely dissociated, and that this is due to a constant dissociation 
and recombination of the sodium and chlorine atoms in the flame. 


INTRODUCTION 
HEN a number of flames into which a sodium salt is to be introduced 
are so placed that the light from each one passes through those between 
it and the measuring instrument, the light varies approximately as the square 
root of the number of flames and roughly as the square root of concentration 
of the salt being sprayed into them. However, experimenters differ as to the 
amount of the deviation from this square root law, as will be pointed out in 
following paragraphs. It, therefore, seemed desirable to repeat the measure- 
ments under varying conditions; and also to find, if possible, some explanation 
for this law which is in harmony with what is known concerning the absorp- 
tion of such light by cold vapors. 
APPARATUS 
Two methods were used in determining the intensity of the light. In the 
greater part of the work the light from a number of flames was compared with 
that from a single one by means of a Lummer-Bridhun photometer, the same 
mixture of air, gas and salt being used in the single as in the group of flames, 
so that any variation in the mixture would affect both in the same way. This 
method was found to be preferable to comparing the flames with some stand- 
ard source because of the difficulty of producing flames at different times 
which have the same proportion of gas, air and salt solution. It was found 
that with the former arrangement the quality of the mixture could be changed 
quite appreciably without changing the comparative results obtained. The 
data obtained by this method were checked by measuring the intensity of the 
light with a photoelectric cell, as will be explained in a following paragraph. 
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For the greater part of the work gasolene gas was used. Both this and the 
air were forced through constricted tubes, so that their flow could be measured 
and kept constant. Small fluctuations in the pressure due to the pump 
were smoothed out by passing the air and the gas through large bottles. 
The salt was introduced by passing the air through sprayers containing a salt 
solution. For much of the work it was necessary to place three of these in 
parallel in order to furnish a sufficient amount of air. The windows of the 
photometer were covered with color filters which allowed no appreciable 
amount of light from the flames other than that from the sodium to pass 
through them. 

In much of the work a bank of nine flames was used. This was made by 
inserting wing tops in a brass tube 3.2 cm in diameter. The flames were ad- 
justed, so that as nearly as possible all were 3 cm wide at the bottom and 7 
cm high. It was found that the flames could be made more uniform by bring- 
ing the gas through a small tube inside the larger one, and allowing it to es- 
cape from this one through a number of small holes. By this means the pres- 
sure was approximately the same at each of the tips. However, no method 
was found for measuring the size of the flames with sufficient accuracy to 
make it certain that all were of the same size and shape. Consequently they 
were all made as nearly the same as could be determined by the eye, readings 
were taken of different sets so adjusted, and the average of several such read- 
ings was taken. It is believed that the error of such an average is not suffi- 
ciently large to affect the general conclusions of this work. An opaque screen 
having its surface blackened was inserted between the flames when the light 
from only a part of them was being measured. The distance between the 
flames was 2 cm. It was found desirable to have them thus separated in order 
that they should not influence each other. 

The effective distance between such a bank of flames and the photometer 
is not the same as the average distance, since the intensity of the light varies 
inversely as the square of the distance from the source, and since the light 
from the back of the group is largely absorbed by the flames in front. It can 
be shown that if they filled all of the space uniformly, and if the light coming 
from them varied as the square root of the number of flames, then the effec- 
tive distance would be approximately the distance from the photometer to a 
point one-third of the distance from the front of the flames to the back. Ex- 
periments taken with flames at different distances from the photometer were 
in harmony with this conclusion. Consequently in this work the computations 
were made on the assumption that this was the correct distance to use. In the 
greater part of this work the distance as thus measured between the group 
of flames and the flame used for comparison was 80 cm. 

In a few experiments screens, all of which had the same size of openings, 
were placed between the flames. However, these affected more or less the con- 
dition of the flames and gave more irregular results than those obtained with- 
out them, so that they were not used in obtaining the data which are here re- 


corded. 














INTENSITY OF LIGHT BY SODIUM FLAMES 


DATA ON THE LIGHT FROM FLAMES 


There are given in Table I data obtained by comparing the light from 
several flames with that from one. Such comparisons are made when different 
percentages of salt solutions were used in the spray. The mixture of air and 
gas was in each case as rich as it was possible to have it without the flame 
showing a continuous spectrum. Column 1 in this table gives the number of 
flames. The following columns give the relative intensities when solutions of 
10, 1, 0.1, 0.05, 0.02, and 0.01 percent are used. 














TABLE I. 
~ No. of ee ee , 

flames 10% 1% 0.1% 0.05% 0.02% 0.01% 
1 1 1 1 1 1 1 
2 1.52 1.54 1.57 1.66 1.70 1.71 
4 2.31 2.27 ae 2.50 2.58 2.73 
6 2.84 2.84 2.92 3.23 3.56 3.85 
9 3.5 3.5 3.87 4.26 4.73 


3.71 








These values are plotted in Fig. 1. The lowest curve in that figure gives the 
relative intensities as computed by the square-root law. 
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The curves with 0.02 and 0.01 percent solutions are less reliable than the 
others because of the difficulty of making observations with the very faint 
light given in such cases. The values for 10 and 1 percent were the same within 
the limit of errors of observation. With a saturated solution sprayed into the 
flames the same relative values were obtained as with a 10 percent solution. 

The data given here are in approximate agreement with those of Locher’ 
when small amounts of salt are sprayed into the flames. For more dilute 


1 Locher, Phys. Rev. 31, 466 (1928). 
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solutions the ratios are smaller, and for concentrated solutions they are larger 
than his. I did not, however, find any increase in the ratios in passing from 1 
percent to 10 percent solutions as did Locher. 

It is difficult to make a comparison with Gouy’s®* data, since he did not 
give the amounts of salt sprayed into the flames, but only the brightness, and 
while the brightness increases with the concentration of the salt, there is not 
a constant ratio between them. Moreover, Gouy confined his work to a com- 
parison between one and two flames. His values for the ratio between the 
light from two flames and that from one, varied from 2 for the least luminous 
flames to a minimum of 1.38, followed by a maximum of 1.45, as the luminos- 
ity of the flames was increased. The minimum, no doubt, corresponded to 
that found by Locher with a 0.1 percent solution which I failed to find. In 
general, Gouy’s values were smaller than those found by myself. 

The difference between the data obtained by different experimenters can 
to some extent be explained as being due to a difference in the sprayers used. 
For example, a sprayer made by myself which was less efficient in breaking up 
the solution into a fine spray gave somewhat different values from those given 
in Table I. 


RESULTS WITH THE PHOTOELECTRIC CELL 


The preceding data were checked with measurements made with a photo- 
electric cell which was especially sensitive to radiations at the red end of the 
spectrum. This was used with a galvanometer giving 1 mm deflection for 1.5 
X10-" amp. However, to obtain a deflection which could be measured 
conveniently it was necessary to place the cell not more than 20 or 30 cm 
from the group of flames, even when the stronger solutions were being sprayed 
into them. With these distances the uncertainty regarding the effective center 
of the flames made the measurements somewhat unreliable. As a result this 
method did not appear to be as trustworthy as those obtained with the photo- 
meter. It was, however, of value in checking the results already obtained, and 
as far as could be determined the two methods gave the same results. An 
explanation of these results will be suggested in a following paragraph. 


FLAMES AT DIFFERENT TEMPERATURES AND WITH 
DIFFERENT SODIUM COMPOUNDS 


Observations were made with common illuminating gas and also with 
acetylene gas mixed with gasolene gas. Hotter and more luminous flames 
were obtained with such gases, but as far as could be determined the ratios 
between the amounts of light obtained with different numbers of flames were 
the same as those found when gasolene gas alone was used. 

Locher found different ratios when NaOH was used in the spray from 
those obtained with NaCl. The present writer could find no difference with 
the two solutions as long as the same amount of sodium was used with both. 


? Gouy, Ann. de Chimie et Physique 18, 5 (1879). 
3 Gouy, Journ. de Physique 9, 19 (1880). 
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FLAMES CONTAINING ADDITIONAL CHLORIDES 


Amounts of HCl and NH,CI containing nine times as much chlorine as 
that in the original solution were added to one-tenth normal solution of NaCl. 
The HCl decreased the amount of sodium light about 22 percent and the 
NH,Cl decreased it about 18 percent. These ratios do not, however, cor- 
rectly represent the relative amounts of light actually emitted by the sodium 
atoms, since the absorbing powers of the flames are not proportional to the 
emitting powers, as will be discussed more fully in a later paragraph. In reality 
the ratios between the actual amounts of light emitted by the atoms with 
different solutions is larger than would appear from the preceding. A more 
accurate comparison is obtained by comparing the number of flames into 
which sodium chloride alone has been sprayed with one having an additional 
chloride. Thus 5.8 flames having NaCl alone is equivalent to 9 flames having 
also the above amount of HCI. That is, the addition of the HCI diminishes the 
emitting power of sodium atoms 35 percent. A similar determination showed 
that the addition of the NH,CI diminished the emitting power 28 percent. 
These measurements have not as yet been checked under varying conditions, 
so that they must be considered as approximations only. 


LUMINOSITY WITH DIFFERENT CONCENTRATION 


Wilson‘ and Locher! (p. 468) found that the light was the same whether a 
given amount of salt was sprayed into one or several flames, while Gouy? (p. 
92) and Zahn’ found it to be different. It therefore seemed desirable to ob- 
tain further evidence on this question. 

The most satisfactory method of comparing flames into which different 
amounts of salt are sprayed was found to be the following. Two sets of such 
flames were compared by means of a photometer. The solutions in the two 
sets were then reversed, all other conditions being kept the same as before. 
The average ratio of the two sets was taken as the correct ratio. By this 
means any error due to a difference in the size or shape of the flames was 
eliminated. 

For the sake of brevity the ratio between the luminosity obtained when a 
10 percent solution was sprayed into a flame and that obtained with a 1 per- 
cent solution will be referred to in the following paragraphs as the “concentra- 
tion ratio.” 

EFFECT OF THE SIZE OF THE FLAMES 

It was found that the concentration ratio depends quite appreciably on 
the size of the flames being compared. It is, of course, difficult to measure 
the size of a flame accurately, so that the ratios found at different times vary 
somewhat, but the average results of several sets of observations with flames 
4 cm wide at the bottom and 7.5 10, and 12.5 cm high gave concentration 
ratios of 2.7, 2.56, and 2.44 respectively. 

Apparently this is due to the fact that the edges of the flames give a differ- 
ent ratio from that given by the centers. Thus it was found that when an 
4 Wilson, Phil. Trans. Roy. Soc. A216, 63 (1916). 

5 Zahn, Verh. Deut. Phys. Ges. 15, 1205 (1913). 
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opaque screen having an area of 2 cm? was placed in front of the central part 
of the flames 10 cm high, so that only the light from the edges reached the 
photometer, the concentration ratio was 2.73 instead of 2.6, the value 
previously obtained. On the other hand, when a screen in which there was an 
opening of 2 cm? was placed in front of the flames so that only the light from 
the central part reached the photometer, the ratio was 2.45. With larger 
flames a smaller proportion of the light comes from the edges, and conse- 
quently the ratio is smaller. 

The ratio found when flames were compared into which 1 percent and 0.1 
percent solutions were being sprayed was approximately 2.74. With solutions 
of 0.1 and 0.01 percent the ratio was approximately 3.3. The flames were 4 cm 
wide and 10 cm high. As has been explained when considering the addition of 
other chlorides these ratios do not represent the relative amounts of light 
actually emitted by the sodium atoms. A comparison similar to the one made 
there shows that approximately 5.3 flames with 0.1 percent solution give as 
much light as one flame of 1 percent solution. An explanation of this will be 
considered in a following paragraph. 

Using sprayers which are less efficient in getting salt into the flame is 
equivalent to using weaker solutions, and no doubt causes some difference in 
the concentration ratio, but as far as could be observed any such difference 
was less than that due to experimental errors. Thus with each set of flames 
two sprayers were placed in parallel. Part of the time both sprayers were filled 
with solution, and part, one of them was empty so that air without any 
spray came through it. It could not be determined that there was any differ- 
ence in the concentration ratios in the two cases. Ratios obtained when using 
sprayers made by myself gave the same results as those obtained with 
sprayers which had been purchased. 

As far as could be determined the same concentration ratios were ob- 
tained with gasolene gas, city illuminating gas, and gasolene gas enriched 
with acetylene gas, providing the height of the flames was the same in each 
case. 

The data which have been given were checked by measurements with the 
photoelectric cell, and the two methods showed good agreement. Any differ- 
ences found were probably due to the difficulty in reproducing flames of a 
given size. 

EXPLANATION OF THE DATA OBSERVED 


In general the values given here for what we have called the concentration 
ratios are much smaller than those given by Locher. These values taken with 
those on the relative intensities from different numbers of flames indicate 
that a given amount of salt when sprayed into one flame gives much less light 
than when sprayed into several flames, which is in agreement with the data 
given by Gouy and by Zahn. 

The results obtained by Gouy which are here confirmed have been ex- 
plained by Lenard*.’ by assuming that with greater concentrations the mole- 


® Lenard, Ann. d. Physik (4) 17, 238 (1905). 
7 See also Ladenburg and Minkowski, Ann. d. Physik 87, 298 (1928). 
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cules of salt are less completely dissociated, so that more concentrated solu- 
tions produce less light than they would if the dissociation were always the 
same. Such an explanation is reasonable, but possibly does not go as far as it 
might. It seems probable that the dissociation is incomplete not because some 
of the molecules never become dissociated, but because there is a constant 
dissociation and recombination of the atoms of sodium and chlorine in the 
flame and that consequently the greater the amount of salt in the flame the 
more chlorine atoms there are with which the sodium atoms can combine, 
and the less the time the sodium atoms are uncombined. The strongest 
evidence of this is the fact that adding a chloride such as HCl or NH,Cl de- 
creases the amount of sodium light very appreciably, as has been shown. It is 
difficult to see how the presence of HCl can stop the dissociation of NaCl, but 
it is very easy to see how an additional number of chlorine atoms may cause a 
more frequent recombination of the sodium atoms with the chlorine, and thus 
cause a smaller proportion of the sodium to be dissociated at any instant with 
a corresponding decrease in the amount of light emitted. 

If this is correct, then the presence of additional chlorine coming from an 
addition of NaCl would also cause less light to be emitted by the same 
amount of sodium. Thus it has been shown that a 1 percent solution in a 
single flame only gives as much light as 5.3 flames with a 0.1 percent solution. 
That is, the salt in a 1 percent solution is but little more than half as effective 
in emitting light as that in the 0.1 percent solution. This explanation seems 
the more probable since the addition of HCl produced roughly the same 
diminution in the efficiency of the sodium as an equal amount of chlorine 
introduced as NaCl, the decrease being 35 percent in the former and 47 per- 
cent in the latter case. 

The dissociation probably occurs in two or more steps. Possibly the mole- 
cules break up into sodium and chlorine ions which then lose their charges 
becoming uncharged atoms. There may also be one or more intermediate steps 
in the recombination.’ But certainly the sodium giving the light which we are 
studying consists of uncharged atoms, as is evident from its spectrum. 
Evidence that there are comparatively few charged sodium atoms in the 
flame is given by a study of the conductivity of flames. Wilson,’ (p. 85) for 
example, estimates that only 1.6 percent of the sodium in a flame is ionized 
even when the concentration is small. 

It also seems reasonable to assume that at the edge of the flame there is 
more complete dissociation of the salt than in the center, and that this is the 
cause of the difference between the concentration ratios obtained with light 
from the center and from the edges. A fairly definite proof that there is more 
dissociation at the edges is given by the appearances of a flame into which 
copper chloride is being sprayed. Such a flame gives almost no green color 
except at the edges, where it is a bright green. This is the more noticeable if 
there is a small amount of sodium impurity in the copper chloride. The center 
of the flame is then yellow with a distinct border of green. 

The greater dissociation at the surface is no doubt in some way due to the 


8 See Foote and Mohler’s Origin of Spectra, p. 184. 
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greater amount of air there, but whether it is caused by a higher temperature 
or by a difference in chemical action can not at present be stated. 


EXPLANATION OF DATA ON DIFFERENT NUMBERS OF FLAMES 

The preceding data show definitely that the coefficient of absorption in 
the flames for the sodium light decreases rapidly as the number of flames 
through which the light has passed increases. A rough computation of this 
may be made by determining the ratio between the light which appears to be 
absorbed by any flame and that which enters it. For example, the light ab- 
sorbed by the second flame equals the difference between that given by the 
first and second taken separately and that from the two taken together, or 
2—1.54 =0.46, using one flame as the unit. The light absorbed by the ninth 
equals that obtained from eight flames plus that from the ninth, minus the 
light actually obtained from the nine or 3.43+1—3.68 =0.75. The apparent 
coefficient of absorption in the first case is 0.46 while that in the second is 
0.25. | 

An explanation of the preceding follows from the assumption that parts 
of the sodium light are more easily absorbed than other parts. Probably the 
light at the center of the sodium lines in the spectrum is more easily absorbed 
than that at the edges. This may be expressed in other words by saying that 
the coefficient of absorption decreases as sodium light passes through the 
sodium vapor. A similar explanation was given by Hughes and Thomas? for 
the change in absorbing power of mercury vapor, and it is generally recog- 
nized that such action occurs when sodium light passes through cold sodium 
vapor. 

In discussing the observed data it is of interest to consider a case which 
can be treated mathematically by assuming that the region between O and P 
in Fig. 2 is filled with a solid flame. Let x equal the distance OP. The light 








coming from the left and passing through the flame at the point P will, of 
course, be made up of light emitted by all the elements between O and P and 
not absorbed before reaching P. Let AJ be the amount coming from the ele- 
ment Ax’ situated at a distance x’ from P. Then 


Al = f(x')Ax’ (1) 


p= fess 


where J is the total amount of light passing through the flame at P. By trying 
different expressions for f(x’) it was found that the assumption that 


and 


® Hughes and. Thomas, Phys. Rev. 30, 470 (1927). 
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f(x’) = ———— 
(1 + 2aox’)!/? 


where ay and e are constants whose significance will appear later, gives values 
for which J will agree closely with the observed data. Making this assumption 
we have 
I= f an ee eS yz — 1} (3) 
0 (1+ 2ar’"@ ay . 

This becomes J = e(2x/ao)'/* when dox is very large compared with unity. 
The light then varies as the square root of the number of flames. From (3) 
we would have 

dl e dl 

— = ————_ and — =¢ (4) 

dx (1 + 2aox)!/? dx |s-0 
e then is the rate at which J increases at the origin where the amount of light 
being absorbed is zero. In other words, e is the rate per cm thickness at which 
light is emitted by the sodium vapor. 

Combining Eqs. (1) and (2) we have AJ =eAx’/(1+2aox’)'’*. If we let a 
equal the coefficient of absorption at the distance from the point where the 
light starts we have 

(d/dx)AI do 
Al 1 + 2aox’ 


q= 





-_-™ 
wn 
— 


When x=0, a=a». That is, ao is the coefficient of absorption at the point 
where the light begins to be absorbed. In other words, the coefficient of 
absorption for the light from any element becomes less as it passes through 
the flames. 

The expression J =e/ao} (1+2aox)'!?—1} agrees closely with the observed 
data. If the light from a flame into which a 0.1 percent solution is being 
sprayed is taken as the unit for the intensity of light, x the number of flames, 
and if e is given the value of 2.06 and a» the value of 4.33, we obtain the 
numbers given in column 2 of Table II. Column 1 in this table gives the 
number of flames, and column 3 the observed values. 








Tame II. 
0.1% 0.01% 
No. of 
flames Computed Observed Computed Observed 
4 1 1 0.298 0.302 
2 1.55 1.57 0.510 0.516 
4 2.36 2.37 0.831 0.825 
6 2.98 2.92 1.09 1.16 
9 3.74 3.71 


1.41 1.43 





The work on the relative intensities of flames into which different solu- 
tions are sprayed indicated that one flame into which a 0.1 percent solution is 
sprayed gives 3.3 times as much light as one with a 0.01 percent solution. It is 
also equivalent to 5.3 such flames. If then we substitute for x in Eq. (3), 
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x/5.3 and for J, 1/3.3, we will obtain the theoretical values for the 0.01 per- 
cent solution flames. Such values are given in the fourth column of Table IT, 
and the corresponding observed values in the fifth column. With both sets of 
flames there is close agreement between the observed and the computed 
values. 

However, if the same kind of substitution is made for flames into which 
1 percent and 10 percent solutions are sprayed, the computed values are 
smaller than the observed values. This discrepancy can be explained by 
assuming that a decreases more rapidly than is indicated by Eq. (5). How- 
ever, no formula was found which is at all simple and agrees with the ob- 
served values any more closely than does this one. We may, therefore, con- 
clude that the preceding equations represent a first approximation to the cor- 
rect statement. 

Numerical values of e and ao, differing somewhat from those given above 
can be used which will still give numbers nearly the same as those in Table 
II. These values of e and ay can not, therefore, be considered as having been 
determined with any great accuracy. However, taking these values as they 
stand, it can be computed that if there were no absorption, the light which 
would be obtained from a single flame into which a 0.1 percent solution is 
sprayed would be 2.06 times that actually obtained, and from nine flames 
there would be 4.9 times that actually obtained. From a flame into which a 
10 percent solution is sprayed the light would be 8.2 times that actually ob- 
tained, and from nine such flames it would be 21 times that actually ob- 
tained.” 

Assuming that a =da9/1+2aox where ap is 4.33, we find that a equals 0.448 
when x is 1. That is, the coefficient of absorption for light that has passed 
through a flame into which a 0.1 percent solution is being sprayed is less than 
one-ninth of what it was at first. Similarly after the light has passed through 
a flame into which a 10 percent solution is being sprayed the coefficient is less 
than 1 percent of what it was at first. 

The assumptions here made are similar to those made by Hughes and 
Thomas, but are not identical. Thus we have here assumed that the light, un- 
absorbed after passing through x flames is e/(1+2aox)!’/*, while the results 
given by them are very nearly proportional to 10.8X10"/10.810"+n 
where u is the number of absorbing atoms. By choosing proper constants this 
can be written in the form e/(1+2aox). That is, the first power of the denomin- 
ator occurs in the expression as given by Hughes and Thomas, while in the 
expression here used for sodium atoms the same denominator is raised to the 
one-half power. Whether this is due to a difference between sodium and mer- 
cury vapor, to the very different conditions under which the observations 
were made, or to some other cause is not known. Considering all of the differ- 
ences it is perhaps surprising that there is as much similarity as there is. 


10 This is contrary to the conclusion reached by Foote and Mohler (Origin of Spectra, 
p. 167) who state that practically all of the photons produced by the sodium atoms in a flame 
are emitted from the flame. It would, however, appear to be impossible to reconcile the facts 
given here with their statement. 
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NOTE ON THE HEAT OF DISSOCIATION OF IODINE 


By WELDON G. BRown 
CHEMICAL LABORATORY, UNIVERSITY OF CALIFORNIA 
(Received July 8, 1931) 


ABSTRACT 


New measurements of the visible absorption bands of iodine in the immediate 
neighborhood of their convergence have lead to a revised value for the heat of disso- 
ciation, 1.535 +0.001 volts, which is in satisfactory agreement with chemical data. 


ROFESSOR BIRGE,'in the preliminary report of his new analytical 

methods for obtaining heats of dissociation from known vibrational energy 
levels of diatomic molecules, has pointed out that in the case of the visible 
absorption bands of iodine there exists some uncertainty as to the way in 
which the extrapolation to the point of convergence should be made. The 
value now generally accepted,? 1.544 +0.003 volts, requires that the dG/dw 
curve, which is linear in the region covered by the measurements of Mecke,' 
should continue linear to w=0. Birge has shown that this implies an infinite 
value of the vibrational quantum number at dissociation and he has expressed 
the opinion that at very small values of w the dG/dw curve departs from linear- 
ity in such a way that dG/dw becomes zero at w=0. 

Mecke’s measurements of the v’’=0 progression extend from \5029.5A 
(v’=59) toward longer wave-lengths. He states that the bands to be ob- 
served at shorter wave-lengths are too diffuse and faint for measurement. 
However, while it is true that these bands are faint, the heads remain sharp 
and with high dispersion bands up to v’=73 have been measured. The 
photographs were taken with the first and second order of a 21 ft. concave 
grating (property of the Department of Physics, University of California) 
giving a dispersion in the second order of 1.3 A/mm. The wave-lengths given 
in Table I are the means from measurements of three plates, the agreement 
with one exception being better than 0.1A. A Pyrex absorption tube, 1 m in 
length, contained the iodine vapor at a temperature of about 25°C. 

In Fig. 1 (curve a) the observed frequencies of band heads have been plot- 
ted against the corresponding values of the classical frequency of vibration 
(w,, as used here, is the mean of AG,4;;2 and AG,_1/2). The derivative, which 
can be identified with dG/dw since y=G-+const., is plotted against w as 
curve b and was calculated from a least squares solution, using the rapid 
method of Birge and Shea, of w as a second degree polynomial in v. This curve 
is approximately linear down to =12 cm~!. At smaller values of w it shows 
the decided curvature toward the origin predicted by Birge and in making 


1 R. T. Birge, Trans. Faraday Soc. 25, 707 (1929). 

* G. E. Gibson and W. Heitler, Zeits. f. Physik 49, 465 (1928); Also H. Sponer, Landolt- 
Bcrnstein Tabellen, 6th Ed. in press. 

> R. Mecke, Ann. d. Physik 71, 103 (1923). 
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TABLE I. Band heads of the v'’=0 progression of iodine in the neighborhood 
of the convergence. 





Vy’ d air L.A. Pvac, cm7! AG 44 
49 5093.66 19626.8 33.9 
50 5084.88 19660. 7 30.1 
51 5077.09 19690.8 29.5 
52 5069. 52 19720.3 28.7 
53 5062.13 19749.0 25.3 
54 5055.67 19774.3 25.0 
55 5049, 27 19799, 3 22.1 
56 5043.65 19821.4 21.6 
57 5038.15 19843.0 21.0 
58 5032.82 19864.0 18.3 
59 5028. 20 19882.3 17.6 
60 5023.76 198999 15.9 
61 5019.75 19915.8 14.9 
62 5016.00 19930.7 3 
63 5012.65 19944.0 12.4 
64 5009. 54 19956.4 11.8 
65 5006.58 19968, 2 9.5 
66 5004.18 19977.7 9.2 
67 5001.88 19986.9 8.6 
08 4999, 74 19995.5 te 
69 4997.94 20002.7 6.9 
70 4996, 22 20009. 6 5.9 
71 4994.74 20015.5 4.7 
72 4993.56 20020. 2 4.2 
4 


73 4992.51 20024. 








the small remaining extrapolation we have assumed that the curve proceeds 
to the origin. 

The point of convergence can be conveniently calculated by adding to the 
frequency of any particular band head the area under the dG/dw curve up 
to the corresponding value of w. We take v20,020 cm~ and add the area under 
the dotted portion of curve b, 17 cm~, giving 20,037 cm™ as the frequency 
of the convergence limit. From this is to be subtracted the separation of the 
*P normal terms of the iodine atom, 7598 + 2 cm. This value is the mean of 
the twelve combination differences listed by Turner* in addition to four 
others not noted by him, viz: 


67289 — 59690 = 7599 


76735 — 69131 = 7604 
68606 — 61005 = 7601 77 


541 — 69947 = 7594 


The stated error is the probable error. For the heat of dissociation of iodine 
we have 20,037 —7598 =12,439 cm™, or 1.535 volt-electrons, which is be- 
lieved to be trustworthy within 0.001 v.e. 

While the chemical data, of which the equilibrium measurements of 
Starck and Bodenstein® alone need be considered, cannot be pressed to the 
same degree of accuracy it is of interest to note that the value deduced above 
agrees with the experimental data as well as the value, 1.544 volts, used by 
Gibson and Heitler.® 


4 L.A. Turner, Phys. Rev. 27, 397 (1926). 
5 G. Starck and M. Bodenstein, Zeit. f. Elektrochem. 16, 965 (1910). 
6 (. E. Gibson and W. Heitler, reference 2. 
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The values of log K at various temperatures, calculated by means of the 
Gibson and Heitler equation for D=1.535 and D=1.544, are compared with 
the experimental values in Table IT. 



































20.100 26 
—_ 
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20.000 XN 20 
V4 dG/dw 
19,900 Wa 15 
Y 
19,800 y 10 
19,700 J 5 
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/ 
19,0005 % . - 0 
Fig. 1 


TABLE II. Experimental and calculated equilibrium constants for the dissociation of iodine. 

















log K calc. log K calc. 

T °K log Kexp. D=1.544 v.e. calc.-obs. D=1.535 v.e. calc.-obs. 
1073 —1.943 —1.977 —0.034 —1.935 +0 .008 
1173 —1.324 —1.335 —0.011 —1.297 +0 .027 
1273 —0.782 —0.792 —0.010 —0.757 +0.025 
1373 —0.308 —0.327 —0.019 —0.295 +0.013 
1473 +0 .090 +0.075 —0.015 +0.106 +0.016 











Mean —0.018 Mean +0.018 
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LOW VOLTAGE EXCITATION OF SODIUM 


By WALTER C. MICHELsS* 
PALMER PHyYsICAL LABORATORY, PRINCETON UNIVERSITY 
(Received July 6, 1931) 


ABSTRACT 


In an attempt to clarify the available data on excitation of atoms by low velocity 
electron impact, the author has studied the optical excitation function of the reso- 
nance lines in sodium vapor in the range from 1.8 to 4.2 volts. It is found that the 
excitation probability has three distinct maxima, corresponding to excitation to 3*P, 
4°S and 5°S states. Within two-tenths of a volt of the excitation potential the prob- 
ability has dropped to zero and remains at that value until a new energy level is 
reached. No excitation to the 3°D appears, possibly because of the existence of a selec- 
tion principle in electronic excitation. 


INTRODUCTION 


BOUT six vears ago, Dymond, 'in a study of critical potentials in helium, 

showed that the probability for the excitation of the 2°S state of helium 
had a maximum at a quarter of a volt above the excitation potential. Hodges 
and the author® found that the assumption of maxima of excitation proba- 
bility near the excitation potentials was the only way in which they could 
account for their observed intensity variations in the Geissler discharge in 
helium, and both Nottingham*® and Glockler* came to similar conclusions 
working with the copper and helium arcs, respectively. 

The first direct measurement of excitation probabilities was made by 
Brattain® who studied the number of electrons suffering energy losses in mer- 
cury, and found that the probability of excitation to the 6.7 volt state of 
mercury rose to a maximum when the impacting electrons possessed an en- 
ergy slightly greater than that required for excitation. About a year ago the 
author published a study of the optical excitation function of helium,*:’ in 
which the conclusion was reached that all states of the helium atom have very 
sharp peaks in excitation probability somewhere within 0.5 volts of the excita- 
tion potential. 

The conclusions of Nottingham have been attacked by Ornstein and 
Vermeulen, largely on the basis of the work of Elenbaas,® but Nottingham, 


* National Research Fellow. 

1 Dymond, Proc. Roy. Soc. A107, 291 (1925). 

2 Hodges and Michels, Phys. Rev. 32, 913 (1928). 

3 Nottingham, Jour. Franklin Inst. 207, 299 (1929). 

‘ Glockler, Phys. Rev. 33, 175 (1929). 

5 Brattain, Phys. Rev. 34, 474 (1929). 

6 Michels, Phys. Rev. 36, 604 (1930). 

7 Michels, Phys. Rev. 36, 1362 (1930). 

8 Ornstein and Vermeulen, Zeits. f. Physik 64, 657 (1930). 
® Elenbaas, Zeits. f. Physik 59, 289 (1930). 
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in subsequent work!’ has obtained further evidence of the excitation proba- 
bility peaks. Hanle" and his students" have also failed to find these maxima, 
in general, but since they do not publish any velocity distribution curves for 
their electron beams, it is extremely probable that their resolution along the 
energy axis is not sufficient to show the existence of sharp maxima. Their data 
could be compared with that of other workers only if analyzed with the aid of 
a velocity distribution curve. 

From the theoretical viewpoint equal confusion exists. Elsasser,"’ start- 
ing from Born’s work, has calculated excitation probabilities for high electron 
energies, for the hydrogen atom, but Oppenheimer" has pointed out that 
the approximations involved are poor, particularly since no account is taken 
of the interchange which may take place between the exciting electron and 
one of the electrons in the atom. He shows, moreover, that this effect is prob- 
ably most appreciable at energies near that required for excitation. More re- 
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stem 
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‘ 
— 














Fig. 1. Excitation tube. 


cently, Morse and Stueckelberg* and Massey and Mohr'® have computed 
theoretical excitation function curves. The former, without considering inter- 
change, obtain curves similar to the triplet system experimental results of 
Hanle" rather than to his singlet system results although it is in the singlets 
that interchange is unnecessary and agreement might be expected. The latter 
authors have taken Oppenheimer’s work into account and obtain a curve 
which shows behaviour intermediate between that found by Hanle and that 
found by the author. 

In view of these difficulties, it seemed to be desirable to study the excita- 
tion of sodium by electron impact for three reasons: 


(1) The resonance lines are in the visible region where they may be con- 
veniently studied. 


10 Nottingham, Zeits. f. Physik 68, 824 (1931). 

1 Hanle, Zeits. f. Physik 56, 94 (1930). 

® Larche, Zeits. f. Physik 67, 440 (1931). 

18 Elsasser, Zeits. f. Physik 45, 522 (1930). 

4 Oppenheimer, Phys. Rev. 32, 361 (1928). 

4 Morse and Stueckelberg, Ann. d. Physik 9, 579 (1931). 
% Massey and Mohr, Nature 127, 234 (1931). 
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(2) The great relative spacing of the low energy levels offers promise of 
good resolving power along the energy axis. 

(3) The atom is sufficiently hydrogen-like to offer more interesting theo- 
retical possibilities than helium does. 

With these points in view, a new apparatus has been designed and meas- 
urements of the optical excitation function have been made. 


APPARATUS AND METHOD 


A sketch of the tube used for the excitation is shown in Fig. 1. The elec- 
tron gun consists of a 15 mil tungsten filament and three nickel slits, each 
filed to a knife edge and having an opening of one by ten mm. The potential 
on the first slit was always kept a few tenths of a volt higher than that on the 
second and third slits which were permanently connected together. Observa- 
tions were made in the field free space between the last slit and the “black 
cavity” plate. 
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Fig. 2. Velocity distribution curve. 


The purification and handling of the sodium presented some difficulty. It 
was found that dry sodium, if heat-treated in vacuo at gradually increasing 
temperature, up to 380°C, for a period of 24 to 36 hours, gave up all but a 
minute fraction of its gaseous impurities. This sodium was then introduced 
into the reservoir, R. During each run this reservoir and the observation win- 
dow were maintained at a constant temperature of about 350°C, while the 
main body of the tube and the light trap were held at 280° and 170° respec- 
tively. This resulted in a jet of sodium vapor directed through the observation 
region and away from the window, so that the blackening effect on the latter 
was small. After several months of intermittent operation, the transmission 
of the window has decreased to about 50 percent of its initial value, but this 
change has been sufficiently slow to cause no trouble during a single run. 

The extreme ease with which an arc is struck and maintained in sodium 
vapor caused considerable difficulty. It was found that an arc could exist 
when no measurable part of the electrons had energies sufficient to ionize, 
apparently because of cumulative effects started by a very few fast electrons. 
This difficulty was met by enclosing the entire filament and accelerating sys- 
tem by two nickel cylinders which fitted tightly over the glass stems. This 
kept the discharge from taking place in the observation region, but, even with 
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this precaution, it was impossible to work at potentials greater than 4.2 volts, 
as conditions then became unsteady. 

The current vs. retarding potential curves, one of which is shown in Fig. 2, 
were obtained by applying the retarding potential between the last slit and 
the plate. In the figure the curve has been continued only to two volts below 
the potential required to stop completely the electrons, since this was the 
only region used in the measurements. The contact potential between the 
filament and the slit-plate system was found to be about 2.0 volts, the slits 
being positive with respect to the filament. This potential was slightly vari- 
able, probably due to the composite nature of the sodium on nickel surfaces, 
and required frequent checking. Velocity distribution curves were therefore 
taken for each photographic measurement. 

The intensity measurements were made in a manner similar to that used 
for the work on helium. An F 3.3 spectrograph, built in the laboratory shops, 
was used, with Wratten and Wainwright hypersensitive panchromatic plates. 
These plates were found to be remarkably uniform in sensitivity, particularly 
when used with the Watkins thermo elon-hydrochinon developer recom- 
mended by Neblette.!? A small amount of scattered and reflected continuous 
light from the filament was observed, but correction was made for this by 
running densitometer contours of the exposures and by subtracting the inter- 
polated intensity of this light from the total observed at 5890A to obtain the 
intensity of the sodium radiation. The combined effect of the resonance lines 
(3S—3D) was the only radiation measured. 

The test for linearity of intensity with current density, which indicates 
the existence of simple excitation conditions, was made in the range used (up 
to 0.03 m.a. per mm?) and the relationship nowhere departed from linearity 
by more than 5 percent of the total observed intensity (continuous plus reso- 
nance lines). This quantity was therefore chosen as the magnitude of the 
estimated limit of error of a single observation. Because of the use of a vapor 
jet the relationship of intensity with pressure could not be tested. 


INTENSITY AND EXCITATION FUNCTION 

A small residual intensity below the excitation potentials was observed 
on all plates, probably because of a small drift of ions through the slits, but, 
since this seemed to be quite constant, its value was subtracted from all in- 
tensities to determine the intensity due to pure excitation. This is shown on 
the plot of intensity vs. maximum electron energy in Fig. 3, on which all 
intensities are reduced to unit current density. The centers of the circles 
represent experimentally observed points, while their radii are equal to the 
estimated uncertainties. From these points the relative excitation probabili- 
ties were calculated. Since the equation: 


Vm 
ly,, -f F(v)i(V,,, v)d2, 


Vo 


17 Neblette, Photography, Principles and Practice, 2nd Ed. 309. 
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where Jy, is the observed intensity with maximum potential Vn, Vo is the 
excitation potential and F(v) and 7(V», v) are the excitation and current (lis- 
tribution functions, cannot be solved rigorously for the 7(Vm, v) curve ob- 
tained in this work, it was replaced by the equation: 


Iy,, = 0.1 )OF(v)i(Vm, 2) 
0 


Intensity 
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Fig. 3. Intensity curve. 


where m is the number of 0.1 volt intervals between Vo and V,, and F(z) and 
i(Vm, v) are the average values within the intervals. This summation was 
solved step by step with adjustments being made within the experimental 
error. In this way the best fitting points as shown in Fig. 4 were obtained. 
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Fig. 4. The excitation function for sodium. 


The justification for this procedure may be seen in the curve of Fig. 3, ‘which 
was computed directly from the excitation functions of Fig. 4 and the experi- 
mental current distribution functions, similar to Fig. 2. It will be observed 
that this curve passes within the estimated error of the observed points with 


only three exceptions. 
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DISCUSSION AND CONCLUSIONS 


The three peaks of excitation function found in sodium appear to be due 
to excitation of the 3°P, 4°S and 5°S states. The peaks center at 2.2, 3.08 and 
4.1 volts, while the excitation potentials of these states are at 2.10, 3.18 and 
4.10 volts. The random differences between the peak centers and the excitation 
potentials are probably due to variations in contact potential, which were of 
the right order to account for these discrepancies, so it is still impossible to 
say for certain whether the maxima occur at or slightly above the excitation 
potential. Since the 2.2 volt peak is quite accurately placed by the definite 
break in the intensity curve, showing the start of excitation at the theoretical 
2.1 volt level, it would seem to be most reliable, and would indicate that the 
probability of excitation reaches its maximum at about 0.1 volt above the 
excitation potential. Since the method of calculating the results can give only 
the area under the curves, the straight line interpolation is only a guess, and, 
for the same reason, the only statement which can be made in regard to the 
width of the peaks is that it is not greater than 0.2 volt. The fact that the 
5°S peak is higher than the other two may well be spurious, since either a 
mistaken assumption in regard to the shape of the peak or a small amount of 
ionization, which definitely started just above this point, might introduce 
errors in the magnitude of the probability. The location of the peak, however, 
is very definite, as the break in Fig. 3 at 4.0 volts shows. 

Two entirely unexpected results were obtained. The first is the zero value 
of the excitation function between the relatively narrow maxima. The value 
of the probability in these regions can be definitely put at less than five per- 
cent of the height of the first two maxima, as any change greater than this 
would very appreciably affect the intensity curve. Finally, it is difficult to 
see why no traces of maxima due to excitation to 3°D and 4°P occur. The last 
may be accounted for if the transition from 4°P to 3*S is much more probable 
than to 4°S and 3°D. If the first is ten or twenty times as probable as the sum 
of the last two, the effect of 4°P excitation on the 5890A lines might easily go 
undetected, as practically the entire effect of excitation to this state must be 
observed on the 3303A lines. But if excitation from 3°S to 3°D takes place, the 
electron must return through the 3°P state. It therefore appears that the 
low voltage excitation of this transition is very improbable. If neither excita- 
tion to S or D occurred, we should expect that the optical selection rules 
applied, but it is now evident that if a selection rule holds in excitation it 
allows transitions for which AL=0 or 1. Elsasser’’ has shown that for high 
velocities, the transition from S to D is much less probable than that from S 
to P, in hydrogen, but his theory can not be applied to this case, both be- 
cause of the energy values and because he is dealing with excitation from a 
1°S level. 

In conclusion I wish to express my extreme gratitude to the staff of the 
Palmer Physical Laboratory for extending the facilities of the laboratory and 
for very helpful advice and assistance during the work. 
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ABSTRACT 


The relative abundances of nuclei are often supposed to be related to nuclear 
stability. We may consider stability in two ways: on the one hand stability may 
refer to a mixture in thermodynamic equilibrium; or, on the other it is often used 
when referring to a system characterized by a slow rate of change to a thermodynamic- 
ally stable state. It appears possible to test the hypothesis of equilibrium by a number 
of transmutation reactions. We restrict ourselves to those reactions in which the 
same elements, differing only in mass, occur on each side of the equation, and find 
that the thermodynamic calculations become very simple. The calculations are in 
agreement with the assumption that the atomic nuclei on earth do not represent an 
equilibrium mixture at any temperature. 


HE relative abundances of isotopes have often been used in discussing 

nuclear stability. We may consider two types of stability. In the first 
place stability may represent thermodynamic equilibrium which existed un- 
der some certain set of physical conditions. That is the relative abundances 
of nuclear types on earth may represent a mixture which came to equilibrium 
at some previous time. Or the composition of the earth may be determined 
by the relative velocities of change of one atomic type into another, or into 
radiation. Here, slow rate of change would indicate “stability.” The radioac- 
tive elements are examples of this latter type of stability since the more abun- 
dant radioactive nuclei disintegrate more slowly than the less abundant. We 
would not be justified in assuming that there is any simple relation between 
the relative abundances of radioactive nuclei and their relative abundances 
under equilibrium conditions. We have made this study utilizing the relative 
abundances of isotopes, to see if it is possible to decide between these two 
senses of stability as applied to nuclear types. 

The type of calculations which seem best suited to the reactions we are 
considering are those which Debye and Hiickel applied to the theory of dilute 
solutions where the ions of the solute are singly charged, the solvent possesses 
a high dielectric constant, and the concentrations of solute are 0.01 molar 
or less. However, in the reactions under discussion, we are concerned with 
ions from which many, perhaps all, electrons have been removed, the dielec- 
tric constant of the medium is probably of the order of magnitude unity, 
and the pressures may represent a nuclear concentration of considerably more 
than 0.01 molar. Thus, the application of calculations of the Debye-Hiickel 
type to conditions under which transmutation reactions might be taking 
place presents enormous mathematical difficulties. If any progress is to be 
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made on the problem it seems necessary to find a much simpler special case 
than that presented by the general problem. 

Before making our calculations it is necessary to decide if possible under 
what conditions the material of the earth might have been in equilibrium. 
These conditions might have been those existing in the sun at the time the 
planets were formed and which were probably similar to those existing in 
the sun at the present time. In this case the question is whether or not the 
atomic nuclei of the sun are in equilibrium. If they are, those of the earth 
may be an equilibrium mixture and any calculations for the temperature of 
equilibrium should come out near 10’ degrees. 

On the other hand if the nuclei of the sun are not in equilibrium, they 
can hardly represent a mixture which would be in equilibrium at a higher 
temperature. If the composition of the sun is the same now as at some previ- 
ous higher temperature, its atoms must have been converted into radiation 
at such relative rates that the composition remained unchanged. This would 
mean that the probability of the disappearance of a nucleus is the same for all 
nuclei. We regard this as improbable and expect that if the distribution of 
nuclei is one of equilibrium at any temperature, then that temperature is the 
temperature of the sun’s interior. 

The transmutation reactions which present the fewest difficulties for the 
thermodynamic calculations are those in which different isotopes of the same 
element appear on each side of the equation. We may take as an example, 


cre os Ov asuiliy Cis a Oo. (1) 


The equilibrium constant of this reaction is given by the usual thermody- 
namic equation: 
213016 AE AS 


nA = ln—— = — + 
)\2Q 47 RT R 


(2) 
where K is the equilibrium constant, @;3, @ie, @i2, and a7 are the activities of 
C8, Ol, C®, and O" respectively, AE and AS are the energy and entropy 
changes for the reaction. By substituting the products of concentrations and 
activity coefficients for the activities we secure for the equilibrium constant 

13016 CisCie YisvVie 


= ’ (3) 
12017 Ci2Ci; 12717 


where Cj3, etc. and ¥i3, etc. are the concentrations and activity coefficients re- 
spectively. The activity coefficients correct for deviations from ideal solution 
laws. However, in this case, such deviations will be the same for two isotopes 
since the electron shells are identical except for very small differences. Thus 
the ratios y13/¥i2 and Yi¢/Yi7 equal unity, and the term containing them be- 
comes merely C)3Ci¢/Ci2Ciz. This is justified as long as the densities are so low 
that the deviations are determined only by the net nuclear charge. Deviations 
due to the differences in nuclear structure can only be important if the mean 
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distances between nuclei are small as compared to “nuclear” diameters. Tak- 
ing nuclear diameters as about 10-" cm and the distances between nuclei 
as about 10°° cm or greater, we obtain the ratio of 104. This is about 100 
times as great as the ratio between distances between atoms and atomic 
diameters in a gas at atmospheric pressure. Thus we would not expect specific 
deviations from ideal gas or solution laws if the densities are not much greater 
than unity. 


The energy change, AE, may be written as 
AE = | Oe — Exe —~ Ey —_ Ey:, (4) 


where £3, etc are the energies of the atoms entering into the reaction. The 
energy of one of these atoms may be divided into three parts, 


E=E+E£,+F(7), (5) 


where Ey= JJc?, MW being the atomic weight at absolute zero, and E,, is the 
mean energy of excitation of the nuclear energy levels. The term, F(7°), in- 
cludes all energy supplied in bringing one isotope from absolute zero to the 
temperature and pressure of the arbitrarily chosen standard state. It includes 
heat capacity, energy of ionization, energy of solution in the star, ete. and 
it has the same value for isotopes of the same element. Thus 


AE = AE, + AE,. (6) 
The entropy difference may be written 
AS = Siz + Sig — Sie — Siz 
and each of these entropies is given by the expression 
S = So + Rin (7*°?/P) + (3/2)RIn M + Rin (g) + f(7) + Si (7) 


where S, is the Sakur-Tetrode constant, J/ is the atomic weight, and g is the 
a priori probability of the nucleus and is equal to 27+1 (¢=nuclear spin); 
f(T) is a function which is the same for two isotopes. If we think of our gas 
as passing from a monatomic gas at absolute zero to one at the temperature, 
T, and pressure, P, there will be a contribution to the entropy equal to 
fo?(C/T)dT, where C is the heat capacity over and above the 5R/2 for an 
ideal gas. This will include the entropy of ionization of the atom. Then if this 
gas is condensed into the body of a star there will be a further contribution 
to the entropy equal to the partial molal heat of condensation divided by 
the temperature. These additional contributions to the entropy, (the same for 
both isotopes) are included in f(7). S, is an additional entropy arising from 
the excitation of the nuclear energy levels. Thus the entropy change becomes 


Mi3M 38 
AS = (3/2)R1n ated + Rin aan + AS,. (9) 


M 12M; 812817 
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Now it is known from statistical mechanics that 


AE, AS, Sisfis 














-_ aoe Se ’ (10) 
RT 7 Siefiz 
where f is the partition function for the nuclear energy levels. 
Substituting these values of AS and AE in Eq. (2), we obtain 
Ci3C AE M,3;M 
hoe we am + (3/2) In vaheaaence + In = + In fue (11) 
Ci i7 RT Mi2M iz 812817 fiefir 


In this equation, the f’s and T are unknown; the ratio of the concentrations 
of two isotopes is known within about a factor of two; AE, is known from the 
exact atomic weights; the g’s can be guessed fairly well where they are not 
known; however, the term containing the g’s is relatively unimportant. 

In order to estimate the possible error that may be introduced by the last 
term of Eq. (11), we shall make the assumptions that only one of these nuclei 
has energy levels and that these levels are equally spaced about one million 
volts apart. We assume that they are equally spaced for ease of computation 
and that they are a million volts apart because experimental evidence indi- 
cates that this is about the correct order of magnitude.' On the basis of these 
assumptions, f=(1—e~"’/*7)—!, Substituting the numerical values, we find 
that f for different temperatures is as follows: 


T f 
10° 1-4.54 x 10-° 
10'° 0.233 


Even if the levels are considerably closer together, In f is very small at 10° de- 
grees. Moreover, fi; and fig act in the opposite direction to fi: and f;7 so that 
a partial cancellation of their contributions is probable. Thus we see that 
the term containing the f’s will hardly be important below temperatures of 
10° degrees, and may be neglected. 

We shall calculate the temperature assuming that the mixture of isotopes 
on earth is one representing equilibrium, and therefore solve Eq. (11) for the 
temperature, omitting the term containing the f’s. Then 


CAM 


, (=) Ziegi7 CisCis 
n 
Mi3 M6 £isgie Civ iz 





(12) 








1 E, Rutherford, Phil. Mag. 4, 580 (1927); E. Rutherford, and J. Chadwick, Proc. Camb. 
Phil. Soc. 25, 186 (1929); C. D. Ellis, and H. W. B. Skinner, Proc. Roy. Soc. A105, 185 (1924); 
C. D. Ellis, and W. A. Wooster, Proc. Camb. Phil. Soc. 22, 844 (1925); W. Bothe, and H. Franz, 
Zeits. f. Physik 49, 1 (1928); W. Bothe, Zeits. f. Physik 51, 613 (1928); 63, 38 (1930); H. Franz, 
Zeits. f. Physik 63, 370 (1930); Phys. Zeits. 30, 381 (1930); W. Bothe, and H. Becker, Die 
Naturwiss. 18, 705 (1930); H. Pose, Zeits. f. Physik 60, 156 (1930); 64, 1 (1930); J. Chadwick, 
J. E. R. Constable, and E. C. Pollard, Proc. Roy. Soc. A130, 463 (1931); F. G. Houtermans, 
Ergeb. d. Exat. Naturwiss. (1930). 
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For reactions other than the special one considered, (1), an obvious substitu- 
tion must be made for the atomic masses, statistical weights, and concentra- 
tions. 

The values for the atomic masses, the relative abundances of the elements 
used, and the spins assumed are given in Table I. The notes give sources of 


TABLE I. 
Atom M t g Relative abundances Note 
Li? 6.012 1 3 1:12.9 1 
Li? 7.012 3/2 4 2 
Bie 10.0135 1 3 3 
B" 11.0110 3/2 4 1:4.1 4 
ce 12.0036 0 1 5 
cs 13 .0037 1/2 2 40021 6 
Nu 14.0083 1 3 700:1 (N) 7 
N& 15.0032 3/2 4 410:1 (M & C) 8 
Or 16.0000 0 1 9 
ov 17.0029 1/2 2 1075:0.125:1 (N) 10 
(17 .00135) 
O's 18.0065 0 or 1 1 or 3 630:0.2:1 (M & C) 11 


1 For atomic mass; Aston, Proc. Roy. Soc. Al15, 487 (1927); spin, assumed; relative 
abundances for Li® and Li’, calculated from chemical atomic weight. 

* For atomic mass; Aston, note 1; spin; A. Harvey and F. A. Jenkins, Phys. Rev. 35, 789 
(1930); L. P. Granath, Phys. Rev. 36, 1018 (1930). 

3 For atomic mass; Aston, note 1; spin, assumed; relative abundances for B*®:B"™ calcu- 
lated from chemical atomic weight. 

4 For atomic mass; Aston, note 1; spin, assumed. 

5 For atomic mass; Aston, note 1; spin; A. S. King and R. T. Birge, Astrophys. J. 72, 19 
(1930). 

6 For atomic mass; R. T. Birge, Phys. Rev. 37, 841 (1931); spin, assumed. 

7 For atomic mass; R. T. Birge, Phys. Rev. Suppl. 1, 1 (1929); spin; L.S. Ornstein and 
W. R. van Wijk, Zeits. f. Physik 49, 315 (1928); Rasetti, Nature 123, 757 (1929), Proc. Nat. 
Acad. Sci. 15, 515 (1929); relative abundances N“:N®; Naudé, Phys. Rev. 36, 333 (1930), 
and calculated on basis of Mecke and Childs relative abundances for oxygen. 

* For atomic mass; R. T. Birge, notes 6 and 7; spin, assumed. 

*Spin; Mulliken, Phys. Rev. 32, 880 (1928); relative abundances O':O'7:O!8; S. M. 
Naudé, Phys. Rev. 36, 333 (1930); R. Mecke and W. H. J. Childs, Zeits. f. Physik 68, 362 
(1931). 

10 For atomic mass; W. F. Giauque, Nature 124, 265 (1929); J. Chadwick, J. E. R. Con- 
stable, and E. C. Pollard, Proc. Roy. Soc. A130, 463 (1931); H. C. Urey, Phys. Rev. 37, 923 
(1931); spin, assumed. 

'! For atomic mass; R. T. Birge, notes 6 and 7; H. D. Babcock and R. T. Birge, Phys. Rev. 
37, 233 (1931); spin, assumed. 


the constants used. It is difficult to understand why there should be a dis- 
crepancy in the values for O'", but the weight of evidence appears to the 
writers to be in favor of the larger value and it is therefore given preference 
in the calculations. 

The results calculated are given in Table II. 

The successive columns give an arbitrary number for reference to be used 
in the discussion, the transmutation reaction, the change in mass for the reac- 
tion, the calculated temperatures using Naudé, Mecke and Child’s relative 


abundances, and the change in mass calculated by assuming equilibrium at 
10° degrees. 
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TABLE IT. 








AM calculated for 
No. Reaction AM *TX10-° **Tx10~-9 T=10°° 
(Naudé) (Mand C) 





Li?+B"—B" +Lié —0.0025 


| 








1 —25.6 0.0001 0.0001 
2 Li7+C®3C8+Li6 +0.0001 + 0.1 0.0008 0.0008 
3 Li?7+N4—>N6+Li6 —0.0051 — 6.1 — 6.5 +40.0008 +0.0008 
4 Li?+O"—0" +Lié +0 .0029 + 2.6 +2.9 40.0011 +0.0010 

(+0.00135) (+ 1.2) (4 1.3) 
5 2Li7+O"¥>0'+2Li®  +0.0065 + 6.0 + 6.2 40.0011 +0.0011 
6 BN+CPX® C84 Be +0 .0026 + 3.6 —0.0007  —0.0007 
7 BU+N4 N54 BO —0.0026 — 3.6 — 3.8 +0.0007 +0.0007 
8 BY +O 0" 4 BY +0 .0054 + 5.4 + 6.0 40.0010 +0.0008 
(+0 .00385) (3.8) (4.3) 
9 2B"+O" >0842B  +0.0115 +12.9 +13.8 40.0009 +0.0008 
10 C84N4>NB+CP —0.0052 —350.2 +150.3 +0.0000 —0.0003 
11 C840" 0"7+Cr +0 .0028 +10.0 +14.9 40.0003 +0.0002 
(+0.00125) (+ 5.7) (+ 8.4) 
12) 2C84O0"%=>0'42Ce® —- +.0.0063 —12.1 —11.0 -—0.0005 —0.0006 
13 N¥+O0"¥— OU 4N" +0 .0080 +29.8 +35.6 +0.0002 +0.0002 
(+0.00645) (+24.1)  (+28.7) 
14 2N®4+O" 0'+42N" = +0.0167 —28.5 —31.1 -—0.0006 —0.0005 
15 20708 +0" +0 .0007 — 0.6 — 0.7 -—0.0011 —0.0009 
(+0.0038) — 3.5 — 4.0 


Temperatures given in parentheses are calculated on basis of mass of O'? = 17.00135. 
* Temperatures calculated using relative abundances of oxygen and nitrogen according 
to Naudé, 
** Temperatures calculated using relative abundances of oxygen (and nitrogen) according 
to Mecke and Childs. 


The calculated temperature using either Naudé’s ratios or Mecke and 
Child’s ratios for the oxygen and nitrogen isotopes is not constant. The pos- 
sible errors may be in (1) the relative abundances of the isotopes, (2) the 
atomic weights. The first of these can be excluded immediately for it would 
require very large changes in the relative abundances to bring most of these 
calculated temperatures to 10° degrees or less. The second source of error is 
very much more important but difficult to estimate, when the results are 
given in this way. It will be noticed that the two values assumed for the mass 
of O" give quite large differences in calculated temperatures. 

A better way to estimate the effects of uncertainties in the masses is to 
calculate the mass differences for the reactions assuming that the mixture is 
an equilibrium one at some temperature. We have taken this as 10° degrees 
because at that temperature known nuclear processes appear to be sufficiently 
rapid to permit the establishing of an equilibrium mixture. 

Taking the values of A.V calculated as listed in Table II and taking Birge’s 
value for the mass of O' in terms of O'* as 18.0065 + 0.0002 we can calculate 
the mass differences of other pairs of isotopes and thus compare these with 
the mass differences determined from molecular spectra or by the mass spec- 
trograph. For most of the reactions of Table II the masses are so badly known 
that it is possible to explain the whole variation as due to error in the masses. 
In Table III we list only those reactions for which the mass differences are 
sufficiently well known to indicate significant agreement or disagreement be- 
tween calculated and observed values. In securing the calculated values from 
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TaBLe IIT. Mass differences of pairs of isotopes assuming that the mixture 
ts in equilibrium at 10° degrees. 











Mass difference Mass difference 
No. Tsotopes calc. observed 
O'8 —O'% (2.0065) 2.0065 
9 B'—B 1.0027 0.9975 +0.002 
8 OVO! 1.0036 1.0029+ ? 
11 Cc8-—Cr 1.0033 1.0003 +0 .0013 
12 C8-—Cr 1.0035 1.0003 +0 .0013 
13 N4'—N 1.0034 0.9949 +0 .0033 
14 NS'—N' 1.0036 0.9949 +0 .0033 
10 NS'—Ni 1.0003 0.9949 +0 .0033 
or C8-—CP 0.9949 1.0003 +0 .0013 














these reactions we have used the mass difference of O'8 and O'* as 2.0065 and 
then deduced the mass differences for two isotopes by assuming that the 
preceeding calculated values are correct, except in the case of the last reac- 
tion. In this case we first took the experimental value of the C’—C® mass 
difference and calculated the N'*— N“ mass difference and second we took the 
N'— N* experimental value and calculated the C’—C"” value. The number 
in the first column indicates the reaction of Table II used in the calculation. 

Only in the case of the O'7—O'*® mass difference is agreement indicated. 
Assuming other temperatures than 10°, we found equally bad agreement. We 
conclude that the observed relative abundances of nuclei are not in agree- 
ment with the hypothesis of a thermodynamic equilibrium at any tempera- 
ture. 

In conclusion we may say that we recognize that the extrapolation from 
the secure ground of thermodynamic experiment is very great and that un- 
known effects may be important, such as the effect of large radiation density 
at these temperatures. We feel also that the current theories in regard to the 
history of the sun with its probable large loss of mass favor the hypothesis 
that the relative abundances of nuclei are determined by their rates of conver- 
sion into radiation rather than the hypothesis that they represent a thermo- 
dynamic equilibrium mixture. 


Note added in proof: Tolman* has made a similar calculation for the trans- 
mutation reaction, 
4H—He, 


and comes to the same conclusion as we do in this paper. Because of the very 
large discrepancy between the calculated and the observed values for the 
hydrogen in equilibrium with helium, his calculation is probably more con- 
clusive than ours. The particular reactions which we discuss in this paper are 
particularly nice, however, because it is unnecessary to make any assump- 
tions in regard to the absolute concentrations and because deviations from 
ideal solution laws do not enter into the calculations. 


2 R. C. Tolman, J. Am. Chem. Soc. 44, 1902 (1922). 
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ABSTRACT 


1. Introduction: light quantum theory and quantum electrodynamics. 

2. Extreme light quantum theory; spin of quantum; wave equation for quanta; 
eigenwerte and solutions of the equation; electrostatic quanta; angular momentum 
and selection rules; Lorentz covariance; theory of the charge-free field; quanta and 
electrons. 

3. Quantum electromagnetics; reformulation to treat progressive and spherical 
waves; integrals of momentum and angular momentum; new introduction of light 
quantum equation; distinction between field and corpuscular theories; zero point 
energy, negative energies, and electromagnetic mass. 

4. Interaction of quanta and charges; critique of light quantum theory. 


HE quantum theory of the electromagnetic field! gives a unitary treat- 

ment, on the one hand of the electrostatic fields, and, on the other, of the 
theory of radiation. The distinction between electrostatic and radiation fields 
may be preserved in the general theory; for it is possible to put, on this theory, 
the total energy of a system of field and charges in such a form, that the con- 
tributions from the two fields remain distinct. In this total energy there are, 
in addition to the kinetic energy of the charges, terms of three kinds: (a) the 
electrostatic interaction energy of the charges with each other and with them- 
selves; (b) the energy of the light quanta, to which must be added an infinite 
constant, corresponding to a half quantum of energy for each component of 
the radiation field; (c) the interaction energy of the charges and the radiation 
field, which gives the magnetic interaction of the charges, the infinite proper 
magnetic energy of the charges, and those interactions which give rise to the 
absorption, emission, and scattering of light quanta. 

The terms (b) and (c) are quite similar to those which appear in the 
relativistic extension? of Dirac’s light quantum theory. There are nevertheless 
points of difference between the two theories. Some of these differences are 
altogether trivial; but there are a few which are rather deep-lying. We may 
cite a few examples of this divergence: 

A. In the field theory, the electrostatic field is an integral and inevitable 
part of the electromagnetic field; only when it is included can one establish 
the invariance of the scheme under space rotations and Lorentz transforma- 
tions; but in the Dirac theory there is apparently no place for an electrostatic 
field, and Lorentz covariance may be established without considering such a 

1 W. Heisenberg and W. Pauli, Zeits. f. Physik 56, 1 (1929), and 59, 168 (1930). Cited as 
HPI, and HPI. 

2 e.¢., 1. Waller, Zeits. f. Physik 61, 837 (1930). 
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field; on the other hand the behavior of the scheme under space rotations had 
not been investigated, and it has therefore not been possible to establish con- 
servation laws for angular momentum, nor to derive from them the selection 
rules. 

B. There is in the Dirac theory no analogue to the infinite zero point 
energy which, on the field theory, must be added to the energy of the quanta 
in the radiation field. On the other hand we should expect in a completely and 
consequently corpuscular theory of light to meet with negative energies for 
the quanta; there is apparently no analogue to these negative energies in the 
field theory. 

Of course all these points are not unconnected; it will be in part the pur- 
pose of this paper to study the connection between them, and to see which of 
the points of difference arise from an incompleteness of the present theory of 
quanta, and thus may be dissipated by extending the theory, and which are 
fundamental and persist. It will turn out that in all the points mentioned 
under A, the light quantum theory, when properly extended, is in full agree- 
ment with the field theory; but that in the points of difference B, there is an 
irresoluble disparity between the two theories. But before we may profitably 
make the comparison, we shall have on the one hand to develop a somewhat 
more complete light quantum theory than that of Dirac; and on the other 
to make minor formal changes in the Heisenberg-Pauli field theory. It will be 
easy then to answer the questions which we have put. 

2. 

We shall begin by developing an extreme light quantum theory, and for- 
get for the time all connection with Maxwell’s equations. We shall postpone 
too a treatment of the interaction of quanta and charges, for this treatment 
is most readily given after the connection between light quantum theory and 
quantum electrodynamics has been established. Our present problem is to 
find the wave equation for the de Broglie waves of the quantum; the theory 
of the field we shall then obtain by a suitable quantization of the de Broglie 
amplitudes. 

In obtaining the wave equation we may be helped by a consideration of 
the integrals of angular momentum for light quanta. There are in particular 
two selection rules for the absorption and emission of radiation by matter, 
which should follow from the conservation of angular momentum, and the 
properties of the quanta which appear or disappear. These rules apply strictly 
to angular momentum measured about a space fixed point, and only with high 
approximation (see Eq. (9) ) to that measured about the center of mass of a 
heavy atom. The rules assert: I. That the component of atomic angular mo- 
mentum parallel to the direction of motion of the quantum absorbed or 
emitted changes during the process by one Bohr unit; the sign of the change 
is determined by the polarization of the quantum; II. That the total angular 
momentum of the atom may not remain zero during the process of radiation. 

There is a third more qualitative rule, which asserts that the probability 
that on emission or absorption there be a change of more than one unit in 
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total atomic angular momentum, that this probability is small when the wave 
length of the light \ is large compared to the dimensions a of the atom, and of 
the order 

(a/r) 


for a change of atomic angular momentum of 1+6 units. To establish this rule 
one must know something more of the interaction of quanta and charges be- 
yond the validity of the conservation laws; we shall be able to derive it later. 

But these rules already tell us what we need to know: the component of 
angular momentum of a light quantum parallel to its direction of motion 
must be plus or minus one Bohr unit, according to the polarization of the 
quantum; the total angular momentum of a quantum about any point must 
be an integral number of Bohr units, and may not vanish. If these statements 
are true, the conservation laws will give us the selection rules. 

It should be observed of course that these rules refer to the eigenwerte of 
the angular momentum. There are many radiation processes in which the 
components of angular momentum of the atom are not determinate; but if we 
render them determinate, by the use, say of magnetic fields and circularly 
polarized light, then the rules will hold. We may also mention that the 
second and third rules, which refer to total angular momentum, could be de- 
rived classically, and that this is in fact historically the origin of the selection 
rules. But classically the first rule makes trouble; for a strictly plane electro- 
magnetic wave has no component of angular momentum parallel to its vector 
of propagation. Such a component can not arise from orbital angular momen- 
tum; one may, if one chooses, ascribe it to a spin of the quantum. But unlike 
the electronic spin, the spin of the quantum is a whole, not a half unit; yet it 
has two, and not three-eigenwerte; zero is not an eigenwert. Further, the total 
angular momentum of a quantum may not vanish; spin and unit orbital angu- 
lar momentum may not be antiparallel. These are the facts which must guide 
us. 

Now the second order relativistic equation which we should try first for 
our wave equation is the equation of the retarded potentials, which might 
serve for a particle free of forces and of vanishing mass 


OYy= {\A—daZly =0 with ata (1) 
c Ot 

This equation is in several respects unsatisfactory. Here, just as for the elec- 
tron, we should want a linear equation, in order to obtain a suitable density- 
flux vector with vanishing divergence. We want, too, more than one kind of 
quantum for given vector of propagation, since we must describe somehow 
the polarization of the quantum. Also the integrals of angular momentum 
come out wrong. The corresponding operator is 


L = (h/2ri)[r X ¥]. 


The eigenwerte of the component Ah/ 27 parallel to the vector of propagation 
are zero; and the eigenwerte of the total angular momentum /, with 
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ll +1) = (4n*/h*) 1? (2) 
a 
Now some years ago Jordan suggested that we take account of the polar- 
ization of light quanta by using* Pauli’s spin matrices 6. With their help we 
can factor (1), and obtain the two component equation 


(oT) + a,ly = 0. 


Here ¥ no longer behaves as an invariant under space rotations, but as a 
spinor of the first rank. We know, however, that it will be impossible to 
associate such a spinor with any electromagnetic field strength or potential; 
for the whole of classical electromagnetics involves vectors only. Here the 
angular momentum operator is 


h 
L=(h 2ri)|r x v| + 6 
dir 
and gives for the eigenwerte 
| 1 s @ 
Xr =a + : ] —_ . ‘ Le 
2 22 


This suggests that we should try a three component theory. We introduce 
a new 


¥ = (vi, v2, Hs) 


and in place of the 6; three three-row matrices 7; which are the components 
of a vector 


ees (r1, T2,; T3). 
We let the 7; satisfy the commutation laws 
le X «| = ie (3) 


so that they have the eigenwerte 0, +1. We shall have occasion to introduce 
explicit matrices for the 7; later. We write now for our wave equation 


le 0) + aly = 0. (4) 
The properties of the solutions of this equation are easy to study. The 
density—flux vector has the components 
WwW; ori 


and on the basis of (4) its divergence vanishes. Thus cr plays in some respects 
the part of the velocity; the eigenwerte of the components are 0, +c. Further 
the energy and momentum are given by 


E = (he/2ri)d.; p = (h/2ri)¥ 


3 P. Jordan, Zeits. f. Physik. 44, 292 (1927). 
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so that (4) is just 
E = (p-v). (S) 


As in Dirac’s equation for the electron, velocity and momentum may have 
opposite sense, and the energy may be negative. To each value of the mo- 
menta, there correspond three solutions of (5), with the eigenwerte 


E=0, + pe. 
If we look for monochromatic solutions of (4), setting 
Ye = co tely, = ec trivty; 
we find 
(<-V)u = iwt. (6) 
From this we deduce 
wlA + w?]u = 0. (6a) 


Thus any uw constant in time is a solution of (4). Solutions which vary in time 
must satisfy (1). 

We may learn more of these solutions by considering a special case. We 
look for solutions in the form of a plane wave, so that they depend upon the 


coordinates only through the common factor 
eft. 


We may then take 7; diagonal, and obtain the three solutions of (6) 


w = ke; uw, = c'*- ue = 0; uz = 0; 
w = 0; u, = 0; to = O'*;: us = 0; (6b) 
w= —ke; m= 0; to = 0; us = ef*:- 


Now with this choice of 73, the u; transform under a three-dimensional rota- 
tion like the components of a spinor of the second rank 
uy ~ 2° eB(y + iy) 


Yeat~ — 3 


| 


uy ~~ 2-'/2¢-8(y — iy). 


The solution with a =0 thus has the vector U of which the w’s are the “spinor 
components” parallel to the vector of propagation; whereas for w#0, this 
vector lies in a plane perpendicular to the vector of propagation. This sug- 
gests that the solutions with w=0 will turn out to have something to do with 
the static solutions of Maxwell’s equations, and that the solutions with 
w+ 0 will be connected with the light quantum solutions. 

Note on notation. We shall have, in the following to distinguish between 
three and four vectors, and their spinor components. In general we shall use 
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capitals for the vector, small letters for the spinor, components; further we 
shall use latin indices for three-greek indices for four-vectors and spinors, and 
shall use a raised index for contragredience, and adopt the summation con- 
vention. Since we shall not use the spinor components in four dimensions, but 
rather components which are half spinor and half vector, we give here a table 
of the notation and components: 


Thus 


Se-+: 


2 49 


2-125, + iS,), — 8: 2-8, — iS,)] 


2-127, — iS,), — S:, 2-'/2(S, + iS,)] 
as Sy, Se, $4} 
$803 — 3:3 


2-1/2(§, + iS,), — S:, 2 
Sy), — S:, 2-8, + iS,), — Si}. 


(5, — éS,), Si} 


to 
to 
— 
, 
<2 
> 
~ 
S) 


Finally, we shall use 0; for the spinor components of the gradient ¥;. 

We may define the angular momentum operator by considering an 
infinitesmal rotation of coordinates. Thus, if we make such a rotation 4; 
about the z-axis, and if the corresponding change in the z's is 6”, then the s- 
component of the angular momentum L. is given by 


bu = (2ri/h)L.usb, = |x(0/0") — v(0/dx) + irs ]ud,. 


So we find 


L = (h/2ri)|r X ¥| + (h/2z)t. (7) 


The Eq. (6) is invariant under a space rotation, and the components of L 
are constants of the motion of the quantum. In particular, for plane wave 
solutions, the component of LZ parallel to the vector of propagation commutes 
with the momentum, and has the eigenwerte 


wo=0; \=0 
w—QO0; Ar + I. 


The total angular momentum defined by (2) also commutes with the energy, 
and has the eigenwerte 


The value 0, cannot, however, occur except when w=0. For if /=0, then 


<= —ilrX yl}. 


If we put this in (6), we get at once 


wu = — ([r X ¥|-V)u = 0. 


Thus we see that (6) gives to true light quanta, with w~0 the correct inte- 
grals of angular momentum. From these, and the conservation laws we may 


deduce the selection rules I and II. 
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Now to each vector of propagation there are, as we have seen, three 
solutions of (6); but if we fix the energy, choosing it for instance positive, 
only one solution survives; we get only one possible value for A, and thus only 
one kind of polarization. If we wish to exclude negative energies, then (6) 
will not give us all the solutions we need, and we shall have to add another 
set, the solutions of an equation analogous to (4), but with matrices 7’ which 
satisfy, instead of (3) 


[e’ xX e/] = — ie’. (3’) 
Then we write 
[(e’ A) + 0.|p’ = 0. (4’) 
The angular momentum is now 
L' = h/2xilr X V| — h/2re. (7’) 


To each k and w#0, we now have two solutions of (4) and 4’), with A=+1 
respectively. We can of course write the two systems (4) and (4’) as one, if we 
use a six component wave function, and reduced six row matrices, which 
have the 7's and the 7’’s along the main diagonal. In this system of equations 
we can exclude by an auxiliary condition the solutions for which the energy 
is negative. We have only to use the improper operator \/A which was intro- 
duced by Landau and Peierls, and to write*™ 
Ow = — Vay. 

But when we come to introduce the interaction energy of quanta and charges, 
this condition will no longer be consistent with the equations of motion for 
the y's, since we shall always have terms in this interaction which give rise to 
a spontaneous emission of quanta of negative energy. It is not possible in 
this theory to exclude quanta of negative energy. 

It will be convenient for us later to have the solutions of (6) which make / 
and L,=m, say, diagonal; these may be obtained in polar coordinates, with 
the polar axis parallel to s. For w#0, 140, we get two such solutions, with 


w= + ke 
each of the form 
. (m) | (tH) 
ujo'™ = 4 Do; Piial js (8) 
e=0 41 


Here 4. =m+1, ws =m, ws =mt—1; the P’s are associated Legendre functions 
of cos @, the J’s may be given in terms of Bessel’s functions by 
ro ihr) 
Tq = (kr) Jap iye 
and the c’s are constants which do not in general vanish, and which take on 
different values according to whether w= + kc. For the choice of the matrices 
7, given in (10), the c’s may be taken real, and to satisfy 


(m) (—-m) (m) (—m) 
C1 =Cea >; Co =C 3 Ss =0, +1. 


%* Tandau u. Peierls, Zeits. f. Physik 62, 188 (1930). 
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For /=0,w=0, and for ju; =/, the first term on the right side of (8) does not 
appear. 

We may use (8) to derive the third of our selection rules. \We shall show in 
the next sections that the probability of the emission or absorption by an 
atom of a quantum in a state 7 is given essentially by the square of the modu- 
lus of the integral 


+ 
B = dV u;"s' 
ie 


where the vector S is the current density vector of the atom. Now when the 
wave-length 27/k of the quantum is large compared to the dimensions a of 
the region in which S is appreciable, we may expand the functions J in the 
integral B about the center of mass of the atom, taken as origin, and station- 
ary. Thus we find that if /,=1+6, B is small of the order 


(ak)?. 


This makes the probability of absorption or emission of a quantum with 


1/=1+6, small of the order 
(ak)? 


and gives, in conjunction with the conservation laws for angular momentum, 
the third of our selection rules. By a similar argument we may take account 
of the recoil of the atom as a whole upon absorption or emission. This recoil 
will be small when the atom is massive compared to the quantum; it gives rise 
to a probability for a violation of the selection rules for angular momentum 
measured about the center of mass of the atom. This probability is of the 


order 
(hk/ Mc)? (9) 


where J/ is the mass of the atom. For ordinary light this probability is ex- 
tremely small. 

Although, as we have seen, our fundamental Eq. (4) is covariant under a 
space rotation, it is not Lorentz covariant. From (6a) and (6b), we see that 
the reason for this noncovariance is the occurrence of zero eigenwerte for the 
t’s and for w. This suggests at once that (4) is a degenerate form of a set of 
four simultaneous equations for four V’s, involving three four-row matrices 
pi, of which the 7; are certain three-row submatrices; and that these four row 
matrices p; must have the eigenwerte +1, each twice. A simple investigation 
of the behavior of (4) under a Lorentz transformation will make this clear. 

Let us take for definiteness our 7; in the form 


0 Gi 0 0 1 90 
mr = 24 -j O +i J; tr = 2-7? 1 0 -1 
0 -i 0 0 +1 0 
1 i) 0 
mr={ 0 O O ). (10) 


0 0 —1 
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This gives us for the transformation properites of the V; under a three-dimen- | 
sional rotation 


vi ~ 2-12(x + Zy) 
¥2~ —2 
v3 ~ 2-'/2(x — iy). 


Now consider a Lorentz rotation in the z—¢ plane. We should expect V2 to 
transform like the z-component of a covariant four-vector; let us call the 
t-component of this vector V4. Then we see that in the transformed Eq. (4), 
new terms appear which give just the four-divergence of V. This suggests 
that we should so extend our matrices 7; that the fourth row and column refer 
to V4, and that the fourth equation makes the four divergence of VY vanish. 
Thus we may take 


( O+:i O-1 | 0 1 O-i | 
| i 0 +i 0 | ,) 1 OF! 0 | 
ie ital 5 pe = 2-12) 43 
0 -i o=1 | O+1 OF: | 
l-1 o-1 0] iti O-i 0) 
(1 0 0 0} 
/ 0 0 O-1 | (11) 
"| 0 0-1 0 
0-1 0 0) 


This gives us p;?=1. The p,; each have the eigenwerte +1, each twice; they 
no longer satisfy (3). 
The system 
{(o-v) + aJy = 0 (12) 


is now Lorentz invariant. Our Eq. (4) 
{(77-v) +aly =0 


follows from (12) if we set 


V4 = ), (13) 
But we obtain from (12) the further condition 
OY; = Vii = 0. (14) 


The three divergence of the three vector Y must vanish. This condition 
makes the solutions of (4) for which w=0, reduce to constants. Here again 
we see the connection between these solutions and those solutions of Maxwell’s 
equations which give the electrostatic field: in the absence of charges there 
may be no such field. 
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The equations (4) and (14) are themselves Lorentz covariant, if we trans- 
form the y’s, not as the spatial components of a four-vector, but as the 4—k 
components of a self dual six vector. This six vector V,, may be completely 
determined by giving its +— components in terms of the y’s: 

Wai = 1/2! "(Wn + Ws); Vy = 1/2! “(Wi = Vs); Vg = — pe; Vay = 0. 
We can of course use a similar procedure for making (4’) Lorentz covariant. 

These equations may all be written very simply in spinor notation. For 
(12) we get , 
Ony*' _ 0 (12’) 


while for the system (4) and (14) we have 
owt = 0. (12’’) 


For the system corresponding to (4’) then 


ay = 0. (12”’) 


These last two systems have the same form as Maxwell's equations for the 
empty field.6> We should therefore expect to have to add on the right hand 
side of these systems essentially the four-vector charge and current density of 
matter; we should then have the correct interaction between quanta and 
charges. The precise form of these terms will be given in section 3. 

This spinorial form for the wave equations lets us see at once a very grave 
and inescapable defect of the theory. The equations themselves are co- 
variant; but the Lagrangian from which they and their complex conjugate 
equations may be deduced is not a scalar density. This has important and 
disastrous consequences, for it means that the energy density of the quanta 
is not the 4-4 component of a second rank tensor, nor the momentum density 
the 4-k component of such a tensor. Further, and equally disastrous, the 
density and flux of the quanta do not form a four-vector, so that these quan- 
tities may surely be given no simple physical meaning. All of these results 
follow at once from the circumstance that one cannot construct an in- 


variant which shall be linear in ° 
aw" 

and linear in the complex conjugates of the y’s: 
yim 


nor make a four vector bilinear in y"‘ and y'™. This is impossible both for the 
system (12’) and the systems (12’); and we can see at once that it will be 
impossible for any system in which the y’s are spinors of even rank—i.e. 
world vectors and tensors. If we wish to have a positive definite particle 
density of the form 


Vin 


* O, Laporte aid G, Uhle .beck, Phys. Rev. 37, 1380 (1931). 
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which shall be the four component of a four vector, then our wave functions 
must necessarily be spinors of odd rank. This is the essential ground for the 
impossibility of a completely satisfactory light quantum theory. 

The fact that the energy density of the light quanta cannot be written in a 
proper form means that the conservation laws for a system of quanta and 
charges cannot be made covariant. We shall see another expression of this 
difficulty when we try to write down the interaction energy of the quanta 
and charges. And this difficulty will persist as long as we want to write our 
energy density in the form _ 

Yay. 
If we give up this condition, which is essential to a truly corpuscular theory, 
we see at once that 

prep’ 
gives us a satisfactory energy momentum tensor; this leads then to a system 
completely equivalent to classical electrodynamics, and the equations (12’’) 
become then just Maxwell’s equations for the empty field. By a suitable 
quantization the classical theory may of course be made to give a theory of 
the light quantum field. But as already pointed out by Landau and Peierls, 
it is then no longer possible to define a positive definite light quantum density, 
nor to treat the quanta as particles. 

As long then as we are concerned only with the empty field, our equations 
will be satisfactory. We have only in some coordinate system to set up (4), 
and to retain those solutions for which w does not vanish. This procedure will 
be Lorentz’ invariant, and will give the correct eigenwerete for the dynamical 
integrals of the quanta. We cannot however extend our theory without great 
arbitrariness to the case where charges are present, and interact with the 
quanta. To do this we have first to study the connection between our wave 
functions V on the one hand, and the electromagnetic potentials and their 
treatment in the quantum mechanics on the other. It is this inability to find 
without the help of classical electromagnetics the correct form for the inter- 
action between quanta and charges that makes us believe that the light quan- 
tum theory is not in the end very fundamental, and that the analogy between 
light quanta and electrons, however attractive from the formal point of view, 
is not very deep lying. But before we pass to the electrodynamical theory, we 
may say a few words of this analogy. 

If we wish to make the transition from the theory of a single quantum to 
the theory of a field, in which many quanta satisfy the Einstein-Bose sta- 
tistics, we have only to write down the: crrect commutation laws for the wave 
amplitudes V,. 


[vu(P), v(P’)]=(h/2ri)s,,6(P — P’); |v.(P) WP) = [VCP), ¥.(P)] = 0. 


The theory of such a system is very simple, and very closely analogous to the 
field theory for Dirac electrons. The Lagrangian is 


L = — (hi/2wi)y} (9+ ¥) + dh¥. (16) 
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Setting Y,=0 gives us the supplementary condition (14). and the new Lag- 
rangian 


L = — (he/2rip{ (2-0) + aby. (16a) 
We may list here some of the principal operators 2 which gives us the dy- 


namical integrals of the field, together with the eigenwerte which we find for 
the integrals of these densities: Q = /dVyQ 


Operator Q. Eigenwerte of Q. 
SE Sere er eee 0,1,2--- 
Ed wae eke et oe See ee eas c(O, +1, +2---) 
eee ere Cp D>: hy,(0, +1, +2,---) 
Momenta......... Ee ee hv,/c(O, +1, +2,---) 
Angular | (h/2ei[r XV] +h 2ee..... h/2e(0, +1, +2---) 


momenta f 


It should be observed that the energy may be positive or negative, and that 
there is no zero point energy. 


Now we shall see in our next section that it is possible, by a somewhat 
different choice of Lagrangian, to pass from this extreme light quantum 
theory to quantum electrodynamics, in which the energy in the field is al- 
ways necessarily positive. We might now ask the question: Is it possible to 
find a similar trick for the theory of the Dirac electron, so that, perhaps at 
the expense of an infinite zero point energy, there would be only positive 
electronic energy levels? It turns out that we can find such a trick, rather 
simply, and we shall do so in our next section. (See Eqs. (37) and (38).) In 
this treatment a group of noninteracting electrons has only positive energy 
levels. If, nevertheless, we do not believe that any method of this kind will 
be of fruitful application, it is because of two major difficulties which appear. 
The one difficulty is this: if we apply the method to the study of a single elec- 
tron in a field of force, we find that the dynamical problem is always de- 
generate: for each energy there are wave functions which we should asso- 
ciate with the motion of particles of positive and negative charge-mass ratio 
e/m respectively. Radiative transitions between the corresponding states no 
longer occur; but we find energies and wave functions which are not found in 
experience; and in particular Klein’s paradox, the abnormal transparency of 
high potential barriers to slow electrons, still persists. The other fundamental 
difficulty is that with this method, using the new Lagrangian (38), it is not 
possible to make the electrons satisfy the exclusion principle. For these rea- 
sons we cannot regard this attempt to resolve the difficulty of negative elec- 
tronic energies as satisfactory. We shall not exploit further the analogy be- 
tween quanta and electrons. 


3. 


We turn now to the quantum theory of the electromagnetic field. The 
Lagrangian function for the empty field is 


Lo = 1/84(E? — H?) = 1/16r|Vabs — VsPa]?. (17) 
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Here E and H are theelectric and magnetic field strengths, and ® the four- 
vector potential. When charges are present we must add to (17) the term 


L; = S*%, (18) 


where S is the four-vector charge and current density. By a variation of the 
®’s we may deduce Maxwell’s equations; by a variation of the S., we may, 
after the addition of suitable inertial terms, deduce the equations of motion 
of the charges. 

If, asin HPITI, we simplify the analysis by setting 


then the four Maxwell equation 
div E + 4rp = 0 (20) 


no longer follows from a variation of the ®,’s in L; we have to add (20) asa 
supplementary condition on our wave functions, in addition to those which 


now follow from the variation principle: i.e. our wave functions, F say, must 
fulfill 


{div E+ 4xplF = 0. (20a) 
The momenta canonically conjugate to the ®; are 
1 . 
dae 


We thus have the commutation laws 


(1(P), ¥(P’)] = (h/2ri)s;6(P — P’); [I P), 1,(P’)] 


= [(P), o(P’)] = 0. (21a) 
The Hamiltonian is 
Hy = fav (arene + 1/8r[v xX &|?}; 7; = — favsvt.. (22) 
The components of momentum are 
J, = fava. (23) 


We shall see later the consequences of this disparity in form of the operators 
for energy and momentum; for the present it will be enough to remember that 
in spite of this, and in spite of the convention (19), the scheme is Lorentz 
invariant, in the sense that the equations fulfilled by all gauge invariant 
quantities, such as the field strength and energy, are covariant under a 
Lorentz transformation. The equations for the ®’s themselves are not co- 
variant; but one may, after a Lorentz transformation, return to the original 
equations by a new choice of gauge (Umeichung). 
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In nearly all the applications of the theory, it is convenient to introduce 
normal coordinates for the empty field, and to take the amplitudes of the 
corresponding oscillations as dynamical variables to replace the ®’s. This may 
be done in a number of ways. Thus in 7PJ and JJPII, potentials and field 
strengths are expanded in trigonometric functions of the coordinates, in such 
away that the tangential component of H and the normal component of E 
vanish at the boundary of a fundamental cube of dimensions L, which is 
chosen large compared to the region in which there are charges. This is equiva- 
lent to enclosing the system in a large box with perfectly reflecting walls; and 
the orthogonal functions represent plane polarized standing electromagnetic 
waves. Now there are many problems in which it is convenient to have the 
electromagnetic waves correspond to definite values, say, of the momentum 
or the angular momentum. For such a treatment one has to use new boundary 
conditions, and new orthogonal functions. When we carry through the neces- 
sary analysis, we shall be able to see very clearly the points of analogy and 
the points of disparity between the field theory and the light quantum theory; 
and this, rather than the convenience of the new schemes in application, is 
the reason why we shall give in some detail the elaboration of methods sub- 
stantially equivalent to those already in use. 

There are three cases which we shall consider; of these the first may be 
regarded as more or less preliminary; the orthogonal functions are to repre- 
sent: (a) plane polarized progressive waves of definite momentum;! (b) circu- 
larly polarized progressive waves; (c) spherical waves of definite angular 
momentum. The boundary conditions for these three cases are pretty obvious. 
In order to have only an enumerable set of oscillations, we shall still con- 
sider a finite but large volume V. In (a) and (b) we may take this to be a cube 
of length L, and may require that potentials and field strengths be periodic 
in this cube. As long as the dimensions of the cube are very large compared to 
those of the region to which the charges are confined, we may neglect the 
image fields of the charges in neighboring cubes, and our formulae will give 
us results which may be readily interpreted. For (c) we must take our funda- 
mental volume spherical, and may for convenience demand that the poten- 
tials vanish on the surface of the sphere. It is in all cases quite easy to see 
which properties of the field are affected by the boundary conditions, and 
which are independent of them. 


According, for (a), we set 


3 
(4arc/kV)1!2 >. > fir*qurete? 


P; => 
k t=1 
' (24) 
Il; = (k/4riV)}/2 >. > fir* peretk-r 
k l=1 


where k= (ki, ko, ks); Ri =(20/L)n;; n;=0, +1, +2,--- and where f,,* is 
given by the square matrix 


‘ Cf. for this E. H. Kennard, Phys. Rev. 37, 458 (1931). 
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i/l -> 1 2 3 

i €o(€1? + €27)~'/? —ey€3(€:? + €2”)-1/? é 

2 |— €,(€;? + €:?)~1/? ~— €geg(e,? + €2”)~!/* eas with 

3 | 0 — (ex? + €22)"? 3 ext = | ky| /k. 


In order that potentials and field strengths may have at all points real 
eigenwerte, we must have 


q—K = Qe; p-xi = Pri. (25) 


We write now k>0 when at least two components of & are not negative, and 
k<0 when at least two components are negative. If k>0, then gk <0. We 
use =,’ for a summation over all k>0. We get then the commutation laws 
(from (21a)) 


| Pei, Geer | = (h/2ri)b dw; k, k’ > 0 


[Dery quer’ | 
[Dery per] = [Gers queer] = [pary gee] = [per, Ger] = 0; &, k’ > O. 
For the energy we find 


Ho = E.+ DY DEn; Ee = Lil kepespis; Ex = ke{Perper + Purges} — (26) 
l=1 k 


k 
and for the momenta 
7 3 
J, = by D> Jin; Jina = iki {Prager — Print} . (27) 
k I= 


1 


The first term in (26) gives the electrostatic energy, and may be evaluated 
at once by the use of (20); it gives 


x, = y fav fav ; (28) 
r-r'| 


The second term in (26) gives the proper energy of the light quanta. Since 
[ Ext, Jini] = 0 


energy and momentum may be simultaneously reduced to diagonal form. 
To do this we make the transformation 


1/2 1 1/2 
° » | , - . ed 
| ai i(h 4dr)! vA TT) Ty ~~ Dopy\ 2Qhlys 


-1 4/2 1/2 
- . oa 4 ‘iad ’ 
Pir = t(h/ 4m)? Paine — Noel acrt ; 


1/2 


soit i. att a 
Pu = (h, 4) '/2) 0 wi ee + Peers okt ° 


eles? atl? PY 
Pir = (h, 4dr)? 1 wiNice t Nepal ett; 
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where V;,.,=0,1,2---,and 
Pich(N jer) = SN jee — 6:6 ee bu) Tice 
Poatl ae) = f{(Njev + oe 
Then we get for energy and momenta 


Ex, = hhke/2a(Nire + Novi + 1) = lat Nua + 3 + Naw + 1} 


; ; (29) 
J int => hk;/ 2r(.\ YS ea ‘A 2h FP 
If we now write for the light quantum terms in the potentials 
@; ina (4rc/kV)! 2 5 Tey Do fia® {qure’®”? + Qrie™ i( ker) (30) 
k j=l 
there are four terms in the light quantum interaction energy Sid,’ 
: : to Re 1/2. Dinh. ae 
Sid! = — i(he/kV)'? DS DV Sifia’ (CMe ace — Poe anaet* 
k l=1 
—1 1/2 1/2 oe 
— (PraNier — NeowiPoxade i(k,r) } (31) 


which involve the factor e*‘*”. For each kind of polarization there is a term 
which gives the absorption of a quantum of momentum kh/2z7, and one which 
gives the emission of a quantum of momentum —ki/2r. 

There is a zero point energy, but no zero point momentum. We see 
formally that this difference arises from the circumstance that the J; are 
linear, but JZ is quadratic, in 0/dx,. It is this same circumstance that gives us 
both positive and negative momenta, but only positive energies. If we were 
to give up the condition that potentials and field strengths were necessarily 
real, then the energy would no longer be positive definite; in addition to (25), 
we should also have solutions of the form 


gan = —-Qu; Pn = — pu; (25a) 
and our energy would have positive and negative eigenwerte 
Ex = hat Ni — Nia + Next — N'our}. (29a) 


There would be no zero point energy; but in such a system there would be 
spontaneous gain in energy by atoms at the expense of the field, as well as 
spontaneous emission. The light quantum theory gives a situation very much 
like this. 

The interaction terms (31) are precisely those obtained by a direct rela- 
tivistic expansion of Dirac’s light quantum theory; they are the most con- 
venient form for the study of the emission, absorption and scattering of hard 
light. 
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To treat (b), circularly polarized light, we may make a preliminary trans- 
formation 


go: = 3 = 2''*(o, + iby); G2 = — V3; 
- (32) 
ni = x = 2-211, — ill,); 72 = — Ills. 
The new commutation laws are 
|r'(P), ¢)(P")| = (h/29ri)6;6(P — P’) 
(33) 
[r(P), e(P’)| = [o(P), (P| = 0. 
For the Hamiltonian we get 
Hy = 2nc?*r'n; + 1/82 | (=-¥)O-(2-V)0} (34) 


where the 7’s are given by (10). Consider then the equation 
(2:-V)u = wu. 


This is just our wave equation for quanta. We shall choose as our orthogonal 
functions the normalized solutions “; of (4), which depend on the coordinates 
only through the common factor 

ei(ker): B; = Qen,;/L; ny = 0, + 1, +2,---. 


? _—_— 


We have studied these solutions, and know that to each k there correspond 
three solutions, withw=0, +kc. Here we must normalize the argument of the 
solutions, which we do by requiring that in everv case 


“lo = ge'\k.r) 


where g is real. Then, demanding as before that potentials and field strengths 
have real eigenwerte, we make the expansions 


(4ac/k)'!? y Df gets + Jiewtt; ke 
k w 


9; 


Tr’ 


(4mi/k)-!2 DO’ Sf promt? + ppg ho}, 
hk w 

Here, of course, 

u' = 3, u? = Me, «2? = Wy. 


This gives 


[Phos Gere | = (h/2wi)bueBow 


[Pros Gero] = [Pros Gero] = [Pros Pew] = [Geos ere] = 0 


[Diy Qurw’ | 


and, for the Hamiltonian 


Ho = Di'ke VeproPte + QL’ Vo | | Geudte. 
rf w k w 
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As before, the terms with w=0 give the electrostatic energy (28). The terms 
with w #0 give an energy 


hk, s,= hw 2a Nike + Vore + 1) 
and momenta 
Pe he = hk; 2 NV iw —_ Nox). 


Kor the special case that all V’s vanish except when & is parallel to s, the 
component of angular momentum parallel to s may be made diagonal, and 
has the eigenwerte 
tient 2 i= wee SF. Oe. « Nu). 
( kw>0 k.w>d J 
This leads again to the first selection rule of the preceding section. 
The interaction energy (31) takes the form 


1/3 


9 Z , 7 -~ . ie i \ 
S®?, = (he, k)} . ‘ ysimPe( Ny a i‘... = Pop o-Vorw) 
' 
; wll 


1/2 1 1/3 
i w , ’ . eed 
SU, . (.\ thal the ~ I Ikw-N Liw) 5 


Here, as in the light quantum theory, the solutions with w¥ 0 contribute noth- 
ing to energy, momentum or field, as long as there are no charges present. 

As another example of the use of (34), we may consider the case (c), using 
for orthogonal functions the solutions of (6) in polar coordinates which vanish 
on the surface of a large sphere. We have given such solutions in (8); we 
normalize their phase by choosing the c’s real. Here again the solutions with 
w=0 give the electrostatic energy (28). For the light quantum terms in the 
potential we have 


™ 4 i we -1 12 
o” = — ifhc/k)!? Yomi NanPom — VeioN ow) 
w,l,m=0 
we. = a 
—_ i(he, k)! ; > Shu ot me _ inin Fetait Sup taed 
w,l m> 


} 1°? 


i ,l/2 - = 8:2 ' 
+ ee awtml 2elm I ee Lest) 4 ° 
The energy of the light quanta is 


TI, = 7 dh) we, Qe V icim + Newt -+- 1) + hl w | {2a N win + 4). 


wl m>O w.l,m=0 
For the s-component of angular momentum we get 


L. = (h/2r) > Som(Nisim — Newtm). 
w.l m> 
By considering the possible changes in total angular momentum when one 
quantum is absorbed or emitted, we may derive the second and third selection 
rules of the preceding section. 
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Although in both the field theory and the light quantum theory we have 
had occasion to use the equations 


(tV)u = iwu; (*V)> + Op = 0; 


there are, even for the empty electromagnetic field, fundamental differences 
between the two theories. These may be summarized by comparing the 
Lagrangian functions of the two theories 


LQ: — (he/2mi) o[(2-¥) + a] (36a) 
Field: (1/8x)} | a! 2? — | (e-¥)o|?}. (36b) 


This difference brings with it disparate definitions of the conjugate momenta 


LQ: mi = — (h/2ri)9; 
Field: mr, = — (1/4xc)(0.¢,) 
and of the Hamiltonian 

LQ: (hc/2ri)o(2: Ve = cr'(*: Vd; 


Field: (1/8r)} | 0@| 7 +) (2: V)b| 24 = 2ac2wiag + (1/84) | (e- Vd) 2 


and accounts for the occurrence, in the one case of negative, in the other of 
infinite positive energies. 

The nonoccurrence of a zero point energy in the light quantum theory is 
of interest in connection with an investigation® of Heisenberg on the electro- 
magnetic mass of charges moving with a velocity close to that of light. One 
must require of a correct electrodynamics that it should give, for the electro- 
magnetic energy-momentum vector of such a charge, a four vector the length 
of which grows, in comparison with the magnitude of the time component, 
the energy, negligible as the velocity approaches that of light. Now Heisen- 
berg showed, that with the //P field theory, the vector did not have these 
properties, and that the reason for this failure lay in the infinite zero point 
of the field. In this respect the light quantum theory is more satisfactory. 
But as we shall see in the next section, when we come to consider the inter- 
action of quanta and charges, the light quantum theory gives not only to the 
magnetic proper energy, but also to the magnetic interaction energy of 
charges, a value radically different from that obtained on the field theory, and 
one hardly to be reconciled with experiment. 

For the treatment of the Dirac electron outlined at the end of the last 
section, one has only to make in the Tetrode Lagrangian for the electron 


(hi/2wi)p |, — (a-¥) + iyaolp (y = 2xmc/h) (37) 


> W. Heisenberg, Zeits. f. Physik 65, 4 (1930). 
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a change analogous to that from (36a) to (36b) 
cl 2 | l(a-¥) + ivan |y | $. (38) 


Here one has no condition on the reality of the ’s , and one obtains two com- 
plete systems of terms, corresponding to (25) and (25a) respectively. In each 
system the motion of a particle with positive and with negative charge-mass 
ratio e/m is represented. The particles necessarily satisfy the Einstein-Bose 
statistics. 

The interaction energies of field and charges given in this section have 
all been derived from the electrokinetic term 


S*Dy (18) 


in the Lagrangian. We have now to find what terms must be added to the 
Lagrangian of the light quantum theory, to give correctly the electrostatic 
energy of the field, and the elementary probabilities for radiative processes. 


4. 


When we develop the field theory by the methods of the last section, the 
interaction terms (18) of the Lagrangian appear finally in two ways, and 
give rise to the electrostatic energy and the energy of interaction of light 
quanta and charges. When we set Y,;=0, the supplementary condition on the 
wave function involves p: 


div E+ 4xp = 0. (20) 


With the help of this condition, the terms in the Hamiltonian which arise 
from those expansion terms of 


(1/8n)E2 = (2ec?)e? 


for which the orthogonal functions correspond to w=0, may be evaluated; 
they give the electrostatic energy of the field. The terms in 


SP; 


which appears directly in the Hamiltonian, may be divided into two groups. 
The one group, for which the expansion functions correspond to w=0, may 
be shown, as a consequence of (20), to contribute nothing to the energy. The 
other group, for which the expansion functions correspond to w#0, gives the 
interaction energy of light quanta and charges, and may always be put in 
the form 


i(he?/ | w| )¥? (N20, — Po! N20). 


Here the u, are a complete set of orthogonal functions (e.g. solutions of (6)). 
Now we may try to introduce into the Lagrangian of the light quantum 
theory 


L = — (he/2mi)o[(o-¥) + Jo 
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interaction terms which will give these same results. These terms must (1) 
have real eigenwerte; (2) be Lorentz invariant; (3) be linear in S, and not in- 
volve the derivatives of S, nor any other quantities referring to the configura- 
tion of the charges; (4) be linear in @ and ¢. These conditions very nearly de- 
termine the form of the terms. The condition (4) shows that we cannot hope 
to find for the interaction of charges and quanta a form like that given by 
the Hamiltonian theory in configuration space for the interaction of two 
charges. 

The conditions give for the most general possible form for the interaction 
terms 


Sad, + Sad, (39) 


where a@ is some operator not involving the field quantities. It is possible to 
find a formally satisfactory a; but one has to choose a very quaint operator 
indeed. The theory is satisfactory in the sense that it leads to the value (28) 
for the electrostatic energy, and gives the same values as the field theory for 
the probability of absorption or emission of quanta. This last assertion has 
of course to be modified, because of the occurrence of auanta of negative en- 
ergy, for which their is no analogue in the field theory. 

This occurrence of quanta of negative energy has an important conse- 
quence, in that it alters the value of the magnetic interaction energy of 
charges. The calculation is altogether analogous to the field theory calcula- 
tion,® except that now half the quanta emitted or absorbed have negative 
energies; and the effect of these processes gives a contribution to the energy 
of opposite sign to that of the processes involving positive puanta. As a con- 
sequence, one can no longer deduce Breit’s equation for the second order 
magnetic energy;’ in fact the terms of second order in v/c vanish. This is of 
course in flagrant contradiction with experiment. 

The operator @ has to be chosen, to obtain the best agreement with the 
field theory, in the form 


aw = eT /4(he)' Es, 


Here é is an operator defined by the relations 
t= 0,2; £0, = O¢? = 1; €- J Horetde = gti/icl/2 [ fore 1/2 iwtdyys 


This choice of @ gives at once light quantum interaction terms 


sig! = — i(he)"® Do V2(siny Ne Py = siteg VN") 
2 


of the desired form. Here again the terms from s‘y; for w=0 give no contribu- 
tion to the energy. The supplementary condition introduce by setting ,=0 
here becomes 


E' div @ = In(hc)-e-F4p; po idiv@ = 2w(hi) herp. 


6 J. R. Oppenheimer, Phys. Rev. 35, 461 (1930). 
7G. Breit, Phys. Rev. 34, 553 (1929). 
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With the help of this and the relation 
$0. = — if 'o-Elp 


we find for the energy in the field 


, 
Hy = — (he/2ni) f dVG0@ = >i(hw,/2n)N2 +} f av f rr 
w>0 \e—F )| 
as required. 

Against this formulation one may urge the gravest objections. Not only 
is the form of the interaction energy derived entirely with the help of elec- 
tromagnetic theory; this form itself is unsatisfactory because of the occur- 
rence of the improper operator £. Attempts to avoid the introduction of & lead 
at once away from the corpuscular theory to an alternative formulation of 
the field theory in terms of the complex vector E+i//. But to these formal 
objections to the theory of light quanta one must add that the occurrence of 
negative energies is in complete discord with experience, both in its direct 
consequences, which would give an apparent spontaneous absorption of light 
by matter, and in the value which it gives for the magnetic interaction energy 
of charges. And we must recall too the difficulties which arose in section 2, 
where we found it impossible to construct a scalar Lagrangian, a four vector 
density and flux, or an energy momentum tensor for the light quantum field. 
For all these reasons the theory developed in this paper is unsatisfactory. 
It is not impossible that when the occurrence of negative energies for elec- 
trons is fully understood, the theory of light quanta will be applicable. 
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ABSTRACT 


van der Waals forces between atoms without permanent poles may be described 
as resulting from the interactions of multipoles associated with quantum transitions 
of the atoms. When the atoms are far apart, the dipole interaction is the only appre- 
ciable one. But at distances of the order of the kinetic theory radius, higher poles, 
usually neglected, must be considered. This paper examines and evaluates three terms 
of the series of interactions: the dipole-dipole, the dipole-quadrupole, and the quadru- 
pole-quadrupole term, instead of the customary first term alone. The last appears to 
be in general small, but the dipole-quadrupole term requires consideration. Its effect 
is illustrated by plotting the potential energy curve for two helium atoms (a) neglect- 
ing the term, and (b) including it. The method outlined permits an easy estimate of 
dipole and quadrupole forces for all substances for which the wave function of only 
the normal state is known. 


I. INTRODUCTION 


N DEALING with the interaction between nonpolar, unexcited atoms ac- 

count has to be taken of two kinds of forces: repulsive forces due to the 
exchange of electrons, and attractive polarization forces. The former fall off 
exponentially near the gas-kinetic boundary of the atom, while the latter 
have a much larger range and predominate in the region where the wave func- 
tion of the atom is small. To calculate both types of forces by means of a 
coherent process of approximations is in general a difficult task which has 
been carried through only for hydrogen.' For helium the repulsive forces are 
known with good precision,? while for more complex substances rough ap- 
proximations have to be resorted to. Polarization forces have been calculated 
in the following manner: The classical mutual energy of the two atoms is 
written down as a power series in R™'!, R being the distance between nuclei. 
Of this series only the first term (proportional to R~* and corresponding to 
dipole-dipole interaction) is retained as the perturbing potential from which 
the wave mechanical energies are computed. The result is then usually added 
to the potential function representing the exchange forces and the sum is 
considered to yield the potential curve for the two atoms in question. The 
use of such a potential curve is certainly permissible in discussing phenomena 
which do not depend very critically on the exact position and depth of the 
potential minimum; it may well describe in a general way even the pressure- 
volume relations and other thermodynamical properties. But when accurate 
numerical agreement of theoretical and experimental data is desired, or when 


1 R. Eisenschitz and F. London, Zeits. f. Physik 60, 491 (1930). 
2 J.C. Slater, Phys. Rev. 32, 349 (1928). 
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dissociation potentials of polarization molecules are to be determined this 
procedure requires somewhat closer inspection. For the polarization forces, 
obtained as indicated, are definitely only asymptotically correct. Discarding 
those terms in the classical energy expression which arise from multipole in- 
teractions, if permissible at all, calls for justification. It is indeed to be ex- 
pected that they are not all negligible in the region of the potential mini- 
mum.* This paper has the purpose of showing that, while higher poles may 
be neglected, the interaction between dipoles and quadrupoles furnishes an 
appreciable contribution to the van der Waals forces. This will be illustrated 
by an application to helium. 


Il. THe PERTURBING FIELD 


The classical perturbation function which we are seeking is the mutual 
potential energy of two neutral molecules with nuclei separated by a distance 
R, and it is desired to express this energy conveniently as a series of inverse 
powers of R. For simplicity, we shall first consider two H-atoms. The poten- 
tial @p at a point P(r) produced by a proton at 0 and an electron at 7 is 
o,+¢@_ and may, if we suppose r>r, be developed in a Taylor series as 
follows: 


e e 0/1 0/1 0/1 
ee ~~ — + Ea) + ( —I+a- ( — 
r r Ox\ r Oy\ r Os\ r 

1 ge a / 1 x af ee a /1 

a 2-3 + ye —— + 2° — + Jey, Paar: — 

2 Ox*\ r OvA\r Os°\r dvOx\ Fr 

 / 1 o / 1 

+ 298: ——4 — } + 2213: —i- 

dvds\ r Oxds\ r 


If we are not interested in interactions due to poles of higher order than quad- 
rupoles we need not consider more terms than those written down; this limita- 
tion will be justified later. Using for the present the convention of summing 
over like indices and putting x', x*, x* for x, y, s we may write 


a) 1 Os 1 
oes 42°“ — — 2 te ( a = 8 (1) 
Ox 2 Oxv' dx? r 





Placing now another H-atom with its proton at P and its electron at r, rela- 
tive to P the mutual potential of the two becomes, again by a Taylor expan- 
sion in which the first three terms are retained, 


0 1 o* 
V =eop — eop — ‘a - + — vo* ve! jor 


On; 2 Ox Ax! 


fo, @ ? a3 . a3 
= — e* aslaadl a ae aes Xy'x1! Xo" STs a Xi Net xe! aie reeemeea 








Ox'dx* 2 Ox'dxidx* Oxi dx Ax! 


1 _— ot 1 1 
oe 41'X1! x9" xe! Sea a ee ee + 
4 Ox'dx!dx*dx! f r 


3 The possible significance of quadrupole forces was pointed out to the writer in a discus- 
sion with Professor J. Frenkel, as a result of which the present computations were made. 


(2) 
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on account of (1). The first term in { } describes the dipole-dipole action, the 
second dipole-quadrupole action, the third quadrupole-quadrupole action. 


Carrying out the differentiations, putting r= R and then placing the x-axis 
along R we obtain 


2 
R3 
eo ( 1 ) 
a es Oe 
Oxv'idxn'\ r ——ifi=k=2o0r 3 
R3 


0 otherwise. 





6 if . . 
- Re ifi=jy=k=il, 
an 
axidxian"\r] — if J=kFA1,i1=1, 
R34 
( 0 otherwise. 
24. Ci 
mn tere rere t, 
9 
—ifi=j=k=1=2 or 3, 
R3 
ot 1 
Oxivinty'\ —-—ifi=jrAk=/l=1, 
R® 
3 
—ifi=jx#Ak=l1=2, or 3, 
R5 





\ 0 otherwise. 


If we now perform the summation, the desired classical energy expression is 
obtained: 





€ 
Vex — pal 2aias — Vive — 2122] 
3 é . 
2 palrites — Xyre*? + (2yi¥2e + 22152 — 3x 1X2) (41 — x2) | (3) 
3 é 
a 4 pattie? — 5re2x "7 -= 5r\2 xe" oe 15.x)*.x2" + 2(4x1%2 + Vive + 222)? | 


The first term of (3) represents the familiar dipole energy. This expression 
may be generalized to refer to any pair of arbitrary atoms containing m elec- 
trons, each, by attaching to every quantity in (3) carrying a subscript 1 or 2 
another subscript uw or v respectively, and summing over both uw and v from 
1 ton. 
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II]. WAvE Mecuanicat MutuaL ENERGY 


We return to the consideration of 2 H-atoms and assume both of them 
to be in the ground state, which will be characterized by a subscript 0. Neg- 
lecting exchange degeneracy and spins the wave function for the unperturbed 
system may be written Yo(1)Wo(2) where each Wp is the H-wave function for 
the lowest state and the arguments are electron coordinates referred to the 
separate nuclei as origins. The tirst order perturbation energy is the average 
of V over the space of the two electrons, taken with the weighting function 
Wo?(1)¥o2(2). This clearly vanishes on account of the spherical symmetry of 
the latter. (Terms in (3) which do not vanish on integration add up to zero.) 

The unperturbed wave function for any state of our combined system is 
Wa(1) W3(2), where a and @ stand for triples of quantum numbers n, /, m. 
The second order perturbation energy here required is 


4 V 00,08 | 2 
AsE = —_— (4) 
X 2Eo — Ea — Ez 


where EF, is the energy of one H-atom in the state a. Terms with vanishing 
denominators are excluded from the summation (’), and Voo,«3 is defined by 


J vocnwrra, 2)Wa(1)W3(2)dridre. (5) 


The products Wa Ws satisfy the conditions of completeness and orthogonality, 
as do the y-functions singly. Moreover, one can convince himself that V is 
of such character as to make the Va3,a's's obey the ordinary matrix rules. 
Hence, if it were not for the dependence of the denominator on a and 8, (4) 
could easily be evaluated by the relation 


>>| V 00.08 | 2 = (V'*) 00,00 (6) 


as 





the ’ being omitted because Vo).00=0. For our purposes it is permissible to 
omit &, and Eg in (4). This simplification seems violent at present, since 
from the form of (4) no direct estimate of the magnitude of the error com- 
mitted may be derived. The justification arises only from a more detailed 
consideration which we relegate to the appendix. 


Eq. (4) now reduces to 


_ (V* )eo.00 - 
AE = ——— (7) 
2Eo 
and the right hand side can be computed very simply if we remember that 
all odd powers of the coordinates in the square of (3) vanish on integration 
and no cross terms between the brackets appear. The result is 








. 1 et 9 2 
Ak = 3 E.R® (r7) oo? + 


3 
R2 








21 2 
(r*)oo(r?)oo + spe | (8) 
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For hydrogen, fo =e~"/*, where a is the smallest Bohr radius = 0.528 x 10-8 
cm, and (r?)o9 =3a?, (7*)o9 =22.5 at. Hence, putting 








R 
— a 
a 
12E9 22.5 236 
ALE = E + + =] (9) 
p® p* p* 
where use has been made of the relation Ey = —e?/ 2a. 


Eq. (9), while not exact, shows clearly the relative magnitudes of the dif- 
ferent types of interaction. At the minimum of the potential energy curve, 
where p = 6.5, the dipole-quadrupole term (2°4 in brackets) contributes about 
3, the quadrupole-quadrupole term (3' in brackets) less than '/; as much as 
the dipole-dipole term. Comparison with the work of Eisenschitz and London! 
shows this term in (9) to be in error by 8 percent as a consequence of replac- 
ing the excited energy states appearing in (4) by the ionization energy; the 
uncertainty in the other terms is smaller (see appendix).‘ 

A main advantage of Eq. (8) lies in its applicability to other atoms or 
molecules for which the wave functions for the normal state are known. It 
may be shown to be valid, except for the inclusion of a constant factor not 
much different from one and determinable from an exact knowledge of the 
dipole energy, if e(7?)o9 and e(r*)o9 are interpreted as the sum of similar quan- 
tities formed for the individual electrons. Ey then refers, of course, to the 
ionization energy of the atom or molecule. 

Let us apply the equation to helium, for which the dipole energy has re- 
cently been calculated.’ Since we are primarily interested in the relative mag- 
nitudes of the three terms in brackets, we shall use a simple wave function of 
the type . 

Yo = p" le (ye 


Then the normalizing factor becomes 
r (2n + 1) 
f vorora EO ees 


(4 = 
nN 


2n + 2)(2n + 1) 
(r) 00 = ( M (10) 


(= _ ) 
n 


(2n + 4)(2n + 3)(2n + 2)(2n + 1) 


(= - = 

n 

4 The coefficient of the dipole-dipole term in (8) agrees, as it should, with that of 1/»° 
in Eisenschitz and London's expression (54) for the second order perturbation energy, if this is 


expanded in powers of 1/p. 
5 J. C. Slater and J. G. Kirkwood, Phys. Rev. 37, 682 (1931). 





and 











(11) 


(r*)oo 
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Letting now’ m =1, Z—s =1.688, (10) and (11) become 
(r*)oo = 1.0507; (r*)o9 = 2.79a4. 


The presence of two electrons introduces a factor 4 (appendix) into Eq. 
(8), which may now be written 


>4 








, 


2a*V p® P 


5.86 21.8 
0.739 + —— + 
p” p 


0.70 7.9 30 
an wd | > ——+—)- 10° ope (12) 
p® p> p* 


where V is the ionization potential of helium. It is known that the correct 
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Fig. 1. Mutual energy of two helium atoms against distance of separation. (a) is the curve 
calculated by Slater and Kirkwood, (b) is the result of including the dipole-quadrupole energy 


mean value of the energy to be inserted instead of V is larger than the ioniza- 
tion potential, so that we should expect the coefficient 0.70 in (12) to be too 
large. As a matter of fact, its true value is known to be 0.68. 

Had we chosen a wave function of the simple type used here, but with 
n =0.745, Z—s=1, which is more accurate for large p’s, the coefficient in (12) 
would have been somewhat larger, and the effect of the dipole-quadrupole 
and the quadrupole terms would have been 25 percent greater than the corre- 
sponding ones in (12). 

It is seen that at the minimum of the potential energy curve for two 
helium atoms, which occurs near p=5.5, the second term in (12) amounts to 
26/100, the third to 3/100 of the first, Hence the quadrupole-quadrupole 
interaction is negligible indeed, but the dipole-quadrupole energy must be 
considered. The result of including it in the potential energy, using Slater’s 
expression for the repulsive energy: €=7.7 X 10-19 e~?-* is plotted in Fig. 1. 
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The effect on the minimum is seen to be rather appreciable. Moreover, the 
use of the simple wave function here chosen places the lower curve almost 
certainly too high. We estimate the error in the absolute depth of the mini- 
mum of curve } which is due to the uncertainty of the polarization forces to 
be less than 2 K 10~" ergs.*® 


APPENDIX 


1. Hydrogen. It appears desirable to go through the calculation of (4) in 
greater detail and to justify some previous statements. The summation may 
be carried out over the three quantum numbers m, /, n, successively, and 
difficulties are not encountered until the sums over 1, i.e. the radial part of 
the matrices, are to be evaluated. 

Recalling the definition of Voo,a3 in (5) we observe that the integrations 
involved can be performed over the coordinates of electrons 1 and 2 sepa- 
rately, so that Voo,23 decomposes into a sum of products of coordinate ma- 
trices goa Gos, each referring to the wave function of only one atom, e.g. 


Joa = f VoyWadr. 


Hence using (3) 


e? 3 3 
V00.08 = — | sts + —(Big — By.) + Ca, (13) 
R® 2R +R? 
where 
Aas = 2NxaX03 — Voa 03 — 50a503 
Bas = (¥*)oaX03 + 2(XY)oa¥03 + 2(x2)0a%03 — 3(x*)caXos 
Cas = (r*)oa(r?)os — 5(%*)oa(r?)os — 5(r?)oa(**)o3 + 17(X*)0a(x*) os 


+ 2(y*)oa(y*)o3 + 23") 0a(3")03 + 16(y)oa(4¥)o3 
+ 16(v2)0a("5)03 + 4(¥2)0a(¥)os. 


In forming the square of Voo,.3 we see at once that the sum over differences 
like A asBa3—AasBsq and Ba3Ca3—B3aCa3 is zero, since A a3 =A ga, Cas =Coa, 
and we may interchange at liberty indices of summation in each term. The 
calculation is further simplified by another consideration. The energies ap- 
pearing in the denominator of (4) do not depend on the magnetic quantum 
number m, and the summation over 1, and m3, which amounts to averaging 


6 In a recent paper, J. G. Kirkwood and F. G. Keyes, [Phys. Rev. 37, 832 (1931) |,caleu- 
lated the second virial coefficient for He and found good agreement with experience despite 
their neglect of quadrupole forces. This agreement can have been only accidental and resulted 
from a second approximative feature in their calculation. As was pointed out by London, 
|Zeits. f. Physik 63, 245 (1930) ] in connection with He, the second virial coefficient can not be 
obtained accurately by an evaluation of its classical representative on account of the existence 
of an excluded region of phase space. A later approximate calculation of virial coefficients for a 
number of gases, made by the present author, [Phys. Rev. 36, 1782 (1930) | has again shown the 
necessity of modifying the classical procedure for He and H». This modification involves the 
determination of vibrational states of structures of the type (He). and (H2)». As was also dis- 
cussed previously, these two inaccuracies introduce errors of opposite signs, which may ac- 
count for the agreement obtained by Kirkwood and Keyes. 
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over the angular orientations of the two atoms, may therefore be carried out 
treating the denominator as constant. Now every wave function occurring 
here may be written 

Ya = Rus Pimein®, 


and a matrix such as for instance (x*)o_ has the form 
(x?)oa = fx o(r)r? cos? OR, .P,"ei'™*r? sin Odrdédd, 


where the normalization is, of course, to be properly carried out. It is well 
known that, if such expressions are summed over all possible m-values, they 
reduce to simple terms. We write down the significant results of this pro- 
cedure. 








ma 


>> (x*)oa? = 


° ” ” ” 
7 Ya" = > you” = >> 200” 7 Qala" 
Ma 


Ma 


> (¥?) 0a? _ >> (2?) oa? = Gar) 0a" 





Ma ma ma 
Dd (*2)oa(y*)oa = D5 (4?) 0a(S2)oa = >, (¥*)oa(S?)00 = 


ma Ma ma 


Dd (xy) 0a” = _ (v5) 0a” = > (12) 002 = Mar?) oa" 


Mma ma ma 


>: (7?) 0a(2°?) 0a _ > (r?) doal y doa = Lr? )oa(s" *) 0a sal 


ma Ma ma 


Lal?) oa" (14) 


ae” ea" . 


All other terms which appear on squaring Vo0,a3, if summed over m, and msg, 
reduce to zero. The symbols used here are defined as follows: 





1 4 2 
Ga - — §o'« + oes by'a; | = by'* ee ee by! 
) 45 9) 45 
(15) 
1 
M. = — 6,0; 'F = — §o/e; Oa => 6,/2 
15 3 3 
The 6’s are the usual Kronecker symbols. 
Eq. (4) now becomes 
“> 1 
ap 2Eyo — Ea — Ez 
> 0) Y 
det + ——<his — Bae. + Cath, 
a 1 3 ore 3 3Bja) oR’? 
a and 8 now include only mq, /., and ng, 13. Moreover, because of (14), 


D Aas? = 


Ma.™Ms 


a\/8l 0a“ 03" 
60 QO 9 9” 


> (Bas? — BasBsa) = (80'* + SMa + 9Ga — 6Na)Qs(r?) 002703" 
Y Cas? = [5050 + 25Ga50'% + 25Gs50 + 297G.Gs 


ma,ms 


ma,mp 


+ 528MM, — 10N ado — 10Ns6o'e + 92N.Nz 
— 170GaNs — 170N.G3 — 40LaNs — 40N alg + 144L aL). 
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The first of these expressions becomes, on substitution of (15),(1/9) 6;'«6,'s, the 
second (4/9) 6'«6,'s and the third reduces to 0- 69'«59's —0- 69'«52'8—0- b2'a5 o's 
+ (224/45) 52'«5,'8. The dipole-dipole energy arises from transitions in which 
the / for each atom changes from 0 to 1. The dipole-quadrupole part is due to 
transitions in which one 7 changes from 0 to 2 and the other from 0 to 1, 
while the quadrupole-quadrupole interaction is caused only by jumps of both 
atoms from /=0 to/=2, as might have been expected. 

Writing now for convenience n,=”, ng=v, the expression for the second 
order perturbation energy may be put in the form 


2 2 


Avk = - j 2 p __F10,nt° 10 v1 (a) 
R® 3 mgr IE, — E,, « - 





(dipole-dipole) (a) 


2 2 
2 (7?) 10 .n2°T 10,91 
eee See (b) (16) 
R? »y 2E, — £E, -— EB 


(dipole-quadrupole) (b) 


14. (ions: (i002 Y 

a i---wenee ~ (c) 

5R' ,. 2E, — E, — E, 
(quadrupole-quadrupole) (c) 

The second subscript of the radial matrices denotes the value of /, upon 
which the energies do not depend. The 7:o,,1 are known, and the (r*)i0,,2 may 
be computed. It must be considered, however, that the sum includes an in- 
tegration over the continuous spectrum which is not easily performed for the 
second and third term of (16). Our knowledge of the result of the first sum- 
mation, together with a computation of a limited succession of the (r?)i0,n2 
from which their manner of convergence is ascertained, may guide us in esti- 
mating the sums. It is found that the r*-matrices converge less rapidly than 
the r-matrices, which shifts the weight of (16b) and (16c) to higher n’s and 
v's. The absolute value of the denominator in all three sums is<2|E| for 
the discrete spectrum and >2!Eo| for the continuous. The “mean” denomi- 
nator of (16a) is 0.93 X2Eo. While in (16a) the denominator of the first term 
is 0.75 X2Eo, (b) and (c) start with terms having denominators 0.82 X 2E» and 
0.89 X2E >. All the circumstances mentioned combine to make the “mean” 
denominators of (16b) and (c) more nearly equal to 2Eo. 

Taking then this quantity in front of the summation and using the rela- 
tion’ 


2 
> (r?)10,n0 = (r??) 10,10 


n 


there results Eq. (8). 


? That this is true for any value of / may be shown as follows: Let S,,; be the radial part of 
the wave function. Then /S,1S,/u°dr=5,". Expanding r?Sjo=Sx¢nSn1, we must have Cp 
=(r?):0,n1- But 2n(r?)*10,n70= LntnfSi of Sy wdr = f[S\o7?S n€nSn dr = [Si or ?r?S, or*dr = (r??)1 0,10. 
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2. Helium. Instead of carrying through the calculation for helium it will 
suffice here to illustrate the procedure with reference to the dipole-dipole in- 
teraction only. The other terms introduce nothing new, and it would absorb 
too much space to write them down. The classical interaction energy is 


e 
V=- ; Dd (2x1 :x9, — ViiVe; — S1iS2;) Where i, j = 1, 2. 
3 “3 . : : 
x 33 
Neglecting again spins and exchanges of particles, and denoting by ¥(12) the 
wave function of electron 2 belonging to nucleus 1, the wave function of the 
two atoms in states a and B respectively becomes 


Wa,(11)Wa2(12)¥3,(21)Ws2(22). 


The normal state, designated by a; =a: =; =B2=0, is again spherically sym- 
metrical, and we find 


e 
V00,a8 = — yeni [(2.v00,¥03, — Voe, oe, ~ Soa ,203,)69%°5 (1 7) 
R38 o 


+three similar nonidentical terms formed by permuting a@@28)82 }. 

The summation in (4) is now to be carried over a,a@28,82 independently. Form- 
ing the square of (17) and summing over all » by means of (14), many terms 
drop out and we are left with 


? 4 

. i - ¢ 2 2 — 

> | Voo.es| 2 = a Pi + three similar terms | 
all m ‘] 


if all 7., 73 appearing as matrix subscripts are 1, =0 otherwise. Consequently, 
if the electrons are equivalent, 


2 2 
2e3 Yoa,1 03, 
AE = oi —_—_—_—_—__——_— » 
ve ; : . 
SR og, 2Ee — Ea, — &, 


where the summation extends only over such a’s and @’s as have /=1. 
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ABSTRACT 


After reviewing the present status of the problem of line intensities in complex 
spectra, and commenting on the relationship of the sum rule, the extended sum rule, 
and the general sum rule, a new J-group sum rule is derived. A J-group is defined 
as the totality of lines arising from transitions between all terms from one electron 
configuration having a given value J; of the inner quantum number and all terms 
from a second having a given value J»; it maintains its identity for all couplings. It is 
proved that the total intensity of the lines in a J-group is independent of coupling, 
provided a third configuration does not produce terms which perturb those con- 
sidered; where such perturbation occurs an extension of the new sum rule to an en- 
larged J-group is required. One can accordingly calculate the intensities of the in- 
dividual lines for LS coupling, and the total intensities found for each J-group or 
enlarged J-group should apply to jj and all intermediate couplings. Verification of 
the rule is found in special cases which have been calculated theoretically, and, 
after v? and excitation corrections have been applied, in Dorgelo’s measurements 
in neon. Where only certain terms of a J-group perturb one another lines arising 
from the remaining terms need not be considered in taking the sums; experimental 
verification of this is given by measurements in the spectrum of Ti |. Bartlett's state- 
ment that the extensions of the sum rule must be modified when configurations con- 
taining equivalent electrons are involved is discussed, and a procedure for applying 
them and the J-group sum rule in such cases is suggested. Finally, intensity data for a 
number of cases in Ti I are given to illustrate the method used in assigning the causes 
of intensity anomalies in lines to their originating terms, and qualitative results on 
relationships between term separations and intensity perturbations are given. 


$1. INTRODUCTION 


ITHIN recent years a considerable amount of quantitative experi- 

mental data has been accumulated on line intensities in complex 
spectra,! much of which could not be given exact interpretation in terms of 
the available theoretical formulas, applying as they do only to certain simple 
types of electron configuration and vector coupling. In view of the complexity 
of the general problem, and the great need for theoretical guidance in deter- 
mining which experimental data it is most important to obtain, we discuss in 
this paper several points which appear to be of value in attempting the 


* This paper was presented at the Washington Meeting of the American Physical Society, 
May 1, 1931. 

1]. B. van Milaan, Zeits. f. Physik 34, 921 (1925); 38, 427 (1926); R. Frerichs, Ann. d. 
Physik 81, 807 (1926); G. R. Harrison, J.0.S.A. 17, 389 (1928); G. R. Harrison, and H. Eng- 
wicht, J.0.S.A. 18, 287 (1929); C. E. Hesthal, thesis not yet published; R. S. Seward, Phys. Rev. 
37, 344 (1931). 
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piece-meal interpretation of intensity anomalies in spectra arising from elec- 
tron configurations of any degree of complexity. 


We summarize the intensity rules and formulas now available: 


1. The original sum rule of Burger and Dorgelo,? which applies to in- 
tensities within a multiplet and which holds only for LS coupling. 

2. The extension of this rule which was predicted by Kronig,’ experiment- 
ally verified by Ornstein and Burger,‘ and theoretically established on the 
basis of the new quantum mechanics by Houston,’ which we shall refer to as 
the extended sum rule, which applies to the aggregate of lines arising from 
transitions between two two-electron configurations of which one electron in 
each case is in an s state. This rule holds for all couplings, and the triplet, 
singlet, and intercombination lines in the array together form an enlarged 
(erweiterte) multiplet (sometimes called a generalized multiplet). 

3. The multiplet intensity formulas derived from the vector model by 
Kronig,’ by Sommerfeld and Hénl,° and by Russell,’ for LS coupling, and by 
Bartlett® for jj coupling. These in general serve only to determine the relative 
intensities of lines in special cases. 

4. Houston’s derivation of the general intensity formulas for all lines aris- 
ing from transitions between two two-electron configurations, one electron 
in each case being in an s state. 

5. Bartlett’s® derivation of the general intensity formulas for all lines 
arising from the transition sp— p*. 

6. The results of Fermi!® showing the effects of perturbations arising be- 
tween various configurations in one-electron systems. 

7. The extension of the original sum rule which should apply to the gen- 
eral case of all couplings, suggested by Landé," derived from the vector model 
by Kronig,’ and experimentally confirmed in a special case in neon by Dor- 
gelo” (but see §3 below). This we shall call the general sum rule in the dis- 
cussion which follows. In the most general case it would state that the total 
intensity sum of all the lines in a spectrum from (or to) all levels having the 
same 4 priori probability 2/+1 will be proportional to that probability times 
the number of levels involved. In cases where certain states are free from 
perturbation by other states these can be considered alone, and the general 
sum rule then reduces to a simple extension of the original sum rule. 

8. The various formulas for intensities of lines in series, in hyperfine struc- 


2 H. C. Burger and H. B. Dorgelo, Zeits. f. Physik 23, 258 (1924). 

* R. deL Kronig, Zeits. f. Physik 31, 885 (1925); 33, 261 (1925). 
4L.S. Ornstein and H. C. Burger, Zeits. f. Physik 46, 303 (1926). 

5 W. V. Houston, Phys. Rev. 33, 297 (1929). 

6 A. Sommerfeld and H. Hinl, Sitz. Preuss. Akad. Wiss. 9, 141 (1925). 
7H.N. Russell, Proc. Nat. Acad. Sci. 11, 314, 322 (1925). 

8 J. H. Barlett, Jr., Phys. Rev. 34, 1247 (1929). 
® J. H. Bartlett, Jr., Phys. Rev. 35, 229 (1930). 
10 FE. Fermi, Zeits. f. Physik 59, 680 (1930). 

'' v, H. B. Dorgelo, Phys. Zeits. 26, 787 (1925). 

2 H. B. Dorgelo, ibid.; also Physica 5, 90 (1925). 
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ture, and in the Zeeman and Stark effects, in which we are not at the moment 
interested. 

To these, all of which except the general sum rule have been quite com- 
monly used by experimenters in interpreting their data, we add three, dis- 
cussion of which form the basis of this paper: 

1. A new J-group sum rule derived theoretically in §2, which states that 
the total intensity of all lines arising from transitions between all states J = J; 
of one configuration and all states J=J2 of a second configuration is inde- 
pendent of coupling, provided that none of the states are perturbed by those 
of a third configuration. Where such perturbation exists the rule must be ex- 
tended to include lines from the proper states in the perturbing configuration. 
The general sum rule follows from this rule, but does not lead to it. As will 
be seen from the discussion which follows, the array of lines which we have 
tentatively called a J-group is a more fundamental concept than the multi- 
plet, since it keeps its identity through all degrees of coupling. 

2. The observation by Bartlett" which is of great importance but which 
appears neither to have been discussed nor applied previously, that none of 
the extensions of the sum rule can be applied directly to line arrays arising 
from configurations containing equivalent electrons. We discuss in §4 the 
modifications in the rules which must be made when Pauli’s exclusion prin- 
ciple has operated to eliminate certain terms from the array. 

3. The general result of quantum mechanics that similar (odd or even) 
terms of the same J value perturb one another, by amounts which depend 
on the magnetic and electrostatic interactions, but which have not yet been 
calculated in detail for configurations containing more than two electrons. It 
appears desirable, therefore, to endeavor to establish empirical criteria from 
experimental data, which may enable one to predict roughly from the energy 
values of the terms and their quantum designations the intensity anomalies 
to be expected from the perturbations in any given case. We make a be- 
ginning at this in §5. 

In addition to the terminology used above for the various sum rules, we 
list here the designations for certain groups of lines and terms which we have 
found convenient. We restrict the term supermultiplet to the meaning origi- 
nally given it by Russell,"* namely, the group of related multiplets of similar 
multiplicity arising from configurations possessing a common parent term. 
Two supermultiplets of high and low multiplicity, from a common parent 
term, together with all intercombinations arising between their terms, form 
by analogy an enlarged supermultiplet. The entire group of spectral terms 
arising from a given electron configuration will be termed a configuration ar- 
ray, and the totality of lines resulting from the transitions occurring between 
two configurations then forms a transilion array (sometimes erroneously 
called a supermultiplet). Finally, since in the discussion which follows it fre- 
quently becomes desirable to isolate those lines which arise from transitions 
between all levels having a given value of J in one configuration and those 


13 J. H. Bartlett, Jr., reference 9, p. 233. 
4H. N. Russell and W. F. Meggers, Sci. Paper Bur. Stds. No. 558, and elsewhere. 
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having a given value of J in another configuration, we refer to this as a 
J-group. \Where one or more contigurations overlap we must consider also 
the enlarged J-group. By adding together those enlarged J-groups which be- 
long in a given row or column of the usual type of intensity diagram, we form 
the array to which the general sum rule applies. 

Where the word intensity is used, we refer always, of course, to the re- 
duced intensity obtained after any necessary self-reversal, excitation, and v* 
corrections have been applied. 


§2. DERIVATION AND THEORETICAL DisCUSSION OF THE J-GROUP SUM RULE 


Before discussing the intensities of lines in atomic spectra it is necessary 
to consider briefly the general problem of an isolated atomic system as it is 
treated in the quantum theory. For this purpose we suppose the Hamiltonian 
of the system to be 

H=HWy+Mh,+ Hz (1) 
where //, is the kinetic energy of the electrons moving around a fixed nucleus 
plus a spherically symmetric potential energy, determined by a modified 
Hartree method,” which is the same for each electron; //; is the energy of 
electrostatic repulsion between each pair of electrons minus the potential en- 
ergy of //, arising from the repulsion between pairs of electrons; and JJ. is 
the magnetic energy arising from the interaction of the magnetic moment of 
each electron with the field in which it moves. The precise form of the Hamil- 
tonian need not concern us here. 

The first question that must be answered concerns the characteristic 
energy levels of this system. Slater” has shown how to find the characteristic 
values of JJ) +1; by application of the first order perturbation theory. He 
starts from the well-known solutions for /7) from which he constructs proper 
antisymmetric wave functions. Then treating //; as a perturbing potential he 
shows that the partial removal of the degeneracy in the unperturbed problem 
results in the classification of energy levels into multiplets. He is able to 
calculate the separation between the multiplets arising from a given elec- 
tronic configuration in terms of certain radial integrals. Recently Condon" 
and Langer” have indicated how these results must be extended when two 
configurations lie so near one another that they must be considered together. 
It is expected that the inclusion of J/; in the perturbation problem will fur- 
ther remove the degeneracy giving the separations within the multiplets. 

Now the existence of certain integrals of the equations of motion greatly 
reduces the complexity of the problem. Thus when the magnetic interaction 
is omitted, the z components of the orbital and spin momenta, L, and S,, are 
such integrals. They therefore commute with //,>+J//;. Furthermore we find 
on computation that they are diagonal matrices in a representation with the 
above wave functions as a basis. It follows that the matrix of JJ) +J/, can 
only have components between states for which L. and S, are the same. Then 
% J. C. Slater, Phys. Rev. 34, 1293 (1929). 


1 E. U. Condon, Phys. Rev. 36, 1121 (1930). 
17 R, M. Langer, Phys. Rev. 35, 649 (1930). 
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the perturbation problem breaks up into a number of simpler problems, one 
for each value of L, and S,. If the magnetic interaction is included, L, and S, 
are not separately constants of motion, although the sum J,=L.+S, is. 
Then the perturbation problem reduces to separate problems for each value 
of J, which are not quite as simple as before. 

We ask ourselves if there are any other integrals which we may use to 
simplify further the problem. A well-known constant of motion which should 
be useful is J?, the square of the total angular momentum. But on computa- 
tion we find that it is not a diagonal matrix in the representation for which 
Slater’s determinant wave-functions are used as a basis. However it has quite 
a simple form, all its components being pure numbers except for a common 
factor h®. Moreover it has no components between states from different con- 
figurations. Furthermore we know that J. commutes with J*. It is then pos- 
sible to find a transformation R to a new representation in which J? is a 
diagonal matrix,* the components of R being pure numbers. This transforma- 
tion will leave J, invariant. In our new representation with J? and J, diagonal 
matrices, //)+J//; can only have components between states with the same 
value of J? and J.. Consequently the perturbation problem reduces to sepa- 
rate problems for each value of J? and J,. It is the possibility of the trans- 
formation R which enables us to say that only levels of the same J value 
perturb one another. It is essential for our later discussion to notice that this 
transformation is entirely independent of the electrostatic and the magnetic 
interaction. 

\We now turn to the question of intensities. We consider first transitions 
between the states of two configurations, A and B, which are sufficiently 
isolated so that a solution of the perturbation problem for each of these con- 
figurations taken by itself may be expected to yield a close approximation 
to an exact solution. To obtain the transition probabilities, neglecting quad- 
rupole and other higher-pole radiation, we need the components of the elec- 
tric moment matrix, P, between the states of A and B.** We find that in the 
initial representation these components are simple numerical terms except 
for acommon radial factor which may be disregarded if we are only interested 
in relative intensities. We also find that in order to have some nonvanishing 
components A can differ from B in just one individual set of electron quan- 
tum numbers and that in this set 7 must change by +1. The first condition 
means that “two electron jumps” are not permitted. They can only occur 
when the configuration A (say) is strongly perturbed by another configura- 
tion which differs from B in only one set of individual electron quantum num- 
bers. The second condition gives just the selection principle for the azimuthal 
quantum number. 

Having obtained the matrix of the electric moment in the initial repre- 
sentation we must next pass to the representation in which J? is diagonal. Let 


* A detailed consideration of transformations that carry J* to a diagonal form will be 
presented in a later paper. 

** It is only necessary to consider the s component of P because for an isolated atom there 
is no preferred direction in space. 
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R, be the transformation that carries the portion of J? associated with the 
states of A, to a diagonal form and let Rz be the transformation that carries 
the part of J? associated with B, to a diagonal form. Then the components of 
P in which we are interested will be transformed to 

P’ = R4PR;"'. (2) 
Inasmuch as the components of R are pure numbers, the relative magnitude 
of the transformed components of P will not involve the electrostatic or the 
magnetic interaction in any way. Now let S4 be the transformation that car- 
ries the energy matrix associated with the states of A to a diagonal form and 
let Sp perform a similar function for the part of the energy matrix associated 
with the states of B. As the energy matrix in the representation in which J? is 
diagonal only has components between states with the same J value, the 
same will also be true of the transformation S. The electric moment matrix 
now becomes 

P" = SyP'S;. (3) 
The squares of the magnitudes of the components of P’’ give directly the 
relative transition probabilities between the states of A and B for all elec- 
trostatic and magnetic interactions. Let us consider in detail the transition 
probability between a state » of A and a state m of B for some particular 
value of J,. It is given by 
| 2 
| DSa(wk) P’(AI)Se- Mm) | 

i kl 

= YS4(nk)Sa*(nk')Sp-'(Im)Sp*'(I'm) P'( kD) P’*(R'’) 


kk'll’ 


} ! € 
| P’(nm) | ? 


where the summations k and k’ are over all states of A with the same J value 
as n and the summations / and /’ are over all states of B with the same J value 
as m. If we now sum over » and m, where m and m have the same range of 
values as k and / respectively, we obtain 
> | P’'(nm) |? = SS Sal(nk)S*(nk’)Sp (Im) Sp*-'(l'm) P! (kl) P*(R) (5) 
nm nmkk’ll’ 
But from the general transformation theory we know that S is unitary so 


that 
Dd Sa(nk)Sa*(nk’) = 5(kk’) 


> Sp (Im)Sn* 1(l’'m) = 6(Il’) 


m 


Hence our sum reduces to* 


> | P"(nm) |? = > | P'(kl) | 2 (7) 
kl 


nm 


~ 


We have already seen that the components of P’ are independent of all inter- 
actions. This equation therefore means that the sum of the transition proba- 


* Van Vleck has given a proof of the invariance of an expression of the type >. x: |P’(ki) |? 
to a unitary transformation of both the initial and final states (Phys. Rev. 29, 727 (1927)). 
We repeat the proof because of differences in notation. 
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bilities between states of A with J equal to J; and states of B with J equal to 
J, is independent of the electrostatic and the magnetic interaction for all 
values of J; and J. This we have shown to be true for a particular value of J,. 
But the total transition probability is simply the sum of the transition proba- 
bilities over all values of J,. Hence the above statement holds for the total 
transition probabilities. 

This J-group sum rule can be tested in a number of cases where the in- 
tensities have been worked out theoretically for both LS and jj coupling. 
As an example we consider the transition dp—ds for which the intensities in 
jj coupling have been given by Bartlett!® and in LS coupling can be obtained 
from Kronig’s formulas.?° Tables Ia and Id give the intensities in the two 


TABLE Ia. Line intensities for the transition dp—ds in LS coupling, 
as calculated from Kronig's formulas. 
d 




















i J 0 1 2 3 4 

| 1 [36] 0 27 st] 0 4.8 27 151 | x | x 
108 0 0| 1890 0 0 0 | 252 0 0 

ds 2 x x 


0 81 27; O 27 125.1 27.9; 0 27.9 224.1 








| 3 x x 0 151.2 27.9 0.9] O 224.1 27.9 | 324 




















TABLE Ib. Line intensities for the transition dp—ds in jj coupling, 
as calculated by Baritlett.* 
dp 


J 0 1 2 3 4 





1 | 36| 18 9 oO | 9% 9 O 0 | x (x 


} | | 0 18 © | 9 © O 0 | 22 0 0 | 
0 0 18; 0 O 40 140) O 140 112) 


3 | xi] x | Oo 0 140 40 0 112 140 | 324 


* We do not attempt to correlate the levels in jj coupling with those in LS coupling, as 
this correlation will depend on circumstances and we are only interested in the invariant in- 
tensity sums. 
limiting types of coupling. Comparison of the two tables shows the sums of 
the lines in any given rectangle to be the same in each. This, in essence, is 
the J-group sum rule, except that in addition it predicts that the same will be 
true for all intermediate types of coupling. 

A simple special case of this rule is worth noting. Suppose there are two 
levels in the configuration A which are the only ones having their particular J 
values, and suppose there is one level in B which is the only one with its par- 
ticular J value. Then the J-group sum rule levels tells us that the intensities 
of the two lines arising from these levels are independent of the magnetic 
interaction. Thus their intensity ratio should be normal no matter how 


19 J. H. Bartlett, Jr., reference 8. 
°° R. deL. Kronig, Zeits. f. Physik 33, 261 (1925). 
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anomalous the rest of the lines may be. In the example given in Tables la—-1b 
two such levels occur in dp for J equal to 0 and 4. In ds the levels for J equal 
to 1 and 3 are also isolated. Of the four possible lines,* two are forbidden by 
the selection rules for J and hence will always be of zero intensity (repre- 
sented in the tables by x). The remaining two lines will have a constant ratio 
of 9 to 1 for all possible coupling schemes.** 

Now we consider the relation of the J-group sum rule to other sum rules 
that have been proposed. It is evident that the original sum rule cannot be 
expected to hold in intermediate coupling because of the perturbations be- 
tween terms from different multiplets. We might expect, however, that a rule 
similar to the extended sum rule will hold in the general case for intermediate 
coupling. If we sum over in the expression which we have given for the 
transition probability in Eq. (4), and use (6) we find that 

>| Pam) 2 = YOSa(nk)Sa*(nk’) PRD P*( RD), (8) 

m kk'y 
Now to have such a rule hold, the components of the matrix S, which involve 
the magnetic interaction must disappear from the sum. Of course we have 
only summed over a row of one J-group but it is certain that when we extend 
the sum over different J-groups to obtain the sum over a row of a transition 
array, the components of S, will not in general disappear from the result. 
The special cases in which they do can only be determined by a more detailed 
consideration of the components of Sy; and P’. We may mention one case 
in which the above sum is independent of the magnetic interaction. If we set 


P'(RI)P*'(k'1) = | PRD) | 2 6( RR’) (9) 


and if >>,, P’(kl) |? is independent of k, then it immediately follows from the 
unitary character of S, that 


>| P’(um) |? = >| P(e) | ?. (10) 
m l 


Hence if in each column of a J-group there is only one nonvanishing transition 
probability in LS coupling, and if the sum of the transition probabilities in 
LS coupling over each row of the J-group has the same value for every row, 
then this sum over each row is independent of the magnetic interaction.7 It 
is easily verified from Kronig’s formulas that these conditions are satisfied 
if A is a two-electron configuration which contains one s electron and B is 
any other configuration.{+ From these sums it follows therefore that a rule 


* In so far as dipole radiation is concerned the selection rule for J is rigorous for an isolated 
atomic system. This follows immediately from the facts that it holds in LS coupling and that 
only levels of the same J value can perturb one another. 

** This conclusion must be modified if either dp or ds is perturbed by a third configuration 
in a manner which will be obvious after the discussion on page 765. 

7 It is assumed the transformation R is appropriate for LS coupling. This may be accom- 
plished by making the transformation R such that it carried L?, S* and L-S toa diagonal form 
simultaneously, a process made possible by the fact that these matrices all commute with one 
another. 

Tt An exception to this is the transition array p*—sp. The second condition above is not 
satisfied due to the exclusion of some of the terms from p- p. 
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similar to the extended sum rule holds in the general case of two electron 
systems in the direction of the sums for lines to or from a level in the configura- 
tion containing an s electron. We note that the sums over a row of a J-group 
give us considerably more detailed information than does this modification 
of the extended sum rule. In Tables Ia—Ib we see that for the J-group with 
J =1 for the levels of ds, the sums over each row of any of these J-groups has 
the same value in LS and jj coupling. 

The J-group sum rule enables us to prove immediately the general sum 
rule. We observe that the sum contemplated in the general sum rule has the 
proper value in LS coupling. Since this sum is made up of a number of J- 
group sums it follows that the general sum rule holds in intermediate coup- 
ling. We note that it can never tell us more than the J-group sum rule, and 
in general the relations among the J-group sums which are given by this rule 
are insufficient to determine them completely. 

It is interesting to note that the proof of the J-group sum rule does not de- 
pend on any specific characteristics of the components of P’. It is therefore 
valid when multipole radiation of all kinds is taken into account as well as 
dipole radiation. 

We next inquire what modification must be introduced if the two con- 
figurations A and B are not sufficiently isolated, so that a solution of the 
perturbation problem for these two configurations taken by themselves can- 
not be expected to yield accurate results.* Let us suppose the levels of A are 
perturbed by the levels of a third configuration C. If A and C were well sepa- 
rated we could solve the problem for each configuration separately thus ob- 
taining two transformations Sy, and Se which would carry the energy for the 
states of A and C respectively to a diagonal form. The transformations would 
not have any rows or columns in common. But now if A and C perturb one 
another, there will be matrix components between states of A and C so that 
the transformation S,¢ that carries the energy to a diagonal form will in- 
volve states of A and C mixed together. It will only factor into the product 
S,Sc in the limit when A and C are far apart and the intercombination ma- 
trix components are small. Now if we examine the proof of our sum rule, we 
see that Eq. (7) will still be true if we extend the summations n and k over 
all levels of A and C with the same J value, i.e. an enlarged J-group. But now 
the result is not independent of the electrostatic interaction for we remember 
that the components of P’ associated with the states of A are multiplied by 
one radial integral whereas those associated with the states of C will be multi- 
plied by a different sadial integral. The sum will, however, be independent 
of the magnetic interaction. If we knew the radial part of the wave functions 
involved, we could calculate the ratio of these integrals which enters in the 
relative values of the sums we are trying to obtain. In general a great deal 
of labor is involved in finding these functions so that it is much easier to 
follow the less satisfactory method of introducing a parameter for this ratio 
which is adjusted to fit the experimental data. 


* We assume that the transformation R which carries J* to a diagonal form has already 
been made. 
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As an example of the way in which the J-group sum rule can be applied, 
let us study the configuration transition A—B throughout an isoelectronic 
sequence. If no other configuration overlaps either A or B throughout the se- 
quence, we should expect the J-group sums to have the same relative values 
for each member of the sequence. If however, another configuration overlaps 
A and B for some members of the sequence, we have to consider the enlarged 
J-groups. A parameter would have to be introduced to take care of the ratio 
of the radial integrals which would have different values for different members 
of the sequence. The way in which this parameter changes as we pass along 
the sequence could be approximately predicted by a study of the radial part 
of the wave functions involved for different members of the sequence. 

To test this rule experimentally probably the best procedure is to calcu- 
late the intensities for LS coupling with Kronig’s formulae. Then the sums 
can easily be calculated and may be compared with the experimental values. 
It should only be necessary to include in the sum, levels of the same J value 
which lie fairly close together as the usual perturbation theory expansions 
show. Unfortunately the theory gives no real criterion of just how neighborly 
levels must be before they begin to exert an appreciable influence on one 
another. 

Finally we discuss the departures from normal intensities when the mag- 
netic interaction is small. For this purpose we suppose that the transforma- 
tion R is such that the diagonal terms of the transformed energy matrix give 
the energy levels in LS coupling.* Then for each value of J? and J, the energy 
level problem is completely nondegenerate. We write 


4 = H,° + NI,’ 


where H,° is a diagonal matrix whose terms E%,,5(nm) give the LS coupling 
energies for the states of the configuration A and \/JJ,’ is a matrix whose 
diagonal elements are all zero and whose non-diagonal elements depend only 
on the magnetic interaction. Now if the magnetic interaction is really small, 
we expect that a first order calculation will yield good results. From well- 
known formulae for the energy and the corresponding transformation'® we 
have in the first order 





0 . 
Ean = F,, 


ALT ,'(nm) 
6(mm) + Ee —{ 3 — 5(nm) | 


“An “Am 





S4(nm) 


Under this transformation the components of the electric moment matrix be- 
come 
ALT 4'(nk) 
P'(nm) = P°(nm) + >’ P°(km) 


v0 —" 70 
k En E%, k 





* See footnote tt p. 764. 
18 J. H. Van Vleck Phys. Rev. 29, 727 (1927). 
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where | P°(mn)|? is the normal intensity in LS coupling. The summation k 
extends over all states of A with the same J values as nm. Carrying out a pre- 
cisely similar calculation for the states of B and keeping only terms of the 
first order, we find 

A y'(ml) 








P”’(nm) = P’(nm) + > ————— P"(nl) 
i Eom — ES, 
NIT ,'(nk AH’ (ml 
= P(nm) + } ee ) - P*(km) + by - - P°(nl) 
k Eva ~ Evk t EB m _ Eb 


where the summation 7 is over all states of B with the same J value as m. 
Hence we obtain for the required intensities in the first order 








AH,’ (nk 
| P’’(nm) | 2 = P°(nm) | Pac +2>°' = P*(km) 
k Ee sn - Ek 
AT, (ml 
2 \ d print | 
l Eom ~~ Ee 


We see that there is a departure from normal intensity which is linear in the 
magnetic interaction. There is no such departure for the energy levels, for 
the normal energy level is defined so as to take account of the linear terms 
in the magnetic interaction. For energies the departures from normal energy 
begin with terms quadratic in the magnetic interaction. It therefore follows 
that for a weak magnetic interaction, intensities will be more sensitive to 
anomalies than energies. We note from our formula that in general we may 
expect the percentage departure to be greater for the weaker lines. 


§3. EXPERIMENTAL TESTS OF THE SUM RULES 


As the original sum rule was discovered experimentally and has been 
amply confirmed by later measurements on many multiplets, departures 
from it are considered to be due to departures from LS coupling. The ex- 
tended sum rule has better theoretical than experimental confirmation, since 
the only measurements which have been used to test it are those of Ornstein 
and Burger*! in a very small number of cases. The general sum rule would of 
course be extremely difficult to test except in very simple transition arrays. 
The measurements of Dorgelo* on the intensities of the neon lines arising 
from the transition 253s —2p°3p form the only case that we have been able 
to find in which its use has been invoked. This intensity array is shown in 
Table Ila, the tabular entries having been taken from Pauling and Goudsmit® 
and checked with Dorgelo’s original paper.** 

Inspection of Table Ila reveals that whereas the horizontal sums for J =2 
and J=0 are proportional to 2/+1, as is to be expected since these states 


21 L. S. Ornstein and H. C. Burger, Zeits. f. Physik 46, 303 (1926). 
2 H. B. Dorgelo, Phys. Zeits. 26, 787 (1925). 

3 L. Pauling and S. Goudsmit, Structure of Line Spectra p. 142. 
* H. B. Dorgelo, Physica 5, 90 (1925). 
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are alone and hence unperturbed, the two horizontal sums for J =1 must be 
taken together, their average value being proportional to 27+1. The vertical 
sums for J=2 and J=0 can similarly be taken independently; although two 
of the latter are present they perturb each other but little. But the vertical 
sums for J=2 and J =1 must be averaged together due to the mutual pertur- 
bations of these states. 


TABLE Ila. Test of general sum rule by use of Dorgelo’s original measurements on neon I. 


pp 
Ro 105 1, 4, 6; 9, 3. 5. rr ?; Sum Quotient 
xp, | x | x | 20,10 | 3 | 9 | 34 | 34/| 17.5) 100 227.5 45.5 
SP, 15 1 20 | 32.5, 0.1, 4 | 39.5) 10 | 20.5) x | 142.6 
prs - - - 2X43.3 
1P; 0.1 14 2/ 2 19.5 17 5S | 26 | 31.5) x | 117.1 
3Po x x 3} 35 16 10.5) x # e | 2) 42.5 42.5 
{| Sum 15.1 15.0 43.0 59.5 38.6 40.5 78.5 70.0 69.5 100 
Quotient 15.1 15.0 14.3 19.8 12.9 13.5 15.7 14.0 13.9 14.3 
215.0 415.1 3X14.5 1X14.3 


TABLE IIb. Test of J-group sum rule with same values as given in Table la. Upper values, 
J-group sums as calculated from Table la. Lower values, J-group sums calculated for LS coupling 
from Kronig's formulas. 











—_ ; eee x 4a ee 
| So 105 1; 4, 0; 9, 3, 5, 79 <3 
3P, 42.0 85.5 100 
| 42.8 71.4 100 
°P, | 30.1 07.1 | 132.5 
IP, 28.6 | 85.6 142.8 x 
3P, | . 42.5 , x | 
| | 42.8 











In Table IIb we use the same data to test the J-group sum rule, the agree- 
ment being satisfactory, (ave. dev. 5 percent) but not so good as for the 
general sum rule, (ave. dev. 2.5 percent). We have some cause to be sus- 
picious of the data, however, since from our discussion of this point in §2, one 
expects all the horizontal sums to split up no matter what the coupling, due 
to the fact that the horizontal configuration is equivalent to sp. We note that 
Dorgelo makes no mention of having applied a v* correction to his results, and 
the fact that he used his data directly to calculate the luminous efficiency 
of his neon lamp source substantiates our belief that this correction was 
omitted, especially since the necessity for always introducing it was by no 
means so widely admitted in 1925 as it is at present. That no excitation cor- 
rection was applied is certain since Dorgelo mentions that with slightly dif- 
ferent conditions of excitation the relative intensities of many of the neon 
lines are greatly altered, and specifies that the general sum rule holds only 
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for the conditions used. That such a correction is needed appears at once 
when we apply the v* correction to Dorgelo’s data, which has been done in 
Table II la. 


TABLE IIla. Test of general sum rule with data of Table Ia, but with » correction applied. 

































































pp 
8o 109 1 1 4, 6; 9, 32 5 ) 72 23 Sum Quot ient 
3P, | x | x (29.3 1 8. or 2.26| 6.4 | 32.6, 29 | 13 | 100| 221.5 44.3 
3P, 12.2 | 0. ST 33. 0 0.08 3.24 42.3| 9. | 16.8) x | 149.8 49.8 
5. ———_— —|——— — 
Pes yap, a 9.8 | 5.1 | 2.88|23.8 [19.3 | 8.0 36. 0 37.8) x | 142.8 47.5 
3p, | x x | 1.8416.3 14.8 9.02| x | x | x | x | 42.0 42.0 
Sum 12.3 10.3 69.2 60.3 40.9 38.0 82.9 74.5 67.6 100 
Quotient 12.3 10.3 23.0 20.1 13.6 12.7 16.6 14.9 13.5 14.3 
TaBLe IIIb. Test of J-group sum rule with data of Table Ila. Upper, 
measured ; lower, calculated for LS case. 
J 0 ! 2 3 
2 x 46.9 | 74.6 | 100 
42.8 71.4 100 
1 22.6 119.6 150.4 
28.6 85.6 | 142.8 x 
0 x 42.0 x 3 
42.8 




















Inspection of this table reveals that the horizontal sums have now split 
apart, as was expected, while the vertical sums have not. These, however, 
show a marked correlation in intensity with the energy values of the upper 
states, those lying highest in the atom being weakest (the main numbers in 
the term designations indicate their order in the energy level diagram, 10, 
lying highest and 1, lowest). It is apparent that the higher lying levels are not 
being filled properly, and an excitation correction must be applied. For com- 
pleteness, however, we have given in Table IIIb the test of the J-group sum 
rule, with the data of Table IIla; it now holds quite as well as the general 
sum rule, although the agreement of neither is so good as formerly. 

The types of excitation involved in the production of light in the neon 
lamp are undoubtedly very complicated; we are justified, however, in seeing 
if the assumption of any equivalent temperature of excitation will improve 
the results. In Fig. 1 we plot the energy separations between the various 
upper terms and the upper term 2; against the common logarithm of the fac- 
tor required to bring the intensity sum/2/+1 closest to a constant value, 
since we can reduce the Boltzmann excitation factor to the form Ao =1.67 
logio R®, where Ac is the term separation, 7 is the equivalent excitation tem- 


% G. R. Harrison and H. Engwicht, J.0.S.A. 18, 287 (1929); G. R. Harrison, J.0.S.A. 19, 
109 (1929). 
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perature, and R is the reduction factor needed. The slope of the straight line 
which most closely fits all points will give us the best value to use for the 
equivalent excitation temperature, which in this case is 8000°K. Since pertur- 
bations are known to exist, however, we should draw our line only through 
those points which are least perturbed, namely 8o, 109, and 23. The slope of 
this line as drawn gives the temperature 13,600°K, a value lying in the range 
of excitation temperatures found by this same method in titanium and other 
arcs,** and by the Langmuir probe method in numerous similar cases.27 We 
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now apply an excitation correction to all the lines using this equivalent tem- 
perature, and obtain the results shown in Table IVa. The horizontal sums 
are still split apart, and it is seen that the special application of the extended 
sum rule given in §2 holds to within 6 percent. The individual vertical sums, 
on the other hand, vary on the average by over 13 percent from the mean, so 
that we must apply the general sum rule, taking the sums in groups, when we 
get agreement to within 7 percent. Again, we see from Table IVb that the J- 
group sum rule holds to within 7 percent also, which is doubtless within the 
experimental error, when we consider the broad spectral region covered and 
the complicated type of excitation involved, together with possible reversal 
effects. Two J-groups are responsible for almost all of the deviation from the 


6G. R. Harrison and H. Engwicht, reference 25. 
27 W. B. Nottingham, Jour. Frank. Inst. 206, 43 (1928). 
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TABLE IVa. Test of the general sum rule with the data of Table IIa, but with both v' correction 
and excitation correction for 13,600° equivalent temperature applied. 








| 8o 109 “te 4, 6; 9, 3. 5. 72 23 Sens Quotient 

| ap | 2 | x | 25.8 0.4 2.8| 7.4 | 33.2! 31 | 14.7) 100) 224 44.8 

| Py | 13.9| 0.7 29 | 33.8 0.1) 3.76 43.2, 10.2, 19 | x | 153.7 51.2 
'P, | 0.1) 14.2 4.5) 3.0, 16.722.4 | 8.2 38.6 42.5, x | 150.2 50.1 
Pe | x | x | 1.6, 17 1) 16.610.5| x | x | x | x | 45.8 45.8 








Sum 14.0 14.9 60.9 63.3 35.9 44.1 84.6 79.8 76.2 100 
Quotient 14.0 14.9 20.3 21.1 12.0 14.7 16.9 16.0 15.2 14.3 


214.4 4X17.3 3X16.0 1X14.3 





TABLE IVb. Test of the J-group sum rule with the data of Table IVa, the upper fizures being 
the J-group sums as measured and corrected, and the lower figures being the sums calculated for LS 
coupling. The total intensity of the array has been made roughly the same for the two cases. 
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2 3 
2 x 41.0 71.6 90.7 
| | 42.8 | 71.4 100 
1 | 6.3 103 147 | 
28.6 85.6 | 142.8 | : 
0 x 41.6 x x | 
| 42.8 
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J-group sum rule; one of these contains but a single strong line, and hence is 
subject to the greatest experimental error. The other anomalous group (J =1 
to J’=1) contains the lines which are obviously most responsible for the 
deviations from the other sum rules, so that whatever may be the cause of 
the anomaly it affects new and old rules alike. 

We have been able to find no other data which could be used for a general 
test of the new rules, since we are restricted to two-electron configurations 
where the intensities of all lines can be calculated for LS coupling by Kronig’s 
formulas. On the theoretical side there would be much use for an extension 
of the correspondence principle formulas to the general case of multiplets not 
having a common parent term, while experimental data on line intensities in 
two-electron configuration transitions is badly needed. 


$4. MopIFICATIONS IN USE OF THE GENERAL AND J-Group SUM RULES FOR 
CONFIGURATIONS CONTAINING EQUIVALENT ELECTRONS 


It has been commonly assummed that all the intensity formulas and sum- 
mation rules apply equally well to ordinary configuration arrays and to those 
in which Pauli’s exclusion principle has operated to eliminate certain terms. 
Bartlett?* has pointed out, however, that when one is dealing with the transi- 
tion array from sp—p? the sums corresponding to the J’s for sp cannot be 


*8 J. H. Bartlett, Jr., Phys. Rev. 35, 229 (1930), 
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proportional to 2/+1, even for LS coupling, since some of the terms are miss- 
ing due to the equivalence of the two / electrons. Indeed it appears that this 
must be true for any transition array arising from configurations either or 
both of which contain two or more equivalent electrons. For since many of 


TABLE Va. Calculated intensities for LS coupling for the transition array pd —d*d and (pd —d*).* 











pu 

3K, 3F 3D; IF 3p 2 3D, 3P, 1p, 3D, SP, IP, 3p sum d 6 d, d? 

(8G) (264) x x x x x x x x x x x 204 0 
(G4) (13) = (202) (0) (0) x # x x x x x x 216 0 
3K, 67 4 144 0 x x x x x x x x 216 216 
MW, 0 0 0 216 x x x x x x x x 216 216 
(3G3) (1) (13) (0) (0) (154) 0 0 0 x x x x 168 0 
3; 4 46 13 0 4 100 0 0 x x x x 168 168 
(3Ds5) (10) (1) (87) (0) (1) (11) (59) 0 x x x x 168 0 
(Fs) 0 0 (0) (56) (0) (0) (0) (412) r x x x 168 0 
3F, x 4 1 0 35 13 0 0 67 0 0 x 120 120 
(D,) x (7) (11) (0) (1) (49) (10) (0) (11) (31) 0 x 120 0 
3P, x 0 25 0 0 5 67 0 1 23 0 x 120 120 
1D, x 0 0 8 0 0 0 70 0 0 42 x 120 120 
(8D),) x x x x (5) (11) (0) (0) (31) (10) (0) (14) 72 0 
3P, x x x x 0 13 23 0 5 13 0 18 72 72 
(38;) x x x x (0) (0) (40) (0) (0) (24) (0) (8) 72 0 
OP,) x x y x (0) (0) (0) (18) (0) (0) (54) (0) 72 0 
3P, x x x x x x x x 6 18 0 x 24 24 
IS, x x x x x x x x 0 0 24 x 24 24 

Sum d-d 300 280 280 280 200 200 200 200 120 120 120 40 
Sum d? 72 54 181 224 39 127 90 70 79 54 66 18 




















* The individual intensity values are not quite exact in many cases due to the adjustments required to keep small 
integral numbers. 


TABLE VB. J-group sums for pd—d-d and pd —d?. 





















































pd 
5Po | §P1°Pi 8D, |D2*P2*D23F2) 1F3 8D; Fs 3F;, 
1So x 48 x x x 
3P, 48 
('P,) 
(3.8,) 40 138 109 x x 
3P, 18 18 36 
(°D,) 
P 
d 3P, x 175 250 56 0 
(d*?) (8D») 133 190 38 0 
3K, 
(! Fs) 
(3Ds) 438 218 16 
3F, b x 111 60 5 
(8G) 
1G, 564 81 
3F, x x x 364 67 
(8Gs) 
264 
(3G) x x x x 0 
Sum d-d 40 360 800 840 360 


Sum @ 18 199 327 462 72 
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the confirmatory measurements of the multiplet intensity formulas have been 
made on multiplets arising from systems containing equivalent electrons, we 
know that the internal multiplet intensities are the same, but certain multi- 
plets are obviously completely omitted. We illustrate this in Table Va, where 
the intensities in LS coupling for the transition array arising from pd—d-d 
are given as computed from Kronig’s formulas. We have placed in parenthe- 
sis those lines which fall out when the two d-electrons are equivalent, and the 
new sums arising when the transition is pd —d? are similarly marked. Appar- 
ently, then, when one is applying the general sum rule to lines arising from 
configurations containing any number of equivalent electrons, the correct 
procedure is to calculate the proper sums for the suitable nonequivalent case, 
and then subtract the theoretical values of the lines arising from terms which 
have been ruled out, these being obtainable in the general case by calculating 
them for LS coupling and applying the J-group sum rule. The configurations 
p’, d®, etc. should not require modification, since they have the same term 
content as p, d, etc. 

The J-group sum rule will presumably still hold when equivalent electrons 
are present, but the sums used will be different, as seen in Table Vb, on ac- 
count of the different term content of the J-groups. 

It should be emphasized that while this suggested method of procedure 
appears perfectly straightforward and is given weight by the calculations of 
Bartlett, it lacks direct experimental testing and may lead to results which 
contradict our previous ideas of the role of the statistical weight in intensity 
determinations. 


$5. EmpiricAL STUDY OF PERTURBATION EFFECTS WHICH PRODUCE 
INTENSITY ANOMALIES IN COMPLEX SPECTRA 


If we wish to cling to the useful fiction that each spectral term can be 
described by a single set of quantum numbers we must, as is well known, give 
up the ordinary selection principles which state that the azimuthal quantum 
number LZ can change only by +1 or 0, and that combinations occur only be- 
tween states of the same multiplicity. We also find it very convenient to re- 
tain the formal nomenclature of LS coupling in cases where the multiplet 
structures are not entirely broken down, and to explain the anomalies which 
arise as due to perturbation effects produced by near-lying terms. We turn now 
to a detailed examination of certain terms in a typical complex spectrum. 

Elements of the first long period give rise to many multiplets which obey 
the ordinary (LS) multiplet intensity formulas almost exactly, and to others 
which are entirely anomalous, while in between lie multiplets containing vari- 
ous percentages of normal and anomalous lines. In particular titanium (Ti I 
and Ti II)** gives rise to many lines of both types, while vanadium,*® chro- 
mium,*! manganese,” iron, cobalt, and _ nickel** show increasing per- 


29 G. R. Harrison, J.0.S.A. 17, 389 (1928). 
80 G. R. Harrison, unpublished material. 

3! C, E. Hesthal, thesis not yet published. 
® R.S. Seward, Phys. Rev. 37, 344 (1931). 
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centages of anomalous lines. This is to be expected, since the internal multi- 
plet separations become greater as one passes from left to right across the 
table, so that the tendency of multiplet levels to overlap with a resulting de- 
parture from LS coupling increases. 

In Ti I we consider the triads d*D’, eF, AG; and &D’, DF, b°G’, arising 
from the configuration (3d)*4p*. The relative positions of these terms in the 
energy level diagram are shown in Fig. 2. We note that b°F is comparatively 
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isolated, while in particular c°G;’ and d*D;’ practically coincide. In addition 
c°D sm lie very close to the *G’ and *D’ terms. To make the relationships more 
clear we plot the same energy levels, together with all others lying near them, 
in Fig. 3, where the terms have been arranged according to their J values, 





8 J. B. van Milaan, Zeits. f. Physik 34, 921 (1925); 38, 427 (1926); R. Frerichs, Ann. d. 
Physik 81, 807 (1926). 

4 L. S. Ornstein and T. Bouma, Phys. Rev. 36, 679 (1930). 

% H. N. Russell, Astrophys. J. 66, 335 (1927), but modified later, see J.0.S.A. 18, 296 
(1929). 
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which have been marked across the top of the diagram. We are led to expect 
from this figure that c°G;’ and cD,’ will be unperturbed, as will b°Gs.’ and all 
of the b'F terms. 

In Table VI are given the relative intensities of the lines in various sets of 
multiplets arising between c°G’, c}D’, and d*D’ and the terms marked in the 
left hand column. The values are relative only within a group pertaining toa 
given set of lower terms, and while quantitative measurements were made 
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they are in many cases not much better than estimates, due to overlapping 
lines, to the comparative weakness of certain lines, and to the presence of 
bands. The accuracy is sufficient, however, to indicate qualitatively the valid- 
ity of the J-group sum rule as applied to partial J-groups, where only those 
lines are considered which arise from terms which mutually perturb one an- 
other. The measured intensities are written in two parts in the case of unfor- 
bidden lines; thus if a line is predicted to be of intensity 56 in LS coupling, 
and is found actually to be 48, it is written as 56-8. To test the sums it is 
then only necessary to add the three (or fewer) numbers in any row of any 
rectangle in Table VI; the excess or deficiency values of the allowed lines plus 
the intensities of the forbidden lines, marked (), should total zero. We note 
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TaBLe VI. Intensities in typical partial J-groups of Ti I with perturbing levels. 











j | ! 
Upper 3G’ 5 | 4 3 | 
states cS)’ 4 3 2 1 | O 
a3)’ 3 2 1 
Lower | | 
states | | | 
a" § | (—) 1 (—) 220 | x \ x | 
4 | (-)* (—) 30 1 <2 150 (35— | x x 
| x0 lap | 
ab’ 3] « (—) 2 ( 4$2— (<15) 06 (<2 x x 
| y 1 
2 x x lap (<1 | 40 t 56 (<1) x 
1 
1 x x x | } (<1 28 <1 28 
4 1230 63 (<3) | 1+ (30 700 x x | 
? S4 150 110 | 
aap’ 3 x 940 ) | 63 (20 lap (50) lap | ry ry 
2 x x | 720 (2 2+ (2 ol (15) 328 x 
| > 19 
+ | 5 - (=) | - (10 41— X x 
| 15? | 
bP’ 3 x 2 (-—) - (<1 +— (<2) 28+ x x 
1 lap | 
2 x e I <1 ( - (- } | (- 19+ x 
lap | 
2 x x | (3) (15 84- (—) 15 | (-) ~ oe i 
| 20 } 
a3’pP’ 1 | x x x | m2 lap (- 15 (--) 
oO | x x | (- lap x 














* Although Russell lists a line with this designation, it is an exact lap with a strong line, and lies 7 wave-numbers from 
the proper position, so that its existence is very doubtful. 
— indicates line too weak to observe. 
(—) indicates line forbidden by L or R selection principles which is too weak to observe 
( ) enclose observed intensities of lines forbidden by L or R selection principles. 
x indicates transition forbidden by J selection principle. 


that where forbidden lines exist their intensities are taken from some allowed 
line which is made abnormally weak; that perturbations may produce in- 
creased as well as decreased intensities in allowed lines; that the perturba- 
tions are here greatest in the columns with J=3, and that all lines in the 
columns with J =5 or 0 appear normal. 

We may evaluate somewhat more closely the amount of perturbation 
existing between two levels by observing the ratio of intensity of a forbidden 
line to that of the allowed line or lines from which its intensity has obviously 
been abstracted. This ratio multiplied by 100 we call P; while we do not ex- 
pect P to be a constant for all of the lines arising from any two mutually per- 
turbing upper states, it appears to remain fairly constant in order of magni- 
tude. For example, between d*D;' and cD;’ we get the following values of P 
from Table VI: 19.3; 21.6; 8.0; 24; 25; 18. We use the average value 19.3 


TABLE VII. Measurements of perturbations between states from the data of Table VI, 


Perturbed states Separation 











P 

OC’; - 0 
CG’, @&D', 89 <1 
CG’; ©€D'; 72 <1 
CG’; dD’; 2.4 5 
@D’'; &D’'; 74 19.3 
@D'> D's 139 > 
@D'; ©D', 194 <2 

D's 0 
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as a rough intensity indication of the degree of perturbation between these 
two terms. In Table VII we give the values of P obtained for various mutually 
perturbing upper terms as computed from the date of Table VI. 

We note in particular the much greater perturbations between the d°D’ 
and @D’ terms than between either and c*G’. If we are correct in assuming 
that all three come from the same configuration, the close coupling between 
the triplet and quintet D terms can probably be traced to the fact that they 
differ only in spin orientation. 

We note also from Table VII that the mutual perturbations between two 
given sets of multiple terms increase rapidly as the energy differences between 
the perturbing states decrease, as is to be expected. 

We may briefly summarize the available intensity measurements dealing 
with some of the other upper states shown in Figs. 2 and 3 as follows: °F, 
comparatively isolated, gives the practically normal multiplet (#172) 
a*F’—b°F. The only forbidden lines to which }°F gives rise are extremely 
weak, with the exception of a few which can be traced to perturbations of the 
other states giving rise to them. c*F, on the other hand, shows many inten- 
sity anomalies, which can be traced to perturbations with }°G’, 

A great deal of useful information can of course be obtained without 
quantitative intensity measurements by observing the estimated intensities 
of lines forbidden by the Z and R selection principles. One first seeks to de- 
termine whether they arise from perturbations of the upper or lower states, 
or both. This is usually easiest to do in the case of lines forbidden by both 
selection principles; consider for example lines of the type a'D.—*G;', of 
which there are several in Ti I. We observe that such a combination can only 
be produced by perturbation of the lower term by one of the type *F»’, or of 
the upper term by one of the type 'F;. But the terms a*F,’ and b*F,’ are re- 
spectively 7250 and 4280 wave numbers from a'D2, and experience with other 
terms in Ti I indicates that ordinarily perturbations are not noticeable be- 
tween terms more than 2000 wave numbers apart in this element. We may 
check this conclusion, however, by listing the estimated intensities of all lines 
of type a*F,’ —°G’ and a'D.—'G’, as in Table VIII. 














a3 F’,—a°G'; 30 a'D;—a°G'; (—) 





—b 100 b (—) 
—¢ 80 c (—) 
—d 100 d (1) 
—e 20 e (10) 
—f*G's 10 #G's (3) 


From the absence of the first three forbidden lines in Table VIII, we see 
that the presence of the last three is probably due to perturbations of the 
upper states by 'F; terms. In Table IX we list the various *G’ upper states 
of Table VIII, the nearest 'F; terms to them, when within 2000 wave-num- 
bers, the wave-number separations between *G;’ and 'F3, the estimated in- 
tensities of the forbidden a'D,—*G;’ lines, the estimated intensities of the 








778 G. R. HARRISON AND M. H. JOHNSON, JR. 


corresponding a'D.—'F;3 lines, and the approximate ratios of the two latter, 
obtained by squaring the estimated ratios.** We note that where perturba- 
tions exist they increase greatly as the term separation decreases. 


TABLE IX, 
a®G’s a'Fs 930 (—) 12 
b ~ - (—) — 
c - - (=) - 
d b 1480 (1) 40 1/1600 
e c 68 (10) 20 1/4 


f e 415 (3) 40 1/170 


The intensity anomalies produced by terms a given distance apart will 
of course depend on the magnetic separations within the multiplet terms, on 
the relationship of the perturbing terms, and on the quantum numbers in- 
volved. Detailed investigation of these factors is beyond the scope of the 
present paper; a large amount of interesting data of this type is being ac- 
cumulated in the spectra of Ca, Ti, Zr, V, Cr, Mn and Ni, which will be pub- 
lished at a later date. Where the internal multiplet separations become rela- 
tively great, as in Zr I, while the general character of LS coupling is roughly 
preserved, we can obtain much information on perturbations not only from 
the intensity anomalies within multiplets and the presence of forbidden lines, 
but from the anomalous g values and departures from Landé’s interval rule, 
as has been mentioned recently by Kiess and Kiess.’7 While there are a num- 
ber of such departures in Ti I their specific causes are usually more difficult 
to determine than in Zr I. 

We wish to acknowledge the able criticism and advice we have received 
from a number of our colleagues in preparing this paper, particularly from 
Drs. J. C. Slater, E. C. Kemble, and L. A. Young. 


36H. N. Russell, Proc. Nat. Acad. Sci. 11, 314, 322 (1925). 
37 C, C. and H. K. Kiess, Bur. Stds. Jour. Research 6, 621 (1931). 
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ABSTRACT 


The notion of odd and even operators introduced by Schrédinger is generalized 
and developed in this paper. It is shown that, accepting the hypothesis of Schrédinger 
that “only even operators exist” the undesirable negative energy solutions of the Dirac 
equation are eliminated since they do not combine with the observed states, while at 
the same time the relativistically invariant form of the Dirac equation can be re- 
tained. The fine structure {>rmula for the energy levels remains exact and not merely 
approximate. However, it is proposed to relinquish these apparent advantages in order 
to substitute for Schrédinger’s hypothesis one easier to accept but practically equiva- 
lent. This is that the fundamental potential between charges is an even operator. 
Possible ways of forming even operators out of classical mixed ones are discussed. 
The decomposition of the fundamental operators, a; the “spin” operator, and x; the 
coordinate operator, indicates a remarkably simple form for the odd and even parts. 
The even parts prove to be immediately connected with observable properties of 
the electron. This leads one to believe that the division into odd and even parts is a 
useful performance aside from its application to the question of negative energy solu- 
tions. While the positive to negative transitions are made to vanish identically, the 
direct transitions between positive states remain quite unaffected. The “Klein diffi- 
culty” is examined and it proves to disappear with the negative energy states. Possible 
experimental tests of the new theory are shown to exist. The values of hyperfine struc- 
ture separations and also the x-ray levels of heavy atoms should depend markedly on 
whether the Coulomb potential or just its even part acts on the electron. Some interest- 
ing possibilities suggested by the theory are mentioned at the end of the paper. 


HE most serious difficulty which till recently beset the theory of the 

electron has now been removed by Schrédinger.' This difficulty lay in 
the fact that whereas the Dirac theory accounted in exact detail for all the 
known properties of the electron, it also predicted certain others so strange 
that no one even thought of testing them out. The unbelievable properties 
referred to were all connected with the fact that there were solutions (here- 
after called negative solutions) of the equations corresponding to total en- 
ergies which in spite of the large positive term mc? were numerically less than 
zero. 

The behavior of a negative electron in a state described by one of these 
solutions was similar to that expected of a positive charge. A possible inter- 
pretation for some of these features has been suggested by Dirac? but enough 
discordance with observation remained to make the situation quite unsatis- 
factory. It should also be recalled that Dirac’s suggestion left the Klein’ diffi- 


1 E. Schrédinger, Sitz. Ber. d. Preus. Akad. 3, 63 (1931). 
* P. A. M. Dirac, Proc. Roy. Soc. A126, 360 (1930). 
’Q. Klein, Zeits. f. Physik 53, 157 (1929). 
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culty untouched. This difficulty forms part of the discussion of the present 
paper, in which it will be shown that Schrédinger’s idea disposes of it in a very 
satisfactory manner. 

The negative solutions would be harmless except for the fact that under 
the influence of the sort of perturbation which exists everywhere the ordinary 
electron would pass over into one of these unknown states. In fact the transi- 
tion probabilities would be extremely large so that electrons as we recognize 
them would be very exceptional systems. 

The procedure by which Schrédinger avoids the objectionable negative 
energy solutions of the Dirac equation for the one-electron problem leads to 
some interesting immediate consequences and extensions which he did not 
discuss. Schriédinger has shown that without appreciably affecting the energy 
levels it is possible to modify the Dirac equation so that the positive and 
negative energy states no longer spontaneously combine with each other. 
There are various ways of accomplishing this on the basis of Schrédinger’s 
even and odd operators. For example one could use even energy operators for 
some problems without requiring aprior? that odd ones never appear. 
Schriédinger seems to prefer the general rule that only even energy operators 
be used so that the negative states are entirely unrealizable. This appears af- 
ter a little consideration to be somewhat drastic but part of the purpose of 
this paper is to show that Schrédinger’s rule is not very stringent after all— 
provided of course that the negative solutions actually have no physical 
significance. 

PRELIMINARIES 


It will be necessary first to introduce the notion of odd and even opera- 
tors.! Consider the orthogonalized solutions of an operator equation 


Ay; = ay; (1) 


divided arbitrarily into two groups. One will be called positive and the other 
negative and the assignment of a given solution to its group will be indicated 
(when possible) by a superscript thus—y* or Y~. To each solution will be 
associated a constant whose assignment will also be indicated by a plus or 
minus superscript. Now an arbitrary function can be expanded in terms of 
the solutions of (1) and we may divide the expansion into two parts 


= Levit + Lew (2) 


(the set y; is here represented as discrete but this is unnecessary and is done 
only for simplicity of notation) one containing only positive solutions, the 
other only negative ones. A positive function ¢* is one for which all the ex- 
pansion coefficients c;~ in (2) vanish and a negative function ¢@ one for which 
all c;+’s vanish. A function having nonvanishing components of both plus and 
minus types will be called mixed—otherwise it is pure (i.e. either + or —). 
It follows that any two functions of different types are orthogonal 


[wrod = 0) (3) 
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and also that any function can be represented uniquely as the sum of a posi- 
tive and a negative component. 
Any operator B can be decomposed uniquely into two parts 


B=G6G+U (4) 
such that 


[ veGoear = J vrGusras = (0) (5) 
for any solutions wy of (1) of different types, and 
[ ver Uystar = [ervvrar = 0) (6) 


for functions y of like type. An operator satisfying (5) is called even and one 
satisfying (6) is called odd. B is mixed if neither its odd nor its even part 
vanish—otherwise it is pure. Note that with respect to the solutions of (1), A 
is necessarily a pure—furthermore an even—operator. 

From (5) and (6) it is seen that the product of two odd operators is even. 
This leads at once to a means of decomposing complex operators. For if 
b;, bs, bs,—are operators which can be decomposed in the sense of (4) into 
2i tM), Zot, Z3+u3,—then an analytic function of these B(d;, be, bs - - - ) 
can be decomposed uniquely into the sum of an even part (containing only 
the even powers of “; in the Taylor expansion) 


3 Ble + m1, go + t2,---) + Blgi — th, ge — Ma, --- )} (7) 
and an odd part (containing only the odd powers of the u; in the Taylor ex- 
pansion) 

>{ Blgi + tt, g2 + W2,---) — Blgi — mh, go — te, --* df (8) 

A useful sufficient criterion for the parity of an operator can sometimes be 


found by a consideration of certain derived operators. The first commutator 
of B with respect to A is the operator 


CaB = AB — BA (9) 


Similarly the second commutator is CCB = C?B and so on. The first anticom- 
mutator is defined by 


DxsB = AB+ BA (10) 
From (1) and (2) we can find for any function Y, which is a solution of (1) 
CaBy, = DOBi# (ae — ait)bt + OBZ (ax — ayy (11) 

whence i j 
CIBY: = QIBu* (an — ait) it + DBT (ar — a) (12) 

and also i i 
DiBY; = DOBu*(ax + ait)"it + DOBiF (ae + a) (13) 

where i j 


B,i* = [rebar 


Bim = [txBbar 
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Now if B is an even operator, then B,j°=0 for any negative ~, and 
Bym=0 for any positive Y,. It is clear that any nonvanishing commutator 
or anticommutator of a pure operator has the same parity as the operator 
itself. In special cases from the vanishing of a finite power of a commutator 
of B, one can conclude as to the parity of B. For example, if in (1) no y;* 
has the same characteristic number @ as any ¥;~ then (a4—a3)”" can never 
vanish unless Y, and 3 are both positive or both negative and the vanishing 
of CiB implies Bag =0 when y, and Wz are of different types (+) and there- 
fore according to (5) B is even. Again if all the a;+ have a common sign (nu- 
merically) and all the a;~ have the opposite sign (i.e. a.tas+>0; as ay >0; 
data, <0) then (a@,+a3)" can never vanish if Y. and Wz are both positive 
or both negative and therefore DB =0 implies B.3=0 when y, and wW3 are 
of the same type, i.e. B must according to (6) be odd. If all the numbers a; 
have the same sign this criterion is of course useless for then D"B=0 only 
when B=0. 

A very convenient method of handling operators with their odd and even 
properties in mind is to represent them by matrices in which the indices for 
rows and columns run first through all those for positive solutions of (1) and 
then through the negative solutions. The matrix for any operator B is then 
divided into four parts by the dotted lines in the symbol 


+ - 





Each of these parts is a matrix (although two of them are not necessarily 
square ones) but there is nothing to prevent us from describing B in terms of 
a matrix with these parts as elements. B is thus a matrix of matrices. It can 
be expressed by the symbol 


; ( Bt+ Be ) - 
j= 6 
B+ B \ 


Such symbols can be manipulated in the usual way provided one takes into 
account the fact that the elements are matrices and therefore not necessarily 
commutative. Moreover attention must be given the fact that B*~- and B-+ 
may not be square. Henceforth we shall evade this inconvenience by consid- 
ering the matrix B bordered by zeros except for diagonal elements until the 
matrices B+- and B-* are square. The new diagonal elements of B can all 
be taken as unity. The new functions hereby considered added to (1) have 
of course no significance or influence on any problem since their matrix ele- 
ments with the other functions always vanish. We are of course here as else- 
where assuming that no difficulty is introduced by the fact that the character- 
istic numbers a; in (1) may have a continuous spectrum. If we write B=G+U 
for the matrix representations of the operators in the sense of (4) then 
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Ber 0 

G = (17) 
0 B 
0 Br 

U= (18) 
B+ 0 


If B is Hermitian, evidently G and U are also, moreover B*~ is then the con- 
jugate of the transposed of B-*. 

Now Neumann‘ has stated the theorem that it is always possible to go 
from G+ U to G— U by a cannonical transformation. It is in fact easily seen 
that 


and 


TG+U)T'=G-U (19) 


i 0 
Tt =T- -( oer) ), (20) 
0 ~~ (6;;") 


It may also be useful to note that for any unitary matrix F the reciprocal 


in our notation is 
r-1 c. F- ) (21) 


where the symbol F++ for example means the transposed of F**+. The follow- 
ing theorems follow easily from the definitions already given. If the character- 
istic functions of an operator B are all pure (i.e. either + or —) the operator 
must be even (except in the trivial case where the only characteristic number 
is zero). Another similar theorem is—an odd operator can have only mixed 
characteristic functions, i.e. 


where 


Udy = prde (22) 
where in the expansion 


o. = Deny : + Lee) vi 


there are coefficients of both types which do not vanish (except in the case 
u,=0). When a mixed operator G+ U has a pure characteristic function @ 
it follows that U@=0 and naturally the even part G has the same character- 
istic function and number as the whole operator. 


THE ENERGY OPERATOR 


The particular operator in terms of which we wish to define our positive 
and negative functions is the energy operator in the Schrédinger equation 


oy h 
Hy+«—=0 (« = —). (23) 
al 2ri 


The form for the single electron in an electromagnetic field is that given 
by Dirac*® 


4 Schrédinger, reference 1, p. 72. 
5 Dirac, Proc. Roy. Soc. A117, 616 (1928). 
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H a= CHo =< Ta (> + _ 6.) ad aymc* (24) 


i= 1 ( 
with the a; defined by the conditions 
ajo, + aa; = 26; (j, k = 1, 2, 3, 4). (25) 


The ¢; are the components of the vector potential and — @p is the scalar 
potential. The p; are the appropriate relativistic momenta conjugate to the 
coordinate x; and satisfying the operator commutation equation 


PiXe — Xepj = KO; (26) 
or 


a) 
pj = «—- (27) 


OX; 
The operator equation corresponding to (1) is 
Hy, = Ej. (28) 


The functions y; which are to satisfy (28) depend on x, y, s, ¢ and in addi- 
tion on a spin coordinate ¢ which can take on only four values (this is 
Schrédinger’s way of avoiding the necessity of talking about the four com- 
ponents of the wave function y;). The operators a; act only on this spin vari- 
able and commute with the x; and p;. 

It is known’ that if the operators here defined are to maintain their mean- 
ing for all values of time they must satisfy equations of motion analogous to 
the classical Hamilton equations 

a) d J 
o—+Cy = «c— (29) 


ot at 
Cy is defined in (9). 
This leads in the case of the one electron problem (29) to an interpretation 
of the operators a;;for we can verify by applying (29), (24) and (26) to the 
position operator x;, that 





a (30) 


so that the a; are proportional to the operators of the velocity components 
of the electron. Squaring shows the characteristic values of the velocity com- 
ponents to be equal to +c.’ 

The simple hydrogen problem in which we are especially interested at 
present represents the case where in (24) the vector potential (@1, ¢2, d3) =0 
and the scalar potential —@) = —e/r 

















H=- e?/r —_ c(aipr + Ae peo + a3ps3) “_ aymc? (31) 






6 e.g., Schrédinger, Preuss Akad, Sitz. 24, 418 (1930). 
7G. Breit, Proc. Nat. Acad. 14, 553 (1928); Schrédinger, Sitz. Preuss Akad., 24, 418 (1930). 
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For this case the problem has been solved.* There is a discrete set of en- 
ergy levels described by the Sommerfeld fine structure formula all lying near 
the positive value mc? for the total energy. In addition there are two continu- 
ous sets of solutions one for all positive values of E; in (28) greater than mc? 
and the other for all negative values E;< —mc*. Let us now consider that 
the solutions corresponding to the numerically positive values of Z; form a 
suitable positive set in the sense of the discussion of Eq. (1) while those corre- 
sponding to the negative values of E; form the negative set. This differs from 
Schrédinger’s choice. He defines his positive and negative solutions in terms 
of the operator which corresponds to the free electron namely (24) with 
(di, G2, 3) =0, Go =0 

The first advantage of defining the positive and negative functions in 
terms of the hydrogen problem is that the solutions for the free electron are 
all included among them (they are the solutions for infinite angular momen- 
tum) so that the two most important cases are treated at once. Moreover for 
the unperturbed system there is no question of transitions to negative states 
for ZZ is not merely even, it is diagonal. Meanwhile the wave functions and 
the energy levels remain exactly as before. As will be seen later on, this is by 
no means an inconsequential difference between the present formulation and 
that of Schriédinger; whether it is an advantage or the opposite, however, 
is not at all clear. It is finally very satisfying to observe that in using the un- 
changed Dirac equation for the hydrogen atom to define our positive and 
negative functions a very important and desirable property is preserved :— 
the energy operator is relativistically invariant. 

Now in order to attain the end for which the notion of odd and even 
operators was introduced, it is necessary to introduce Schridinger’s hypothe- 
sis with regard to all perturbations which may act on our system. The postu- 
late is that all perturbation operators are even. In such case if the system 
before perturbation could be represented by a positive function, then it will 
still be exclusively positive after the perturbation. Schrédinger has suggested 
that the classical operator be represented as a sum of an odd and an even part 
and then that the odd part be discarded. He has shown that the effect of this 
change on the Stark and Zeeman levels is negligible when starting from the 
free electron system of wave functions. It is easily shown that the effect will 
not be greater when starting from the hydrogen wave functions. 

It should be emphasized here that there is no compulsion in this procedure 
for setting up the desired even operator. It might for example be advantage- 
ous in cases to introduce a slight modification into the operator before or 
after rejecting its odd part. This might conceivably be quite necessary in 
order to make certain perturbation operators satisfy the requirement of rela- 
tivistic invariance. Of course the operator which comes first to mind is the 
ever present perturbation of the radiation field on account of which the older 
theory was forced to ascribe a zero lifetime to the ordinary electron. Until a 


8 C. G. Darwin, Proc. Roy. Soc. A118, 654 (1928); W. Gordon, Zeits. f. Physik 48, 11 
(1928); P. A. M. Dirac, Quantum Mechanics, Oxford Clarendon Press, p. 252 (1930); F. Sauter, 
Zeits. f. Physik 63, 803 (1930); and others. 
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satisfactory quantum electrodynamics is available, a reliable form for this 
operator will be lacking, but so long as it is made even, we know in advance 
it will leave the matter of the negative energy states a harmless and uninterest- 
ing question. This last phrase is perhaps an unnecessarily dogmatic state- 
ment. It is still conceivable that there are systems (e.g. protons’ or photons) 
susceptible to observation which can be described by just the set of solutions 
which we refuse to recognize as states of the electron. 

The notion of dividing an operator B into the even and odd parts G and U 
with matrix representations given by (17) and (18) seems especially appro- 
priate to the problem at hand when one examines some consequences not 
explicitly stated by Schrédinger. Thus for example, if we modify B into G 
we get rid of all the undesirable transitions to all approximations. For the 
transition probability from positive to negative states will always contain as 
a factor at least one of the zero elements of G in each order of approximation. 
On the other hand the allowed direct transitions between states remain not 
merely approximately as before, but since they depend only on those elements 
which B and G have in common they are quite unchanged. 


THE SCHRODINGER POTENTIAL FUNCTION 


In spite of the attactive features in favor of using the wave functions of 
the Coulomb problem as a fundamental positive and negative system, it is 
proposed, now that some of them have been called to mind, to go back to 
Schridinger’s original suggestion and begin with the energy operator for the 
free electron 


Hy = — claipi + azrp2 + asps + aymc) (32) 
with the wave equation 
Hw: = Eve (33) 
and the energy values 
E* = + c((pi’? + po’? + ps'*) + m*c*)'”? (34) 


where ~,’, p»2’, p;’ are the characteristic values of the momentum components 
and can take on any real value. 

The wave functions ¥* associated with the positive sign will form the 
positive set and the others the negative set. 

One feels compelled to offer an explanation for the reversion to this more 
primitive formulation in terms of the free electron. It is not that the decom- 
position of operators into even and odd parts becomes much easier. True 
enough the invariants on which this process depends are simpler, but the even 
operators which finally must be investigated are complicated enough to re- 
quire approximate methods anyway and an approximate form for the even 
operators is just as easy to handle by these methods as the exact form. More 
significant is the idea that the ambiguity in energy is associated with the 
electron itself and to drag in the Coulomb field seems to be befogging an 
already sufficiently mysterious difficulty. The answer that the free electron 


® T owe this suggestion to Mr. W. M. Cady of Harvard University. 
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is completely treated at the same time as the hydrogen atom is not a satis- 
factory one for even so, it may be that the introduction of the Coulomb field 
may prevent an understanding of the matter by directing the emphasis away 
from its proper place. Moreover the free electron is included only by the 
artifice of considering it a special case of the hydrogen atom with the proton 
far away. If this were not done, a perturbation of the form e®/p must be in- 
troduced and this would have to be treated in the ordinary way—its odd part 
would be discarded. 

Still further reasons might be adduced here but the writer is willing to 
confess to the real reason for preferring to start from (32). It is because—as 
will be more apparent later on—one can thereby avoid the baldness of the 
assertion that just because we dislike the negative energies we can allow only 
even operators in physics. A less violent attack might achieve results quite 
as satisfactory.'' Following Schrédinger let us consider that the Coulomb law 
is in need of slight revision to make it yield an even operator.'! This granted, 
there is little more to be desired. We have simply to point out that any field 
is in actuality made up of a number of Coulomb fields and since each is even, 
the sum is even, and therefore no special postulate is needed for each in- 
dividual perturbation. The suggested modification of the elementary law of 
force on a single electron is a small scale phenomenon and is not susceptible 
of direct observation. On this account we find it easy to acquiesce to the 
change. With large scale forces there is at first a feeling that one may build up 
whatever field one wishes—in particular one having an odd operator—just to 
spite Schrédinger. But since the large scale field is composed linearly out of 
the small scale fields, this freedom does not exist and one is compelled to re- 
sign oneself to even operators once the proper fundamental law of force is 
accepted. 

A most satisfactory example of the operation of this argument is to be 
had in connection with the Klein” difficulty. To describe this simply, we 
imagine an electron in a space divided into three parts by two parallel planes 
oppositely charged so that the two regions outside the two planes differ in 
potential by an amount greater than 2mc?. We may for simplicity let the two 
planes come very close together so that the numerical change in value of the 
wave function in the region between becomes unimportant. The dependence 
of the wave function on the width of this interval is such that this can be 
accomplished. 


10 The same could be accomplished with (31) as the defining operator but in that case the 
argument would seem rather artificial. 

11 To complete the discussion of course the vector potential must be treated as well as the 
scalar. This however will be left aside for the time being along with the related question of 
Lorentz invariance. It is felt that when the relativistic requirements are satisfied, the transfor- 
mation properties of the electric force should give sufficient clue to the whole Lorentz force. 
A further excuse for such optimism is the feeling one gets from the consideration that the vector 
potential is connected with the quantity v;/r. In the proper Hamiltonian this v; might appear 
in accordance with (30) as an a;. Now the vector potential ¢; appears with a factor a; and the 
resulting a,?/r will be an even operator when the scalar potential is even. 

2 QO, Klein, Zeits. f. Physik 53, 157 (1929). Also W. Heisenberg, Physical Principles of the 
Quantum Theory, University of Chicago Press p. 101, 1930. 
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In the two outside regions the potential is constant. Moreover we may for 
simplicity restrict ourselves to electrons moving at right angles to the charged 
planes so that the energy operator is to be written 


Hs, =-— (edo(x) a capi + aync?) (35) 
with 
gdo( x) = O x<-—-0O 
. (36) 
g(x) = —~P x«>t+0. 


Here —0 and +0 are used as indications of the points near the origin where 
the potential begins and ceases to change. The solutions of 


Hove = Eve (37) 


for the outside region can be expressed in terms of simple exponential func- 
tions 
p’x—Et 


Ye = uo) « ° (38) 


The amplitude factor u(¢) depends not only on the energy through p,’ 
but also on the spin variable ¢ which as already mentioned, can take on only 
four discrete values. The substitution of (38) in (37) leads to one condition 
connecting the numbers /,’ and E but it does not uniquely determine either 
when the other is given—it merely requires 

(E + edo)? ae - 
————— — m*c* = pp," (39) 


9 


Cc" 


We wish to investigate the transmission properties of the retarding po- 
tential dy so we choose a solution with terms of the form (38) describing for 
electrons of given energy £o, an incident portion with amplitude u;(¢{) a re- 
flected amplitude u,(¢) and a transmitted amplitude u,(¢). The functions y; 
and y, for x < —0 will contain two p,;’ given by (39) which differ only in sign 
but the p,’ in y, for x >+0 will be entirely different from the others. For 
values of P in (36) such that (E»>—eP)?/c? <m?c?, p;’ would be imaginary and 
there would be no transmitted beam. For larger values there would seem to 
be such a beam whose amplitude increased monotonically with P. It is at 
first sight disturbing that no mention of negative energy solutions has been 
made so far in this problem and one fears that the result can not be criticized 
on the basis of the present paper. To see that this is not so, one must remem- 
ber that the positive and negative set has here been defined in terms of the 
operator (32) and to judge our present solutions we must analyze them in 
terms of the solutions of (33). The parts y; and y, can be handled immedi- 
ately. For example y; is to be represented in the form 


Balers pol) = feo WC, pap’ (40) 
(po’ is the value of p,’ in (39) corresponding to ¢)=0 and E=E,; the symbol 


¥(x,p’) without subscript represents a solution of (33).) Now W(x, p’) can be 
written 
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v(x, p’) = v(f, p’, Her2*§ — O<x<w (41) 


so that from Fourier’s theorem we have 
c(p’)o(f, p’, 1) = J Wi(x, po’ Je?’ *!*dx. (42) 


Now ¥;(x,fo’) vanishes for all positive values of x and is proportional to 
exp(po’x/k) for x << —0 so that 
v(¢, po’, t)k 
(p’ — po’) 
provided the small difference between —0 and 0 be disregarded and that y; 
be properly treated at x= —~* by considering it as the limit of @(@x)e?’=/« 
where $(8x) vanishes for x= — ~ for all values of 8 but changes more and 
more slowly for finite x as 8 approaches an appropriate limit. 

¥, gives a result similar to (43) with the sign of po’ changed. We see from 
all of this that y; and y, can be expressed in terms including only those solu- 
tions of (33) which correspond to positive energy so that they are themselves 
positive functions. This becomes clearer when we examine the state of affairs 
in the case of ¥:. We begin by setting up the expression for the rate at which 
electrons pass through a surface element df normal to the x axis. The proba- 
bility that an electron with any value of ¢ will be found in the volume element 
dy =dxdydz is given by dvfypd¢. Here y is the solution to the wave equation 
whose energy matrix is the transposed of that of y. The integral with respect 
to ¢ reduces to a sum of four terms, one for each value of ¢. The rate at which 
electrons pass through df will then be df /y(dx/dt)~dt. According to (30) this 
is —cdf fai dé. If a; = (a;;) where 7;,; take on four values corresponding to the 
four values of ¢ we may write 


c(p’)o(f, p’, ) = J Wi(x,po')e~?’*/*dx = (43) 


- cf Faas =—¢ LF aii) =-¢ Lvgiaiv(F)). (44) 
Indeed for any matrix y 
J trvas = f vivar. (45) 


Now we multiply the equation for Y by Ya, and that for » by Wa, integrate 
both with respect to ¢ and subtract. The result is 


E + edo = 
fua(= ) + a;*pi + cwcenc yd 
_ (E+ edo . _ ~ 
- fuia(—*) + &(aipi:) + dade} bat = 0. 


%P. A. M. Dirac, Proc. Roy. Soc. A118, 35 (1928); O. Klein, Zeits. f. Physik 53, 157 
(1929). 





(46) 
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If a, and @» commute as they do in the cases where we shall use (46) this 
leads, with the help of (45) and the fact that a; and p; commute while a; and 


a, anticommute, to 
~ E + Ho ; ~ : a 
f dul ——lee ~ - f Vpwde (47) 
. 


For any region where @» is constant 





, 


a cp = 
—C¢ [daar = aa [ tvee. (48) 


The expression on the left of (48) is the rate at which electrons pass 
through unit surface. We see then that this rate is equal to the charge density 
times the group velocity as it should be. And now a striking situation arises 
when E+ e¢@» is negative—the flow of electrons is then opposite in sign to the 
characteristic value p’ of the momentum operator (/yy~df>0). It follows 
then that the p’ which appears in ¥, must be negative and much more im- 
portant the expansion for Y, which corresponds to (40) must be in terms of 
wave functions which have the same character as Y; with respect to relation 
(48)—these are the negative energy solutions of (33). The analysis of y; is 
again analogous to (43) but in the expression v7,(¢,p,’t) there is a real differ- 
ence from y; and y, due to use of a negative sign for the energy parameter EF. 

Now it is apparent that transmission of the strongly retarding field de- 
pended on the use of negative functions. If however the potential @o(x) is 
even for all values of x such a solution is improper. To put this in a more pre- 
cise form—if up to time ‘=0 we have a positive function describing the sys- 
tem with ¢,=0 and then impose the perturbation ¢o given by (36) the wave 
function will remain positive so long as @o(x)(—0 <x < +0) is an even operator 
(in this respect this region cannot be ignored). The fact that @o(x) in (36) is 
even in all the outside regions is unimportant for the change to negative 
functions depends on transition integrals of the form /_,“~~@o(x)~*dx which 
are determined entirely by the region in which @o is not constant; the con- 
tribution of the rest of space being zero. If @o(x) is everywhere even then the 
transition probability is always zero and the case of transmission cannot 
arise.'* Now the potential ¢o is determined simply by the sum of the potential 
of the separate charges on the two planes at +0 and —0. Since these elemen- 
tary potentials are even their sum is even. And since the electrons start by 
being electrons of positive energy they remain such indefinitely. 


EXPERIMENTAL IMPLICATIONS 


Although this was a very special case it generates a feeling that no case 
could arise where the negative energy solutions played any part in the theory 
of the electron. Whether this is so or not will not be further considered here. 
It is at the moment more interesting to ask whether it is possible to contrive 





‘4 The writer is not yet clear as to the form of the solution for x > +0 when ¢o(x) is even. 
There is reason to believe that the wave function must vanish throughout the region x> +0. 
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a test which will give positive (rather than negative) evidence in favor of the 
sort of potential function proposed. The question is—are there any experi- 
ments whose numerical results would be appreciably affected by this slight 
modification of the Coulomb law? For the present it will be sufficient to men- 
tion two possible types of such experiments. These are, first, the hyperfine 
structure measurements and, second, the x-ray spectra of heavy elements. It 
will be instructive and appropriate, before taking up these questions first 
to direct attention to some properties of the operators x; which represent the 
coordinates of the electron. x), X2, %3 correspond respectively to x, y, 2. 

The decomposition of x, for example into odd and even parts, is accom- 
plished after Schrédinger'—-by first observing that a; can be written 


a, = —cH'p +m (49) 


It is found by trial that Dyn, =0 and Cy(cll~'p,) =0 so that in accordance 
with the discussion after (14) the two terms on the right of (49) are respec- 
tively the odd and even parts of a;. The operator J] is here understood to be 
the energy operator (32) for the free electron. Now if one defines %, by the 
equation 
CK CK 

x, =2,- - Hn, = #4 — ms H~ (a, + cH™'p,) (50) 
one tinds Cy°%,;=0 while of course Dy((cx/2)J7~'n,) =0 so that x; is hereby 
divided into its even and odd parts. The reciprocals of operators such as // 
and p which are singular, are dangerous to manipulate, nevertheless in terms 
of functions for which these are diagonal matrices with known elements it 
should be possible to avoid pitfalls. The proper treatment of these continuous 
matrices would be too involved for the present discussion so we shall persist 
in using the symbols and manner of speech which are really suitable only for 
discrete matrices. In such case the matrix of //~! for example can be described 
as a diagonal matrix whose elements‘are‘thetreciprocals of the corresponding 
elements of //. This satisfies the requirement ////~' = H-UI =1. Accordingly 
defining —@, as the even part of a, we get 

cp,’ 

(Bi)i; = CCH pidi; = — bi; (51) 
which is just the group velocity which appeared in (48). Note also that 6 has 
its usual significance v/c. Furthermore the first commutator of the even part 
of x, is closely related being 


Cz, = cK(ay) = m1) = KCl py = KCB. (51’) 


‘These results hold not only for the free electron but also for any electron 
which can be described instantaneously by a group of plane waves with 
roughly parallel wave front and roughly equal wave-length. It is significant 
that the even parts of a and Cx are just the parts which describe the average 
velocity of the electron. It is this average velocity which varies with the en- 
ergy of the particle, and is therefore the important thing in ordinary experi- 
ments on electrons. We now have for the odd part of x; which we call &, 
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a CK CK 
X- 2 = &, = = > Aa + B;) = > H~'n. (52) 


The equation a;’?= 1 =B?+7?- (8191 +7181) shows BimitmBi =0 because 1 
is odd and §; even so that the square of (52) reduces to 


cx2/1 — =) 
ti? = — —(——_—}.. 53 
a E? -”" 


For an electron of fairly sharply defined momentum we can derive from 
(51) and (34) the well-known expression 


o 
mc~ 


adios 8 (54) 





so that 
h? 
g,? = —_—_—__(1 — 6,*)(1 — @) (55) 


162?m?c? 





as already found by Schrédinger.“ The presence of the « in (52) does not 
prevent £;=x,—Z, from being Hermitian because 9; anticommutes with J/ 
and therefore also with //~'. In fact, we can write for (&));; the expression 
—(cx/2) [(m:)ii/ |Ei| ](+1) where the positive sign is to be taken in the 
elements of the upper right matrix and the negative sign in the lower left. We 
can represent this conveniently with the help of the matrix 7 defined by (20) 
cx Tn 
ala ia Saat agenednvee ie 52’ 
$1 | E| (52 ) 

The useful property of 7 is that when 7 is an odd Hermitian matrix, so is 

iT. In the same way we can write 
Oop 
cB) = hot sl T = ae (51’’) 
\E 
which emphasizes the characteristic feature of the negative energy states 
shown in (48). 

The consequences of the vanishing of some commutator of an operator 
are worth investigation. A consideration of (12) shows that if C4"B=0 it 
follows that B is diagonal when A is nondegenerate. (It is always being under- 
stood that the characteristic functions are those satisfying (1).) If A is de- 
generate B has components only between states with equal characteristic 
values a. If the rows and columns are arranged so that the diagonal elements 
of A form a monotonic sequence of the positive a;*+, then a monotonic se- 
quence of the a;~, then in the case under consideration B will have a staggered 
matrix (Stufenmatrix), whose general element can be suitably symbolized by 
the notation B;;=b;; 5(a;—a;). Here 6(x) is the well-known" singular func- 
tion with the property 


6 E. Schrodinger, Sitz. Preuss Akad. 24, 418 (1930). 
6 e.g., P. A. M. Dirac, Principles of Quantum Mechanics, p. 63. 
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f 5(x)dx = 1; 6(x) = 0 when x # 0 


It should be noted that, (6(x))" being 6(x) raised to the power n 


J x"(6(x))"t1dx = 0 


fe cyrrar 


Now although B is diagonal in this sense, it does not follow that commuta- 
tors lower than C"B vanish." In fact for all p<n—1, C?B has elements which 
are indeed zero for a;#a; but infinite in the limit a;—a;. This can be indicated 
by writing, when C,"B=0 


(56) 


“x. 








: P;; Ya; — $) ” 
B;; = lim 5(a; — aj) (57) 
sa; (a; = s)*-! 
or even more daringly 
B;; = P5 (a, —_ a;)6"""(a; —_ a;) (58) 


I'(n) 


where P;;‘"~)(s) is an arbitrary polynomial of degree »—1 in S and 6"(S) 
is the mth derivative of 6(S). 
The case for anticommutation is analogous. When D,4"B=0 


1 
By = —~ Pi (ay + aj)6"""(a; + ai) (S9) 
I'(n) 

Just as (58) represents a diagonal matrix in the ordinary sense for the 
diagonal running from the upper left to the lower right, corner, so (59) is 
also diagonal but this time the nonvanishing terms run from lower left to 
upper right. We shall refer to this as the odd diagonal. If we consider the 
diagonal matrix 6(a;—a,;) to be the matrix analogous to the scalar unity, then 
we may consider the odd diagonal matrix 6(a;+a;) as the analogue of minus 
unity. Its square is the unit matrix. Further whereas Bé(a;—a;)=B, the 
product Bé(a;+a,;) is the reflection of B in the central horizontal line of the 
matrix. Reflection in the central vertical line can be achieved by multiplica- 
tion in front, i.e. 6(a;+a,;)B. This is a process by which we can interchange 
the odd and even parts of an operator without affecting its square. 

We are now in a position to discuss some striking features of x and a. 
It has already been remarked that the even part of a is the mass velocity of 
the electron which is very satisfactory. We can now say from the paragraphs 
just preceding that @ will have elements differing from zero only along the 
two diagonals of the matrix. (For brevity we speak as if /7 were not degene- 
rate so that a is really a staggered matrix rather than diagonal). The same is 


17 1 wish here to thank N. Rosen and M. H. Johnson, Jr. for their cooperation and sym- 
pathy in very suggestive conversations on the misbehavior of continuous matrices. 
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true of the coordinate operators x;. There is a radical difference however be- 
cause only the second commutator of #; vanishes so that on the main diagonal 
the terms are infinite in the sense of (58). C@ which is essentially the momen- 
tum is nonsingular on the diagonal. This is a gratifying feature and can be 
interpreted in terms of the indetermination principle as follows. If the veloc- 
ity is sharply defined then C%, =«xic gives its value and it follows that the 
coordinate should be completely indeterminate which is equivalent to saying 
that its diagonal elements are apt to be infinite. 

It is convenient that our fundamental matrices are made up of diagonal 
parts. This makes it easy to manipulate them. For example,* since 9; is an 
odd diagonal matrix, presumably we can extract the square root of 7? =1—8/° 
simply by taking the root of each element and multiplying properly by the 
odd diagonal matrix to get an odd operator. This leads to the result 


(m)ij = + (1 — B,*)'?-8(E; + Ej). (60) 


This together with (51) gives a complete specification of the operator a. 
In the same way with the help of (51’), (58), (52’) and (55), we could get 
the elements of x;. 


KC( 
(1)i; = 7 + (B,)°)(E, —_ E;))6'(£; —_ E;) 


ee ee 


——— T(E: + Ej)¢ (61) 


me" 
Here (8,") is arbitrary. The relative magnitude of the odd and even parts 
of a, is given by 


o/A:| = —— (62) 


which is large for slow electrons and small for fast ones. This is quite satis- 
factory because the maximum value of 8, is one, which is also the value of a. 
On the other hand, the relation for x, is different. For the free electron the 
question is without point because the size of the even part is quite indefinite. 
For a bound electron however # will have for its most probable value some- 
thing approximated by the size ro of the orbit in which it is moving. The ratio 
using Eq. (55) or (61) will then most probably be of the order 

| | he|(1 — B,2)(1 — B2)]"”? 

(88,1 «1 3/nj (63) 

4darmc?ry 
For the normal hydrogen atom where ry) =/?/47?me? this is one-half the Som- 
merfeld fine-structure constant f=27e?/hc =0.00728. It will be important 
later to remember that 7» is also a function of the average velocity of the 
electron. Since the term value is ~e?/2r, the perturbation due to (63) would 
be ~f times the term value. 
* Even in the present case the extraction of the square root is a highly ambiguous perform- 


ance as Professor Schrédinger was kind enough to point out to me. The main trouble here is 
that 8, for example, is not really a diagonal matrix, but a Stufenmatrix. 
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The most important factor to be decomposed is of course the Coulomb 
operator 1/7 = (x,?>+x.*+.4;")7'*. Here there is an ambiguity and (7) cannot 
be indiscriminately applied because r is irrational and there are two square 
roots one with larger even part and the other obtained by multiplication of 
the first with the odd diagonal. This as explained before interchanges the odd 
and even parts. However, since we know from Eqs. (60) to (63) the relative 
magnitudes of the individual components involved we know which root to 
choose. There is no particular meaning to the general expression for 1/r in 
terms of 8 until one specifies a definite problem. The free electron for example 
will depend entirely on the arbitrary quantity 8,° in (61) because 6’(x) is an 
odd operator and 6; an even one. 

We shall therefore content ourselves for the present with implicit expres- 
sions for 1/r and discuss them in a rather vague way. If we write the decom- 
position x; =4%;+£; then the general rules give for G(1/r) the even part of 1/r 


1 1/2 1 1/2 
er ae 
: : Da, + §;)? : > (4, aa £;)? 


and for U(1/r) the odd part 


1 1/2 1 1/2 
va )= (5) - 4(- , +) 63 
iit. > (@: + &,)? "XS (#; — &)? _ 


: 


The question has been raised in this paper as to whether one could not 
equally well get an even function for an operator by simply neglecting the odd 
parts of its elementary operators instead of neglecting the odd part of the 
composite operator. We see in the case of 1/r that it would make an apprecia- 
ble difference. For if we substituted 2; for x; we would get an operator differ- 
ing from 1/7 by an even operator of the order of (£;/%;)? which would produce 
a nonvanishing first order perturbation which may be of magnitude f? com- 
pared with the term values in the case of hydrogen. If, however, only U(1/r) 
is neglected then as Schrédinger has shown there is no first order perturbation 
and the modification of the fine structure levels is only f* compared to the 
term values. 

Now whereas the average value of 1/7 which gives the term value may be 
negligibly affected there are other quantities which are more sensitive. In 
the theory of interaction of outer electrons with the nucleus, integrals arise 
which get their main contribution from the values of the wave function at 
very small distances from the origin. For such integrals G(1/r) may have 
radically different matrix elements from 1/r itself. Indeed the operator G(1/r) 
has singularities of a sort in the region of small r i.e. where r is of the order of 
the Compton wave-length ( £, i~ h/4amc(1—8,*). This fact may play an im- 
portant part in the theory of hyperfine structure. 

In connection with the aforementioned influence on x-ray levels the signifi- 
cant fact is of entirely different nature. Schrédinger’s estimate that the shift 
in term value is of order f' compared with the term value was based on the 
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assumptions appropriate to the hydrogen atom with nuclear charge unity. 
The characteristic quantity in the fine structure formula however is fZ where 
Z is the atomic number. For the heavy atoms ft and (Zf)‘ differ by a factor 
of the order of 10’ and it is no longer true that such a shift would be impercep- 
tible. Of course, the x-ray levels are distorted from the hydrogenic values on 
account of interactions with other electrons but with available methods for 
computing this effect it should be possible to calculate whether there is any- 
thing left over to be accounted for by the change from Coulomb to Schréd- 
inger potential function. 

The suspicion arises in connection with our estimates of quantities such 
as (63) as to whether the presence of factors like 1 —6? and 7) which depend on 
Z will not change matters to such an extent that even for large Z the pertur- 
bation due to £/# would be negligible. To investigate this a little more closely 
we start from 





. mcp 
2rrop ~ “RTO — ayia = nh (66) 
whence 
n7h> 1 — B 
Bt ~ (67) 


43?2m?c? ro- 


Comparison with (63) shows |£/ro | ~B/2. Substituting ro ~ (h?/4a?me?) 
(n?/Z) and eliminating 6 with the help of (67) we find 


{Z 
(1 + f2Z2)12 


This verifies the expectation that fZ is the measure of the difference between 
1/r and G(1/r) so that we may profitably consider the matter more closely 
both from the experimental and from the theoretical side. 

There are many directions in which the material presented may be de- 
veloped. Perhaps the most desirable is toward a clear cut experimentally 
verifiable prediction. But here at the very last the author cannot resist re- 
ferring to what is to him the most fascinating problem which the new theory 
brings up. What is the significance of the distance h/4mmc which is continu- 
ally cropping up in the theory of the electron? Could the singularity in the 
hydrogen atom associated with this distance indicate a size characteristic of 
the electron in the same sense as 7» represents the size of the atom? Is the 
figure 10-" cm which arises from classical electrostatic calculations for the 
.energy of the electron any more plausible than that this “Compton wave- 
length” of 10-" cm? Or could not a 10-" cm electron play around in a region 
of 10-" cm and give rise to a magnetic moment which it loses when con- 
strained to the narrower confines of the nucleus? Or are such questions for- 
bidden to the serious investigator in comtemporary physics? 


2 | £ ro| & (68) 
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ABSTRACT 


In a recent article, it has been shown that the system of relativistic thermodyna- 
mics previously developed and applied by the author furnishes an important extension 
in our ideas as to the kind of processes which can take place at a finite rate and at the 
same time reversibly without increase in entropy. This makes it necessary to re-exa- 
mine from the new point of view of relativistic thermodynamics those processes,—in 
particular the annihilation of matter by transformation into radiation and the flow of 
radiation out into space,—which have hitherto been regarded as furnishing unmistak- 
able evidence that the entropy of the universe is increasing at an enormous rate. In the 
article mentioned,the importance of such a re-examination was made evident by treat- 
ing the highly over-simplified model of a nonstatic universe filled solely with black- 
body radiation. In the present article a treatment is given by the methods of relativ- 
istic thermodynamics to a less simplified model of the universe containing a perfect 
monatomic gas in equilibrium with black-body radiation. Under the assumption 
that equilibrium conditions are always maintained between the gas and radiation, it is 
shown that the conversion of matter into radiation would then take place in such a 
universe at a finite rate and yet entirely reversibly without increase in entropy, and 
that this reversible annihilation would necessarily be accompanied also at a finite rate 
by an expansion of the universe,—that is by the kind of behaviour which appears in 
the actual universe to be associated with a red-shift in the light from the extra-galactic 
nebulae. It is also shown that an ordinary observer, who marks out with rigid meter 
sticks a small region in such a universe for his study, would find the matter in this 
region continually being converted into radiation; would find the energy content, 
energy density, and temperature of the region continually dropping; and would find 
a continuous net flow of radiation outward through the boundary of the region into 
surrounding space, which he would assume to be at a lower temperature than the 
contents of his region not only because of the direction of the net flow, but also because 
he would find the frequency of radiation entering his region from the outside on the 
average less than that of the radiation which was escaping. From the classical point of 
view these findings would evidently be interpreted by the observer as evidences for a 
continual increase in the entropy of his universe, in spite of the fact that all the pro- 
cesses in the model would actually be found to be taking place entirely reversibly when 
analyzed from the more legitimate point of view of the relativistic thermodynamics 
which must be used under the circumstances. The simplified model used for these con- 
siderations is of course by no means a satisfactory representation of the actual uni- 
verse, and the assumption that the gas in the model immediately adjusts itself as to 
temperature and concentration so as to remain in equilibrium with the radiation ap- 
pears arbitrary. Nevertheless, the analogy between the reversible phenomena occur- 
ring in such a model, and phenomena in the actual universe which have hitherto been 
regarded as necessarily irreversible, is so close as to emphasize the necessity of using 
relativistic rather than classical thermodynamics in order to obtain a real insight into 
the problem of the entropy of the universe as a whole. 
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$1. PURPOSE OF THE PRESENT ARTICLE 


N A recent article! it has been shown that the system of relativistic thermo- 

dynamics, which I have previously developed? and applied,* furnishes an 
important extension in our ideas as to the kind of processes that can occur at a 
finite rate and at the same time reversibly without producing any increase in 
entropy. As an example, it would be impossible from the point of view of 
classical thermodynamics to carry out the actual expansion of a thermody- 
namic fluid reversibly and at a finite rate, since the friction of moving parts 
and the deficiency between the actual pressure exerted by the fluid and that 
which could be exerted with an infinitely slow rate of expansion would lead to 
an increase in entropy. Nevertheless, in relativistic thermodynamics, it is 
found that the proper volume associated with a thermodynamic fluid could 
increase at a finite rate, owing to a finite rate of change in the gravitational 
potentials g,,, without involving any increase in entropy. 

The new possibilities thus furnished may be of considerable importance 
in connection with the problem of the entropy of the universe as a whole, 
since they make it necessary to re-examine from the point of view of rela- 
tivistic thermodynamics processes which were formerly regarded as furnish- 
ing unmistakable evidence for a continuous increase in the entropy of the 
actual universe. To illustrate this possible importance, consideration was 
given in the article mentioned to the highly simplified model of an expanding 
universe filled solely with black-body radiation. It was shown that the in- 
crease in proper volume of such a universe, with an accompanying decrease 
in the proper temperature of the black-body radiation filling the universe, 
would occur at a finite rate and nevertheless reversibly without increase in 
entropy. Furthermore, it was shown that there would be a number of phe- 
nomena in such a universe which would be regarded by an ordinary observer 
unfamiliar with the expansion of his universe as evidence for a flow of radia- 
tion away from his immediate neighborhood into colder regions of surround- 
ing space, and hence would be interpreted from the classical point of view as 
leading to an increase of entropy, in spite of the fact that there would be no 
increase in entropy from the point of view of the relativistic thermodynamics 
which must be applied under the circumstances. 

It is evident that such possibilities make the use of relativistic thermo- 
dynamics imperative for a correct analysis of the entropy changes taking 
place in the universe. The model of an expanding universe filled solely with 
black-body radiation, however, is lacking from the point of view of giving a 
representation of the real universe since it neglects the presence of matter 
which is such a characteristic feature of our actual surroundings. The model 
was chosen for the purposes of the previous article to illustrate the possibili- 
ties of relativistic thermodynamics with a minimum of mathematical com- 


1 Tolman, Phys. Rev. 37, 1639 (1931). 

* Tolman, Proc. Nat. Acad. Sci. 14, 268 (1928); ibid. 14, 701 (1928); Phys. Rev. 35, 875 
(1930); ibid. 35, 896 (1930). 

’ Tolman, Proc. Nat. Acad. Sci. 14, 348 (1928); ibid. 14, 353 (1928); ibid. 17, 153 (1931); 
Phys. Rev. 35, 904 (1930); Tolman and Ehrenfest, Phys. Rev. 36, 1791 (1930). 
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plexity, and in the present article we shall turn our attention to a more com- 
plicated model, containing matter as well as radiation. 

The system which we shall treat in the present article will consist of a 
nonstatic universe containing black-body radiation and in addition a perfect 
monatomic gas. For the purposes of the discussion we shall accept the possi- 
bility of the conversion of matter into radiation and shall assume that the 
gas in our model adjusts itself, as the universe changes in size, so as to re- 
main always in equilibrium with the radiation which is present. Under these 
assumptions, it will then be shown that the annihilation of matter in such a 
universe, that is its transformation into radiation, would take place at a 
finite rate entirely reversibly without increase in entropy and would neces- 
sarily be accompanied at all reasonable temperatures by an expansion of the 
universe, i.e., an increase in proper volume, also at a finite rate. Attention will 
also be turned to a consideration of the phenomena that would be found in 
such a universe by an ordinary observer who makes measurements on it. It 
will be shown that if such an observer should mark out with rigid meter sticks 
a region of the universe in his immediate vicinity for study, he would find the 
number of atoms of matter in this region continually decreasing with the 
time, partly to be sure owing to a net flow outwards across the boundary but 
more important for our present considerations partly also owing to the an- 
nihilation of matter. He would also find the energy content, energy density 
and temperature of his region decreasing with the time, would find a net flow 
of radiation outward across the boundary, and would find that the observed 
frequency of the radiation entering his region from the outside was on the 
average less than that of the radiation that was escaping. It is evident that 
our ordinary unsophisticated observer would be inclined to interpret such 
phenomena from the classical point of view as an irreversible annihilation of 
the matter in his immediate neighborhood accompanied by an irreversible 
flow of radiation into the colder depths of surrounding space, in spite of the 
fact that all the processes in the system would really be taking place without 
increase in entropy, when analyzed from the more legitimate point of view of 
relativistic thermodynamics. 

The analogy between the experimental findings of the observer in the 
hypothetical model and our own findings in the actual universe is close 
enough to emphasize again the necessity of using relativistic rather than clas- 
sical thermodynamics in analyzing the problem of the entropy of the universe 
as a whole. Nevertheless, the model of a nonstatic universe filled with gas 
in equilibrium with radiation may be very lacking from the point of view of 
giving a representation of the actual universe; the assumption that the gas 
immediately adjusts itself so as to remain always in equilibrium with the 
radiation present appears arbitrary; and certain other characteristics of the 
model will be discussed which may not appear satisfactory. 

We may now turn to the detailed analysis of the problem. 


§2. THE RELATIVITY CONDITIONS FOR A REVERSIBLE ADIABATIC EXPANSION 


As a consequence of the relativistic generalization of the second law of 
thermodynamics which I have previously given, the conditions for a reversi- 
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ble adiabatic change in an isolated system consisting of a thermodynamic 
fluid at rest in the spatial coordinates x1, x2, x3, but with a state depending on 
the time coordinate x4, will be satisfied if the following expression holds at 


each point of the fluid‘ 
0 ( —— =) 9 (1) 
— Ati ¢——) = 
OX ' , ds 


where @¢o is the proper density of entropy as measured by a local observer 
stationary with respect to the fluid, and the other quantities have their usual 
significance. Or since the proper volume of fluid dV» in any given range of 
spatial coordinates dx\dx.dx3 is determined by the well-known relativistic 
expression 


—— dx, 
WVo=wv — g — dxidxodx; (2) 
ds 


this condition for reversibility can also be written in the form 





0 ae 0 
(on al 4 dreds) = —(godV'9) = 0. (3) 
ON, ds ON; 

In accordance with this result, the proper density of entropy @o can be 
changing reversibly at a finite rate with the time x4, provided the proper vel- 
ume dV» is also changing with the time at such a rate as to preserve the 
equality 

Odo 0 

-— (dV) + do — (dVo) = 0. (4) 

OX; OX4 
The proper volume d Vo, however, is determined by the quantities \/—g and 
dx ,/ds and these in turn by the gravitational potentials g,,, so that relativ- 
istic thermodynamics provides the possibility for a combined change in en- 
tropy density and gravitational field taking place reversibly and at a finite 
rate. It is the dependence of proper volume on the gravitational field, neg- 
lected in the classical thermodynamics, which leads to this new possibility 
characteristic for relativistic thermodynamics. 

As shown in the previous article, if the conditions for reversibility are not 
satisfied the entropy of the system as a whole /¢od Vp would increase with the 
time, and since there are no processes by which an isolated adiabatic system 
could decrease its entropy, the system could never return to its original con- 
dition. On the other hand, if the reversibility conditions are satisfied, for 
example by the fulfillment of Eq. (1), there would be no increase in the en- 
tropy of the system as a result of the processes that take place. Hence there 
would be no thermodynamic hindrance to a return of the system to its origi- 
nal state,—this without reference, however, to the quite separate question as 
to whether or not the equations of motion, for the particular system involved, 
exhibit a periodic solution. 


4 See reference (1) §7. 








RELATIVISTIC THERMODYNAMICS 801 


§3. COMPOSITION OF AN EQUILIBRIUM MIXTURE OF GAS AND RADIATION 


In order to apply the above criterion for reversibility to the problem to be 
treated in the present article, we must first investigate the conditions for 
thermodynamic equilibrium in a mixture of gas and radiation, assuming the 
possibility of their interconvertibility. 

To do this let us consider a system, consisting of a mixture of perfect 
monatomic gas and radiation, and small enough in extent to be treated by the 
methods of classical thermodynamics as they would be applied by a local ob- 
server using proper coordinates. Since the thermodynamic condition of such 
a system will evidently be completely specified by a statement of the three 
independent variables, energy content E, volume V, and number of mole- 
cules of gas NV, we can write for the entropy S of the system in accordance 
with the first and second laws of classical thermodynamics, the general differ- 
ential expression 





_ aE Pp... os ; 

dS = at + oe dl + = dN (5) 
T 7 ON/ew 

where p is the pressure and 7 the absolute temperature. 

To use this equation for determining the equilibrium concentration of gas 
under the assumption that matter and radiation are interconvertible, we 
must first substitute into it the condition that the gas present shall be in 
equilibrium with the radiation. This condition will evidently be given by the 


equation 
( os ) (6) 
= ( ) 
0 N EV 


since otherwise the entropy of the system could be increased at constant en- 
ergy and volume by a transformation of radiation into matter or the reverse. 
Hence substituting Eq. (6) into (5), we have the simple expression 


dE op 
dS = — +— dl (7) 
T T 





holding true if the gas is present at its equilibrium concentration. 

With the help of this equation, however, we may now determine the equi- 
librium concentration of gas molecules present, by substituting for S, E and p 
the following evident expressions for their values in terms of NV, T and V. 
For the entropy of the mixture we may write 


we 


“ 


N 4 
S = Nk log T — Nk log 7 + Nk log be®/? + ri aVT? (8) 


2 
where k is Boltzmann's constant, a is Stefan’s constant, and 0 is a constant of 
the right magnitude to assure the same starting point for the entropy of the 
gas and radiation. The first two terms of this expression give the well-known 
dependence of the entropy of a perfect monatomic gas on temperature and 
concentration; the third term is introduced in order to give the same starting 
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point for the entropy of the gas and radiation, the constant of proportionality 
being written as k log be*’ to obtain simplicity of form in the final formula; 
and the last term is well known as giving the entropy of black-body radiation. 
For the energy of the mixture we may evidently write 


3 
E = Nmc? + = NkT + aVT* (9) 


where m is the rest mass of each atom and c the velocity of light. The first 
two terms give the internal and kinetic energy of the N molecules, and the 
last term the energy of the radiation. Finally, for the pressure we may evi- 
dently write 


N 1 
p= aT +— 20" (10) 


where the first term is the pressure of the gas and the second the pressure of 
the radiation. On substituting these expressions (8), (9) and (10) into Eq. (7), 
and eliminating a considerable number of terms which mutually cancel each 
other, we obtain the final result 


bT8/2N 
(er log y ~ nc) dN = 0 (11) 


which can itself be true in general only if we have the relation between equi- 
librium concentration and temperature 





ad as hT 3/2 met kT (12) 
' 

This expression for the concentration of a perfect monatomic gas in equi- 
librium with black-body radiation of temperature T was first obtained by 
Stern,® who based his derivation on all three laws of thermodynamics and ob- 
tained a specific value for the constant b which depended on his method of 
introducing the third law of thermodynamics. It was later shown by myself® 
that it could be derived, with an undetermined value of the constant b, from 
the first and second laws alone, thus avoiding possible uncertainties as to the 
correct method of introducing the third law of thermodynamics into such a 
problem. 

As noted above the derivation of the formula assumes a system of gas 
and radiation of small enough extent to be treated by the methods of classi- 
cal thermodynamics as they would be applied by a local observer using proper 
coordinates. Hence when we use the formula in our later considerations of the 
universe as a whole we must remember that the concentration and tempera- 
ture are those which would be found at the point of interest by a local ob- 
server. To indicate this with certainty we may rewrite Eq. (12) in the form’ 


5 Stern, Zeits. f. Electrochem. 31, 448 (1925); Trans. Faraday Soc. 21, 447 (1925-26). 

®° Tolman, Proc. Nat. Acad. Sci. 12, 670 (1926). 

? This form of equation which gives in the presence of a gravitational field the proper concen- 
tration of the gas in terms of the proper temperature, has previously been specifically derived 
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No = bT 9 e~™t/#Ts (13) 


where N, denotes the number of molecules in unit proper volume and 7» the 
proper temperature as found by a local observer, using natural coordinates 
at rest in the fluid. 

It should also be specially noted, for use in our later considerations, that 
Eq. (7) for the dependence of entropy on energy and volume when the gas is 
present at its equilibrium concentration means that a local observer will find 
the proper entropy So of a small definite portion of the fluid in his neighbor- 
hood, related to its proper energy Eo, volume Vo, temperature 7» and pressure 
po by the relation 

dSo = - + S dVo (14) 


0 0 


provided the gas is present at its equilibrium concentration as given in Eq. 
(13). 


$4. THe LINE ELEMENT FOR THE NONSTATIC UNIVERSE 


We must now briefly review certain general properties of the nonstatic 
universe,® as a preparation for our consideration of the special model of a 
nonstatic universe filled with a mixture of gas and radiation. 

The line element for a nonstatic universe filled with a uniform distribution 
of matter and energy can be derived® by treating the contents of the universe 

efor the purposes of large scale considerations as a perfect fluid, on the basis of 

two requirements,—(a) that the fluid shall at all times be uniformly dis- 
tributed spatially, and (b) the stability requirement that particles which are 
at rest in the coordinates used shall not be subject to acceleration. 

The line element so obtained can be written in a variety of forms depend- 
ing on the choice of coordinates. For the purposes of the present article it will 
be most convenient to write it in the form!" 


dr* 
ds? = — ato( - + r°d0? + 1? sin® a) + dt? (15) 
1 — r°/R? 


where 7, 6 and ¢ are the spatial coordinates, ¢ is the time coordinate, R is a 
constant, and the dependence of the line element on the time is given by the 
exponent g(t). 








for the case of the gravitational field produced by a spherical distribution of perfect fluid 
(Tolman, Phys. Rev. 35, 923, 1930), and for the case of the gravitational field in a static Ein- 
stein universe (Tolman, Proc. Nat. Acad. Sci. 17, 153, 1931). 

§ For an account of various treatments which have been given to the nonstatic line element 
for the universe, see Tolman, Proc. Nat. Acad. Sci. 16, 582 (1930). 

* Tolman, Proc. Nat. Acad. Sci. 16, 320 (1930). See also ibid. 16, 409 (1930) and note that 
the five assumptions mentioned in §2 of that article can be included under the heading of the 
two requirements (a) and (b) which are stated above. 

1 Tolman, Proc. Nat. Acad. Sci. 16, 511 (1930). Compare Eq. (5) and note that the r of 
that article is our present r. 
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$5. MECHANICS OF THE NONSTATIC UNIVERSE 


In accordance with the requirement (a) used in the derivation of the line 
element, the proper macroscopic density poo and the proper pressure fo of the 
fluid which we take as filling the universe will be independent of the position 
r, 0, @ but may be changing with the time ¢. Indeed, working out the com- 
ponents of the energy-momentum tensor 7% which correspond to the line 
element (15), and equating to those for a perfect fluid we obtain as the only 
nonvanishing components! 





; | 1 

847) = 847; = 8473 = — Sapo = — e+ 9+ BA (16) 
P 3 

847s = 8rpoo = R eo + 392 ~~ A (17) 


where A is the cosmological constant; and these equations give the depend- 
ence of pressure and density on the exponent g and its time derivatives g 
and #, and thus on the time itself. 

Using these expressions for the components of the energy-momentum ten- 
sor we can now easily apply the principles of relativistic mechanics in the 
well-known form 
Of a8 


1 
as sow GOD = 0 18 
2 OX, (18) 


az, 


Ox, 








with up =1, 2, 3 we merely obtain identities, but substituting into this equation 
for the case u =4 we easily obtain™ 


°( r? sin —) + “( r? sin 0e89!/? ) 9 19) 
— p _—_—- 7 => 

ane” i eR) | aT eR 
This important result can also evidently be directly obtained by combining 
Eqs. (16) and (17). 





§6. MEASUREMENTS OF SPACE AND TIME IN THE NONSTATIC UNIVERSE 


In accordance with the requirement (b) used in deriving the line element, 
free particles which are at rest in the coordinate system 7, 0, @ will not be 
subject to acceleration but will remain at rest, and this can be directly verified 
by calculating the Christoffel three-index symbols which corréspond to the 
line element (15) and substituting into the geodesic equations which govern 
the motion of a particle in general relativity. 

As a result of the above, unconstrained observers who are at rest with 
respect to the coordinate system will not be accelerated but will remain per- 
manently at rest with respect to the coordinate system and with respect to 
the fluid filling the universe. In accordance with the form of the line element 
(15), the proper time for such observers as measured by local clocks will evi- 


" Tolman, Proc. Nat. Acad. Sci. 16, 409 (1930). Eqs. (2). 
® See reference 11, Eqs. (4). 
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dently agree with the coordinate time ¢. For the proper distance dl), however, 
as measured with rigid meter sticks we shall evidently have 


dl, = snes (20) 
V1 — r*/R? 
for points at the coordinate distance dr in the radial direction, and 
dly = re*'*d0@ =and = dly = rssin 6e?/*do (21) 


for the 6 and ¢ directions. Furthermore, for the proper volume d V) associated 
with a small range of coordinates we shall evidently have 
r? sin Ge%@/? 


dV) = ————— _.drdédo. 22 
0 Vt rad (22) 





Although particles which are at rest in the r, 6, @ system of coordinates 
will remain at rest, nevertheless it is evident from Eqs. (20) and (21) that 
the proper distance between such particles will in general be changing with 
the time, since g is a function of the time. Thus for the proper distance Jo 
from a particle located at the origin to a particle permanently located at the 
coordinate distance 7, we shall have 


r e?/2dr r 
Io = f ene ae ig! gig~! — - (23) 
o V1 — r/R? R 





Also in accordance with Eq. (22), the proper volume associated with a given 
coordinate range will in general be changing with the time on account of its 
dependence on g. For the proper volume of the universe as a whole we can 


write 
e?!/2dr 
Vo= ia f f Aan ne = ¢*Rie%e/2 (24) 
oN 1 — r/R? r?/ 


In accordance with this result we can regard Re®’? as the radius of the universe 
and speak of an expanding universe if g is increasing with the time and a con- 
tracting universe if g is decreasing with the time. 

This completes the review of the general properties of the nonstatic uni- 
verse which will be needed in connection with the discussion of our special 
model. 

§7. GENERAL PROPERTIES OF A NONSTATIC UNIVERSE 
FILLED WITH A PERFECT MONATOMIC GAS IN 
EQUILIBRIUM WITH BLACK-Bopy RADIATION 


a. The mechanics of the model. We must now turn to a consideration of 
our particular model of a nonstatic universe filled with a perfect monatomic 
gas in equilibrium with black-body radiation. The mechanics of such a uni- 
verse will be completely determined by equations which we have previously 
given,—namely, Eqs. (16) and (17) connecting the pressure and energy den- 
sity of the mixture with the quantity g(t), Eqs. (9) and (10) which give the 
pressure and energy density in terms of the temperature and concentration 
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of the gas, and Eq. (13) which gives the equilibrium concentration of the gas 
in terms of the temperature. Referring to these equations we can write 


1 
Sep = — 2,64 — FE +A = 8a(NohTo + $070) (25) 
3 
Srpvo = R? oo 39? —A = sx(.\ “omic” > 4 ae NokTo — oT) (26) 
No = bj ‘o° 2e7 mc2/ kT» (27) 


where g(t) is the quantity occurring in the line element (15) which determines 
the dependence on the time, Vo is the proper concentration of the gas in 
molecules per unit volume as measured by a local observer, and 7» is the 
proper temperature of the mixture. 

Examining the above, we note that we have three equations for the three 

variables g, No, and 7> as functions of the time, and hence should expect the 
possibility of a solution for these quantities as functions of the time, in terms 
of initial conditions at some particular time, and the constants R, A, k, a, m 
and b. These equations are so complicated, however, being simultaneous, sec- 
ond order, and non-linear, that it will not be practicable to try to find an ex- 
plicit solution for them. Instead, we shall find it possible to draw from them 
the conclusions which will interest us without obtaining a solution. 

b. Reversibility of changes in the model. First of all it is important to 
show that the changes taking place with the time in such a universe would be 
thermodynamically reversible, not leading to any increase in entropy. As in- 
dicated in §2 of this article and shown more in detail in the previous article 
already mentioned, the relativistic condition for reversibility will be satisfied 
for a system of the kind we are considering if we have Eq. (3) holding at 
each point in the fluid. And with our line element and coordinates this condi- 
tion for reversibility can be written in the form 





7) r? sin 6e*#/* , 0 Be - 
5 aati for) = Pa o) = (0) (28) 


since, however, @od Vo is the proper entropy of the fluid contained in the 
coordinate range drd@dq, the condition can now be rewritten in accordance 
with Eq. (14) of §3 in the form 


1 ¢ r? sin Be%@/? po O/ Fr’ sin be%?!? 
$e ae OOS 5 + OS OS irdodo) = 0 (29) 
a at V1 — r/R To 0t\V1 — r/R? 


the change in proper entropy being dependent solely on the change in proper 
energy and proper volume and not being effected by change in number of 
molecules, owing to the postulated equilibrium between the gas and radia- 
tion. 

This condition for reversibility, however, is evidently met by our system 
since the purely mechanical Eq. (19) necessitates the truth of the condition 
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given by Eq. (29). It should be emphasized, however, that this reversible 
behaviour obtains only because of our assumption that the gas adjusts itself 
as to concentration and temperature so as to remain always in equilibrium 
with the radiation. If, for example, in an expanding universe the concentra- 
tion of gas should be greater than that given by Eq. (27), the quantity 
(0S/0N) occurring in Eq. (5) would be negative and the annihilation of mat- 
ter would lead to an increase in entropy. It may also be pointed out, never- 
theless, that the purely mechanical Eq. (19) would be sufficient to insure re- 
versibility in any nonstatic universe, having the line element (15), provided 
we assume complete equilibrium between the matter and radiation present. 

c. Changes in energy density and temperature with expansion or contrac- 
tion of universe. \Ve may next obtain expressions connecting the rates at 
which the proper energy density and proper temperature are changing in our 
model with the rate at which g(t) is changing with the time. 

On the one hand, differentiating Eq. (26) with respect to the time we 
obtain 








dpww 3 3 “( 2 ) 3 
Se — = — —eg + — gg = — {—eco — 2) (30) 
di =. 3° \R ds 


and on the other hand by adding Eqs. (25) and (26) we obtain 


2 
—¢? — f (31) 


82(poo + Po) = R? 


Hence by combining (30) and (31) we can write 
dpoo 


3 
7 = > (eo + pog (32) 


which gives us a simple expression for the rate at which the proper energy 
density will be decreasing in an expanding universe with g positive, or in- 
creasing in a contracting universe with g negative. 
In addition, substituting for poo and po in terms of No and 7» with the 
help of Eq. (27) we can easily obtain 
5 4, 
Nome? a > NokTo + Peek 
Ty) dtd me? 56 . 68) 
Nome + :) + a To + 4a7y' 


0 


, 
we 


1 dTo 


and since the factors on the right hand side are physically necessarily posi- 
tive, we note that the proper temperature will be dropping in an expanding 
universe and rising in a contracting universe. 

d. Relation of annihilation of matter to expansion of universe. Further- 
more, we can now use this expression for the rate at which the proper tem- 
perature is changing with the time to obtain an expression for the rate of an- 
nihilation of matter. In accordance with Eqs. (22) and (27) we can write for 
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the number of molecules N in any given coordinate range drd@d@ the expres- 
sion 


— i oa T ) 

N = NodVo = 6Tq e7~™?/*4To —__—_——_—_  drdOdo (34) 
and since the molecules are at rest on the average with respect to the co- 
ordinates 7, 0, @, changes in this quantity with the time must be due to the 
annihilation or synthesis of matter. 

Taking a logarithmic differentiation of Eq. (34) with respect to the time, 
we thus obtain for the fractional rate of change in the number of molecules 


in the universe 
1 dN mec? 3\1 dT o 3 ; 
A dt kT 2 To dt 2 


And on substituting Eq. (33), changing signs, and simplifying, this gives for 
the fractional rate of annihilation of the matter in our model 
1 dN 


: a 4 4 mec? 
Nenc* + eT g — —-—2 


N dt 2 nc 15 
Nomc? —y +3)+ Fein + 4aT,! 





w 














g (36) 


In interpreting this equation it should be noted that mc? will presumably 
be very large compared with kT» under those circumstances which are likely 
to interest us, since even if we take the mass m as small as that of the electron 
it would take a temperature of more than 10° degrees absolute to make the 
two quantities equal. Hence for all reasonable temperatures, we may assume 


mc? > kTy (37) 


and rewrite our expression for annihilation in the approximate form 


4 
NokT) + —aT 4 
1 dN 3 3 
¥ 


N dt 





— a7 g. (38) 
Nomc? + 4a r{—*) 
mc? 


Since a positive value of g means an expanding universe, we may now 
state the important conclusion, true for all reasonable temperatures, that the 
reversible transformation of matter into radiation in this model of the uni- 
verse is necessarily connected with an expansion. It is perhaps well to em- 
phasize this conclusion since in earlier articles I have called special attention 
to the fact that the conversion of matter into radiation would in any case 
lead to a nonstatic universe in which there would be either a red or a violet 
shift in the light from distant objects, and the present model is of special in- 
terest in giving an example in which the annihilation of matter is necessarily 
connected with the kind of behaviour which appears to be associated in our 
actual universe with the red-shift in the light from distant objects. 














= 
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e. Consideration of the possibility of a periodic solution. Before leaving 
the general behaviour of the model that we are treating it will be interesting 
to investigate the possibilities for a solution in which the properties of the 
universe would change periodically with the time, owing to a periodic change 
in the time variable g(t). We can do this without obtaining an actual solution 
of the complicated equations which are involved, and easily show that no 
periodic solution would be found. In order to have such a solution the quant- 
ity g(t) would have to pass periodically through its minimum and maximum 
values. The condition for the minimum would require 


g=0 £20 (39) 
and the condition for a maximum 
g=0 £50. (40) 


On the other hand, combining Eqs. (25) and (26), solving for %, and setting 

g =0, we easily obtain 
2 8r 

& = —A — — (p00 + 3p») (41) 

3 3 
as the value of g when g is an extremum, and since in accordance with Eqs. 
(25), (26), (27) and (33), poo and po are both quantities which decrease as g 
increases, Eq. (41) is not compatible with the conditions placed by (39) and 
(40) on the values of g when g has its minimum and maximum values. 

Hence no periodic solution would occur in the case of our model. It should 
be specially emphasized, however, that the failure of this model to exhibit 
any periodic solutions is not due to any thermodynamic irreversibility in the 
behaviour of the system, and does not exclude the possibility of some form of 
periodic solution in the case of the actual universe. 


§8. INTERPRETATION BY AN ORDINARY OBSERVER 
OF PHENOMENA IN THE MODEL 


Turning our attention now in particular to the case of expansion, with the 
radius Re?’ increasing with the time, we can show that the special model of a 
universe, filled with an equilibrium mixture of radiation and perfect gas and 
expanding reversibly without increase in entropy, would nevertheless exhibit 
important phenomena which would be interpreted by an ordinary observer 
from the classical point of view as evidence that the entropy of the universe 
was increasing with the time. 

To obtain a description of these phenomena, let us consider that the ob- 
server in our idealized model of the universe is located for convenience at 
the origin of the 7, 6, @ system of coordinates and is provided with a rigid 
scale of proper length d/o. With the help of this scale we may suppose him to 
mark out a small sphere of proper radius /) around the origin, which gives him 
a small region of the universe in his immediate vicinity to serve as the sub- 
ject of his studies. 

For the relation between the constant proper radius of this sphere and the 
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coordinate r of its boundary we may evidently write in accordance with Eq. 


(20) 


r e? Ady ; r 
ly = i) —— = ¢7/2R sin7! — (42) 
o \ 1 = r° R? R 


and for the case in hand of a small sphere, with 7 very small compared with 
R, this gives us the approximate relation 





» 


r= Loe? o (43) 








Since the proper radius of the sphere /) is purposely taken constant by the 

observer, we note that the coordinate r of its boundary is a quantity which is 

decreasing with the time owing to the increase of g with the time in an ex- 

panding universe. 

For the proper volume of the sphere, contained within the constant proper 

radius /), we can evidently write in accordance with Eq. (22) 
9 


: r drr-et? 2 
oN 1 — a Rk? 


| ee ry |" 
dre®#/2R| — —y/ R? — re? + —sin-' —} 
2? 2 R 6 








and developing this in the form of a series in ry Rand neglecting higher terms, 
we obtain 


+ 
ohn 
ST 





1 r ee as ir 
Vo = 4re*?!? RS ( — a S$ 
2 R +R 16 R* 
Bsns lca: ceed Sa ) 45) 
am cc aa GE —_— eee 3S 
2 R 12 R® 80 R* 
es — grtet!? 


‘ 


And substituting the value of 7 given by Eq. (43), we can write as a close 
approximation the result, which might be expected for the proper volume of 
the sphere in terms of its proper radius /o, 








4 
Vo = — ah! 46) 
) 
which is a constant independent of the time. 

We may now consider the nature of the observations which would be 
found by our observer in studying the portion of the universe lying inside this 
sphere of constant measured radius and volume. 

First of all it should be specially emphasized that he will observe the 
amount of matter inside his sphere to be continually decreasing with the 
time, and this he will find to be due to two causes,—partly owing to the net 
escape of matter through the boundary of his sphere, and partly owing to the 
annihilation of matter within his sphere, i.e., its transformation into radiation. 
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To separate these two effects, we may evidently write for the number of 
molecules of gas N, inside his sphere in térms of the total number of mole- 
cules N in the universe 
4 3 
—rlo 
, a 3 - 
N, = N——— (47) 
1? R8¢30/2 
where the numerator of the fraction is the constant proper volume of the 
sphere as given by Eq. (46) and the denominator is the total proper volume of 
the universe as given by Eq. (24). And carrying out a logarithmic differentia- 
tion of this with respect to the time coordinate ¢, which in accordance with 
the form of the line element (15) is also the proper time for our observer, we 
obtain, after changing signs, 


-— a ab es — am he am (48) 
N, dt N dt 2 
where the first term is evidently the fractional rate of annihilation of matter 
in the universe as a whole and hence also within the sphere, and the second 
term gives the fractional rate of loss by escape through the boundary. Sub- 
stituting for the rate of annihilation the value given by Eq. (38), this can also 
be rewritten in the form 


4 
NokTo + . T.'* 


3 : 
Te 

NV, dt 2 kT g 
Nomc? + 4aTy*| — 


9 
mc~ 


1 di, 


- 49 
mt (49) 


and since g will be positive in an expanding universe, we see that our observer 
will find the number of molecules within his sphere decreasing both because of 
annihilation and because of recession through the boundary. 

Attention may next be called to the fact that the observer will find the 
energy density inside his sphere decreasing at the rate given by the previous 
Eq. (32) 


dpoo = 3 . 50) 
— =- 9 (poo + po)g. (9 


And since the proper volume of his sphere is not changing with the time he 
will find its energy content decreasing at the rate 

dE, 3 4 . 

dt = > (re + po) 3 if. (51) 


Furthermore, in accordance with Eq. (33) he will find the temperature 
of the contents of his sphere dropping at the fractional rate 


‘ 


5 4 

Nome? + = Nok To + . a T 94 

1 dT 3 2 3 as 
i hes po eee cinpepetimisnceen iil 


To dt 2 mee 15 
A omer a :) + ree To + da To* 


0 
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Attention must also be turned to the conclusions that will be obtained by 
our observer as a result of his observations on the radiation inside his sphere. 
Owing to the continuous drop in proper temperature given by the last Eq. 
(52), it is evident that he will find the amount of radiation in his sphere con- 
tinually decreasing with the time. This, however, will be a net result which 
will contain the factors, increase in radiation arising from the annihilation 
of matter and decrease in radiation arising from escape through the boundary. 
The latter of these factors, which will be of special interest to us, is due to the 
fact that the constant proper volume of his sphere 47/,3/3 becomes a prog- 
ressively smaller and smaller fraction of the total proper volume of the uni- 
verse 7° R%e**!?, as g increases with the expansion of the universe, so that his 
sphere contains a progressively decreasing fraction of the total uniformly dis- 
tributed radiation in the universe. 

It should be noted that this escape of radiation could be directly de- 
‘tected and measured, if our observer should station one of his assistants on 
the boundary of his sphere at the fixed distance /) from the origin as measured 
with rigid meter sticks. This assistant would not be at rest in the coordinate 
system 7, 6, ¢, but in accordance with Eq. (43) would have the coordinate 
velocity 


dr 1 | dg 1 3) 
ee — ye 9/2 — = ——rg, AK 
dt : “ 28 


Hence, since a proper observer at rest in the coordinate system would find no 
net flow of radiation, it is evident that this assistant would find a net flow of 
radiation outward, in the case of an expanding universe with g positive. 

It should also be noted that this motion of the assistant on the boundary 
of the sphere relative to a proper observer at rest in the fluid, would evidently 
introduce a Doppler effect into the observations of the assistant in such a 
way that he would find the average frequency of the radiation entering the 
sphere from the outside less than that of the radiation escaping from the 
sphere into the surroundings. 

This completes the statement of a considerable number of phenomena 
which would appear to our ordinary observer as evidences for a continual 
degradation in the state of his universe. As we have shown, this observer 
would find that the matter within his sphere of observation was gradually be- 
ing annihilated by transformation into radiation; would find the energy den- 
sity, and energy content of his sphere decreasing with the time; would find 
the temperature in his neighborhood continually dropping; and would find a 
net flow of radiation outward through the boundary of his sphere into sur- 
rounding space which he would assume to be at a lower temperature than the 
material in his sphere, not only because of the direction of this flow, but also 
because the average frequency of radiation entering the sphere from outside 
would be found to be less than that of the radiation escaping from the sphere 
into the surroundings. 

It is evident that our ordinary unsophisticated observer would be in- 
clined to interpret these findings from the classical point of view as evidence 














RELATIVISTIC THERMODYNA MICS 813 
that the entropy of the universe was continually increasing, in spite of the 
fact that we have shown from the more legitimate point of view of relativistic 
thermodynamics that all the processes in the system are taking place reversi- 
bly without increase in entropy. It should be specially noted, moreover, that 
the phenomena observed in our simplified hypothetical model of the universe 
are very similar to phenomena in the actual universe which have hitherto 
been interpreted as unmistakable evidence for increasing entropy. 


§9. CONCLUSION AND CRITIQUE 


It is evident that the simplified model which we have treated might pro- 
vide considerable insight into the problem of the entropy of the actual uni- 
verse, since it has been demonstrated in accordance with the principles of 
relativistic thermodynamics that many processes would take place in the 
model without increase in entropy, which would be quite similar to processes 
apparently taking place in the actual universe and ordinarily interpreted as 
leading to increases in entropy. There are, however, a number of unsatisfac- 
tory features of the model, which must be emphasized in order that we do not 
overestimate the progress that has been made. 

In the first place it should be specially emphasized, as already pointed out 
in §7b, that the reversible behaviour of the model is definitely dependent on 
the assumption that the matter present immediately adjusts itself as to con- 
centration and temperature so as to remain always in equilibrium with the 
radiation. Thus in the case of an expanding universe we assume that the mat- 
ter disappears rapidly enough to maintain the equilibrium concentration, and 
then show that the expansion of the universe and its accompanying annihila- 
} tion of matter would be reversible. We have not, however, in any sense proved 
that the annihilation would necessarily be reversible in the actual universe, 
nor investigated how great the increases in entropy might be if there were a 
tendency for the annihilation to lag behind the expansion. The model is thus 
in some ways more arbitrary than that of a nonstatic univers: filled solely 
with radiation as discussed in the previous article, in which the expansion is 
necessarily reversible. 

In the second place it should be pointed out that the simplified model of 
the universe which was used assumes the matter in the universe to be a uni- 
formly distributed perfect monatomic gas, and thus neglects the actual pres- 
ence of various different kinds of matter in the universe and the concentration 
of matter into stars and stellar systems which are characteristic features of 
the real universe. It should also be noted that the actual concentration of gas 
in equilibrium with black-body radiation at any reasonable temperature 
would be exceedingly low, if the constant } in Eq. (12) has the magnitude 
which Stern obtained for it by his method of introducing the third law of 
thermodynamics. Indeed its value would have to be enormous to overcome 
the great effect of the negative exponent mc?/kT sufficiently to give appreci- 
able concentrations at reasonable temperatures. Nevertheless, as I have 
pointed out in previous publications, the correct method of applying the third 
law of thermodynamics to processes, involving the transformation of matter 
into radiation, is perhaps still to be regarded as an open question. 
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Finally, it should again be remarked as shown in §7e that, although the 
model which has been used changes its properties at a finite rate reversibly 
without increase in entropy and hence encounters no thermodynamic ob- 
stacle which would prevent its return to an earlier condition, nevertheless the 
equations of motion governing it do not actually exhibit a periodic solution. 
However, this of course does not mean that there may not be some type of 
periodic solution in the actual universe. 

In spite of these difficulties, however, it seems safe to assert in conclusion 
that the work has in any case illustrated the necessity of using relativistic 
rather than classical thermodynamics in analyzing the problem of the entropy 
of the universe as a whole. 
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ABSTRACT 
A given set of differential equations is always included in a set derivable from a 
variational principle. In the case of a set of equations representing a dissipative physi- 
cal system the complementary set of equations may represent a second physical sys- 
tem which absorbs the energy dissipated by the first. This is illustrated by an ex- 
ample in which the total kinetic energy is never negative only when the initial con- 
ditions for the second system are related to those for the first. 


N A recent paper P. S. Bauer stated that a linear dissipative set of differ- 
ential equations with constant coefficients cannot be derived from a varia- 
tional principle.’ This is only true if the variational principle is required to 
give no additional equations. Now a dissipative system is physically incom- 
plete and so additional equations are to be expected when an attempt is made 
to derive the defining equations from a variational principle. We must look, 
then, for a complementary set of equations. 
One method of finding a complementary set is illustrated by the following 
example. Consider for simplicity a single equation 


xv’ + 2ke’ + nx = 0 (1) 


in which primes denote differentiations with respect to ¢ and the coefficients k 
and are constants. This equation is evidently derivable from the variational 
principle 


5 fixe" + 2kx’ + n?x)dt = 0 (2) 


in which both x and y are to be varied. This principle gives, moreover, the 
complementary equation 


y’ — ky’ + ny = 0. (3) 


- 


Since the Eulerian equations of a variational problem are unaltered by adding 
an exact differential to the integrand, the variational principle may be re- 
placed by the simpler principle 


1 P.S. Bauer, Proc. Nat. Acad. Sci. 17, 311 (1931). The theorem is derived as a corrollary 
from a more general theorem to which I have no objection, The general theorem II is as fol- 
lows: “The equations of motion of a dissipative linear dynamical system are given by a varia- 
tional principle if and only if the dissipation coefficients are identically equal to the rates of 
change of the corresponding masses.” In this enunciation the variational principle must be 
understood to be one which does not give rise to any additional differential equations. 
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5 f Ldt = 6 { [— y’x’ + 2kyx’ + n?yx]dt = 0 (4) 


in which Z may be regarded as a Lagrangian function or kinetic potential. 
There is now an associated energy equation 


: , OL OL 
E = x'— + y’— — L = constant (5) 
Ox’ dy’ 





and the kinetic energy may be defined by the equation 

2T = E+L = 2x'(ky — y’). (6) 
It will be noticed that the kinetic energy is not represented by a definite quad- 
ratic form, nevertheless it may never be negative if the initial conditions for 


the complementary system are suitably related to those for the first. Indeed, 
if m*=n*?—k*, the quantity 7 is never negative if 


x’ = ae~* sin (mi + €), ky — y’ = be* sin (mt + ©) (7) 


where a and bd have the same sign and € is real. These expressions give 





x” = ae~*[m cos (mt + €-) — k sin (mt + 6] 
—nvxy= ae~**|m cos (mt + €) + k sin (mt + e) | 
ky’ — y” = be**[m cos (mt + €) + k sin (mt + ©] ®) 
m?y = be*'|m cos (mt + «) | 
and so we have initially for /=0 
x’ =asine, — n?x = a(mcose + k sine) 
m?y = bmcose, ky — y’ = bsine (9) 
ky — y’ mx’ 
— — = tane = — ————__ 
my kx’ + n?x 


It should be noticed that these relations do not impose any restrictions on the 
end conditions which are to be satisfied by the quantity x. 

The expression for the kinetic energy may look rather strange but if we 
write y=} \/(z—x) we have 


T = 3Mx"? — 3Mx's! + 4M a's — 3M a'x (10) 


and the first term in 7 is then of the familiar type. The kinetic energy is then 
composed of two non-negative parts if 3 a? and ab—}3 Ma? are both positive. 

The foregoing method is readily extended to systems of equations with 
constant or variable coefficients, to non-linear equations and to partial dif- 
ferential equations. In general the equations which must be added to the ori- 
ginal set are the equations adjoint to the perturbational equations arising 
from the original set. In some cases a set of solutions of the complementary 
equations can be expressed in terms of the solutions of the original equations 
and then with the aid of these relations the Lagrangian function can be ex- 
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pressed in terms of the dependent variables in the original set of equations. 
For example, the Eq. (3) is satisfied by y =xe?*' where x is the general solu- 
tion of (1). With this value of y the function L becomes e?*'(n?x? —x’?) and it 
is easy to verify that with this Langrangian function the variational principle 
5/Ldt =0 gives rise to the differential equation 


er kta” + 2kx’ + n®?x) = 0 (1’) 


which gives either (1) or the equation e**'=0. In this case, then, Bauer's 
corollary is untrue if (1) and (1’) are regarded as equivalent. It should be 
noticed that Bauer’s theorem II is true for (1’). Again, in the case of the dis- 
sipative set 


x” + 2kx’ + n?y = 0, y"’ + 2ky’ + n?x = 0 


the associated variational principle 
5 i) [u(x + 2kx’ + n2y) + o(y” + 2ky’ + n®x)]dt = 0 
when reduced to the form 
) J Ldt = 5 f I ux’ + 2kux’ + n?ny — v'y’ + 2kvy’ + nvx\dt = 0 


gives rise to the complementary set 
ul’ — 2ku’ + n*xy = 0, vo” — 2kv’ + n2u = 0 


in addition to the original set. Now the complementary set of equations may 
be solved by writing u =xe***‘, y= ye?**, where x and y are general solutions of 
the original equations. Substituting these values in L we obtain a Lagrangian 
function such that the variational principle 


5 J Lat = 5 f er lantxy —- x?- y’?|dt 


gives rise to the differential equations 
oP F(x! + kx’ + n®y) = 0, e2*(y"” + 2ky’ + nx) = 0. 


In this case also Bauer's corollary is untrue. But his theorem II is perfectly 
correct. 

As a matter of history it may be mentioned that in 1922-3, Professor R. 
C. Tolman raised the question whether one would really state anything of im- 
portance merely by saying that an equation (or set of equations) could be de- 
rived from a variational principle without also giving the specific formulation. 
He suggested the possibility that perhaps any equations of motion of the 
second order could be thrown into the Lagrangian form, and hence made de- 
rivable from Hamilton's variational principle, by a suitable choice for the 
dependence of the Lagrangian function L on the coordinates q1, q2, * * * qn and 
velocities gi’, go’, - - - gn’ and attention was later called to this possibility in 
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his book on statistical mechanics.? The present author pondered over this 
question for some time, noting in particular the work that had already been 
done by Hirsch* but did not arrive at any definite answer. 

In 1923, in answer to a letter from Dr. Tolman concerning the problem, 
Professor E. T. Whittaker suggested the following pair of equations as suita- 
ble for a definite test, | 


x"—x=0, y’-—2’=0 (11) 


and expressed the belief that no function Z would exist which would make the 
above equations equivalent to the equations 


d/foL OL d/f/oL OL 
——_——_}—-— = 0, —+—_ ] - — = 0. (12) 
dt\ dx’ ax di\ dy’ dy 
This view was supported by some preliminary work by the present author 
on the compatibility of the two partial differential equations 

















aL aL OL eL L OL 
x— + x’ —— + 2’ - - + y’ ——. + ——_ - — = 0 
dx”? dx'dy’ dxdx" dx’dy Ox’ dt Ox 
OL o7L eL L L OL 
4—— + 2’ + x’ —+y + —-—=0 
Ax'dy’ ay? dxdy" dyoy’ dy'dt dy 


which must have a common solution when the two sets (11) and (12) are 
exactly equivalent. It was subsequently shown by Benedict Cassen that a 
partial equivalence of Eqs. (12) and (11) could be obtained by using a Lag- 
rangian function L of the form 


The Eqs. (12) are then 
—a"+y'=0, vy’ — x =0 


and are equivalent to (11) only when the equation y’’= x’ is regarded as 
equivalent to y’=x. What Cassen’s example really shows is that a set of 
equations compatible with the set (11) is derivable from a variational prin- 
ciple and it suggests the general problem of finding a set of equations equal 
in number to a given set, compatible with it and derivable from a variational 
principle. 

If we apply our method to Whittaker’s equations (11) we obtain the com- 
plementary equations 


u'+o =u, vw’ =0. 


2? R. C. Tolman, “Statistical Mechanics,” Chemical Catolog Co. New York, 1927. See 
§§ 10 and 11. 

3A. Hirsch, “Ueber eine charakteristische Eigenschaft der Differentialgleichungen der 
Variationsrechnung” Math. Ann, 49, 49 (1897); “Die Existenzbedingungen der verallgemein- 
ten kinetische Potentials” Math. Ann. 50, 429 (1898). 
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The general solution of these equations is 
u= P+ Re+Se*, v= Pt+OQ 


where P,Q, R and S are arbitrary constants. The general solution of Whitta- 
ker’s equations is, however, 


x = Ae'+ Be, y = Ae' — Be*+Ci+D 


where A, B, C and D are arbitrary constants and it does not seem possible to 
express « and v in terms of x and y by a proper choice of P,Q, R and S. In 
this case, then, the method for the reduction of the number of variables in L 
is not applicable.* When the original equations are not linear it often happens 
that solutions of the complementary equations cannot be expressed in terms 
of the general solutions of the original equations and so a reduction of L by 
this simple method is not possible. This must be the reason why a reduction 
of L has not yet been found in the case of the equations of motion of a viscous 
fluid. The researches of Clark Millikan‘ showed, indeed, that there was no 
prospect of the discovery of a function L depending only on the quantities 
occurring in the equations of motion and the equation of continuity. 


APPENDIX 
Further literature on the inverse problem of the calculus of variations. 


C. G. J. Jacost. “On the theory of the calculus of variations and differential equations.” J. fiir 
Math. (Crelle) 17, 68 (1837). Ges. Werke 4, 39-55. Ostwaid’s Klassiker No. 14: 87. 

G. Darpovux. Théorie des surfaces. Vol. 3. $604. 

V. VOLTERRA. Sulle equazioni differenziali che provengono da questioni di calcolo delle varia- 
zioni. Rend. Lincei (4) 6, 43 (1890). [On the differential equations which arise in the cal- 
culus of variations. ] 

J. Kirscnak. On a characteristic property of the differential equations of the calculus of 
variations. Math. Ann. 60, 157 (1905). 

E. KAsNER. Systems of extremals in the calculus of variations. Bull. Am. Math. Soc. 13, 289 
(1906-7). 

F. Pautus. Hamilton's partial differential equation as the starting point for the inversion of the 
variation problem and its use for the integration of the general partial differential equation 
of the first order. Math. Z. 25, 348 (1926). 

T. H. Raw.es. The invariant integral and the inverse problem of the calculus of variations. 
trans. Am. Math. Soc. 30, 765 (1928). 

D. R. Davis. The inverse problem of the calculus of variations in higher space. Trans. Am. 
Math. Soc. 30, 710 (1928). 

L. La Paz. An inverse problem in the calculus of variations for multiple integrals. Trans. Am. 
Math. Soc. 32, 509 (1930). 


* It should be noticed also that Whittaker’s equations do not satisfy the requirements 
mentioned in Bauer's Theorem II even when we multiply both equations by e‘. 
*C. B. Millikan, Phil. Mag. (7) 7, 641 (1929). 
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ABSTRACT 


Measurements of specific resistance as a function of orientation check the Voigt- 
Thomson symmetry relation accurately for crystals made from Kahlbaum's best zinc. 
p)/p, =1.057. For “spectroscopically pure” zinc the majority of the crystals yield con- 
sistently the same value of p)/p,, with py and p, each about 0.6 percent lower than for 
the Kahlbaum zinc crystals. A few crystals of the S.P. zinc give anomalous results of 
a type previously found by Bridgman. The disagreement between the writer's values 
(particularly of py; and p)/p,) and Bridgman’s most recent values does not seem ex- 
plicable in terms of an effect on resistivity of strain, but rather must be ascribed to 
differences in the crystals caused by some as yet unknown conditions governing the 
crystal growing process. 


DETERMINATION of the resistivity of various single crystal speci- 

mens of zinc was first reported by Griineisen and Goens.! Their speci- 
mens were grown by the Czochralski-Gomperz method, were somewhat ir- 
regular in cross-section, and did not yield results of high accuracy. Assuming 
the Voigt-Thomson symmetry relation they obtained from their results the 
two principal specific resistances, py=6.31 and p,=5.84X10~* ohms/cm*, 
giving the ratio p,/p,=1.08, all at 20°C. Three later determinations by 
Bridgman? give a noticeably different and lower value for the ratio p,/p,. The 
crystals were grown by Bridgman’s own methods and were uniform in cross 
section. Considering his third determination particularly, the points repre- 
senting the resistivities of the individual specimens do not lie smoothly on a 
straight line when plotted against the square of the cosine of the orientation 
angle,’ but are considerably scattered.‘ This is explained by Bridgman as due 
to very slight and unavoidable strains incurred, presumably, after the single 
crystal castings were made and in spite of special care taken to avoid such 


' Griineisen and Goens. Zeits. f. Physik 26, 223 (1924). 

* (a) P. W. Bridgman, Proc. Amer. Acad. 60, 305 (1925). 

(b) Proc. Amer. Acad. 61, 101 (1926). Fig. 2 gives specific resistance against thermal con- 
ductivity. Although the orientations are not marked in this figure, they are given later in the 
text and the specimens may be identified with reasonable certainty. 

(c) Proc. Amer. Acad. 63, 352 (1928). 

3 This is the usual test for the Voigt-Thomson symmetry relation. Orientation is the angle 
between the length of the specimen and the vertical axis of the hexagonal crystal lattice. 

4 The two former determinations seem to have been made on the same eight crystals with 
the exception of the dot at Cos? @=.75 and the triangle at Cos? @=.671. Bridgman considers 
these results as agreeing with his third and more complete run, particularly in the ratio, py. ps, 
the generally higher values of the first two runs being attributed to a difference in purity be- 
tween the two lots of zinc. It seems to us, however, that the results are more nearly in agree- 
ment with ours, as is shown later. 
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strains.® Considering, however, that even then some strains were present, 
Bridgman represented his results by a straight line drawn through the lowest 
points, obtaining in this way p,=6.06, p,=5.83X10-* ohms/cm'‘, and 
p,/p, = 1.039. L. A. Ware® has published a determination of specific resistance 
for zine crystals grown by the Czochralski-Gomperz method. He interpreted 
his results as confirming Bridgman, both in values obtained and in the exis- 
tence of a strain effect. That such an interpretation is not necessary is shown 
later. 

The present paper describes a redetermination of this specific resistance 
relation for crystals made of Kahlbaum’s best zinc, the kind used by Bridg- 
man and Ware, and a new determination for crystals of “spectroscopically 
pure” zinc.’ All of the crystals were grown by Hoyem® and were primarily 
intended for another investigation. He measured specific resistances first, 
however, in order to minimize possible strain effects. The results were very 
disappointing in that the scattering was very bad, particularly for the S. P. 
crystals, and the matter was let rest for a time. At the conclusion of the in- 
vestigation by Hoyem, we returned to the question of specific resistance. It at 
once became apparent that two obvious sources of experimental error had 
been overlooked. The average cross section area had been determined by 
computation from the density and the mass of a measured length. While this 
is certainly more accurate than measuring with micrometer calipers, the 
length of the crystal used in computing the area must be the same length 
actually used for the resistance measurement. Otherwise, a serious error will 
arise in case the crystal is non-uniform in cross-section area. The second 
source of error lies in the fact that even when the average cross section 
(determined by weighing etc.) is found accurately for the proper length, the 
cross section may vary appreciably over this measured length. The effect of 
this is to give too high a value to the resistivity computed on the basis of the 
average cross section. A method was therefore devised to correct for the varia- 
tion in cross section and all of the S. P. crystals were remeasured. The results 
were much better, but there was still some scattering. Since these crystals had 
been considerably handled by this time, it seemed advisable to measure a set 
of crystals which had not been used since growth, taking the precautions 
mentioned above. Fourteen crystals of the Kahlbaum zinc were available. 
Two separate determinations were made on these. Eight of the Kahlbaum 


5 The crystals were measured without removing from the mold. For crystals which were 
measured after removal from the mold “disturbingly irregular results were obtained.” 

6 L. A. Ware, Phys. Rev. 35, 989 (1930). 

7 We are very much indebted to the New Jersey Zinc Company for a gift of this rare ma- 
terial, without which the present work would have been impossible. The specimen sent us 
was stated to have as the only detectable impurity, not more than 0.0001 percent lead and is 
therefore 99.9999 percent pure zinc. For a description of the preparation and some properties 
of this material, see: H. M. Cyr, Trans. Am. Electro-Chem. Soc. 52, 349 (1927). 

8 The general procedure described by Hoyem and Tyndall, Phys. Rev. 33, 81 (1929), was 
followed. A new and improved apparatus was constructed in which the crystals were grown in a 
nonoxidizing atmosphere of hydrogen or nitrogen. The crystals were from 2 to 3 mm in diam- 
eter. 











822 Ek. P. T. TYNDALL AND A. G. HOVEM 


crystals, which had been previously used for resistance measurements and 
for other purposes also, were run again, and finally all of the S. P. crystals 
were measured once more. 


EXPERIMENTAL PROCEDURE 


The resistance measurements were made by the usual potentiometer 
method. The potential contacts were small, chisel-shaped knife edges made of 
Kahlbaum zinc and pressed lightly against the crystal with spring clips. The 
current lead wires were soldered to the ends of the specimen for the first de- 
termination on the S. P. crystals, but thereafter contacts were made by brass 
spring clips pressing against the crystal. For measurement the specimens 
were placed in a groove in a hard rubber holder and the whole was inserted in 
a Dewar flask. The temperature was measured by a thermocouple placed 
near the crystal. In addition to the main potential contacts near the ends, 
intermediate contacts were placed at equal or very nearly equal distances 
apart, so that the crystal was divided into several sections, four in number for 
specimens from 8 to 10 cm long and less for shorter specimens. The measure- 
ments recorded were current, potential drop between extreme potential 
contacts and across each section, and the temperature. The positions of the 
potential contacts were read on a Gaertner comparator both before and after 
making the electrical measurements. The specimen was then cut off just be- 
yond the end potential contacts and an additional amount of material re- 
moved by filing until the length of the specimen coincided (within one or two 
percent) with the part whose resistance had actually been measured. The 
length and mass of this piece were determined and average cross sectional 
area, Ao, computed, using a density of 7.15 g/cm’ for all crystals. 

From the data above were computed: (1) R, the resistance at 20°C" of 
the known length, LZ, between end potential contacts (2) The resistance per 
cm length of the separate sections, Ri, Ro, ---R,, at the temperature at 
which readings were made, there being no need to reduce these to 20°C. As- 
suming that the specific resistance is constant" throughout all the sections 
and that to a sufficiently good approximation, the crystal may be considered 
to be made of sections for each of which the cross section is constant, denote 
these sectional areas by Ai, Ao, - - - A», and let: 


a, = A2/A, = R,/Rs, ag >= A3/A, => Ri/R3 etc. 


The area, Ai, is then obviously given by: A; mAo/(1+2Za), since Ag is the 


® The results for the two sets of K crystals and the first determination on the S.P. crystals 
were reported at the November, 1930, meeting of the American Physical Society. 

10 A temperature coefficient, a=4.058 X10-* per degree C, was used to reduce results to 
20°C for all crystals. This is actually the mean value for the S.P. crystals, but as the resistance 
measurements were all made at temperatures between 20° and 26°C it is obvious that slight 
variations in the value of a will have no appreciable effect on the final result. 

1 The greatest variation in p to be expected would be less than 2 percent. This would pro- 
duce very little “correction.” The area variations necessary to produce an appreciable correc- 
tion were much larger. 
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mean of Ai, Ao, : - - An, for equal length sections. The resistivity at 20°C is 
obtained from: 
p = nRA,/L(1 + 21/a) 


the derivation of which need hardly be given. 


RESULTS AND DISCUSSION 


The first determination on the fourteen K crystals is shown by the 
circles in Fig. 1. This represents results for specimens which have been 
handled the least amount possible with the methods of growth and measure- 
ment used. Nevertheless, these crystals had presumably, at the time of 
measurement, been handled more than the crystals reported by Bridgman in 
this third paper. In spite of this, these results are definite, consistent, and in- 
dicate a higher value of p,;/p, than that obtained by Bridgman. For compar- 
go’ 76050" F 40" 50"_——20" 10° 
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Fig. 1. Resistivity of Kahlbaum zinc crystals. O—-O Writer's crystals, not used previously; 


@A Bridgman’s first set, two determinations; + - - - + Bridgman’s second set. 


ison, Bridgman’s results are also plotted. The first determination?™ on eight 
crystals of Kahlbaum zinc is given by the black dots, the second,?™ by the 
triangles. The agreement with our results is very good, particularly for the 
first run, for which only two points are much off the line. These are for crystals 
of nearly 90° orientation and a possible explanation of their high values for p 
is given later. Bridgman’s third set of results,2 is represented by crosses,” 
with the dashed line as drawn by Bridgman through the lowest cross points. 

A second determination was made for these fourteen K crystals, which, 
by this time, had undoubtedly been deformed and strained, particularly in 
the process of removing the ends of the crystals. For some of the crystals we 
determined only the resistance of a length coinciding with the two middle 
sections, using the previously determined cross sections in computing p. For 
the rest, which were short, a length as near as possible to the previous length 


® To avoid confusion eleven points have been omitted. They are fairly uniformly distri- 
buted in the rectangle bounded by 0 <cos*@ <.04 and 5.84 <p<5.92. 
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was used. The results are shown by the open circles in Fig. 2. Except for three 
points at or near 90° orientation (cos? @=0) the results are better than before, 
the mean absolute deviation from the line being less than 0.2 percent (omit- 
ting the highest point’ at cos @=0) while in Fig. 1 the mean absolute devia- 
tion is 0.3 percent. The increased accuracy is due to better temperature 
control in the second case. Comparison of Figs. 1 and 2 shows evidently that, 
except for crystals of nearly 90° orientation, there is no effect on resistivity 
of the strains incurred between the two determinations. Since the fourteen 
crystals considered so far did not cover the whole range of orientation very 
well, eight additional K crystals, which had been used by Hoyem were mea- 
sured. These particular ones were chosen in order to get a good distribution in 
orientation and with no reference to any previous results on resistivity or any 
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Fig. 2. Resistivity of Kahlbaum zine crystals. O-O Second determination on crystals 
represented by same symbol in Fig. 1; @+Crystals which had been used for other purposes 
before resistivity measurements. 


other property. The results are shown by the black dots in Fig. 2. Two of these 
are definitely off the line by more than the probable experimental error. The 
crosses in Fig. 2 show a set of readings on six™ K crystals, taken prior to any 
of the determinations previously described and for which the variation in 
cross sectional area was determined (after measuring the resistance) by mea- 
suring with micrometer calipers the maximum and minimum diameters at 
1 cm intervals along the crystals. The average cross section, Ao, was deter- 
mined, as usual, by weighing. These cross points are not considered very 
accurate, but are given here because they given an independent check on the 
“electrical method” for correcting for cross sectional variation and because 
they show in two cases (cos? 6=0.515 and 0.8) no raising of resistance by 
strain due to use of micrometers (dots and crosses practically coincident). In 
the third case for which both dot and cross are given (cos? @=0.585) there is, 


13 This is for a crystal which between the two determinations had been deliberately strained 
and then heated by pressing a hot soldering iron against it. 
44 Including three which were later chosen for the determinations represented by dots. 
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however, a real rise in resistvity, as the two determinations agree well in the 
average area and the variation of cross section. It may be added that prior 
to any of the determinations represented by dots and crosses, all of these 
eleven crystals had undergone rather varied and sometimes rough treatment. 
Most of them had been heated in oil baths for hours, had been cooled to 
liquid air temperature, had been annealed (after handling) for eight hours at 
400°C etc., etc. One crystal, (at cos? @=0.8) had even been heated to 400°C 
and dropped into cold water. This caused a noticeable bending of the crystal, 
but in spite of this both determinations on it lie close to the line. 

The conclusions to be drawn from Bridgman’s first two determinations 
and from the results on the K crystals, leaving out of consideration for the 
present the one low point at cos*@=0.115, are as follows: (1) Zinc crystals, 
made by Bridgman’s first method or by the Czochralski-Gomperz method 
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Fig. 3. Resistivity of spectroscopically pure zinc crystals. @First determination; O 
second determination. py=6.16, pi =5.83'X10-ohms/cm *p4/p. = 1.057. 


under the conditions of growth specified by us elsewhere,$ satisfy the Voigt- 
Thomson symmetry relation very accurately and yield for the two principal 
resistivities at 20°C p,=6.20? and p, =5.86°=10-°ohms/cm*, with the ratio, 
p/p, = 1.05". (2) There is an increase in resistance presumably due to rather 
severe mechanical strain for crystals of 90°, or nearly 90°, orientation. (3) 
Much more severe mechanical strains may doubtless affect other orientations 
in like fashion, one such case having been found in our K crystals and pos- 
sibly two in Bridgman’s. How much these conclusions must be modified in the 
light of the results for the S. P. crystals appears below. 

The two sets of measurements on the S. P. crystals are shown in Fig. 3, 
the earlier by dots (@) and the later by circles(O ). An improvement in experi- 
mental accuracy was effected in the latter case by reducing the “working 
current” of the potentiometer to about one-fifth of its normal value and by 
employing a better method for cutting off the ends of the crystals. The scat- 
tering of points in the figure is seen to be confined, almost without exception, 
to values of cos? @<0.4. A straight line has therefore been drawn so as to have 
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the same slope as the line of Figs. 1 and 2 and so that all’ dots and cirles for 
cos? 6>0.4 show zero mean (algebraic) deviation from the line. The circles 
for cos 8<0.4 lie reasonably close’ to the line when so drawn, but some dots 
are undoubtedly low. There is then no doubt detinite evidence of a rise in 
resistivity between the two determinations on these crystals. The most strik- 
ing instance of this is shown by the four points at cos? @=0.265 which apply 
to two portions of the same crystal. The upper dot and circle are for the part 
which had been previously used by Hoyvem. The lower dot and circle are for 
the other portion; which had been left untouched since growth until the “dot 
reading” was taken. The second reading on this crystal indicates a rise in re- 
sistivity (due presumably to the handling incident on the first reading) 
but not a sufficient rise to make it agree with the first portion of the crystal. 
The three points at cos? 6=0.38 show two low determinations (the two dots) 
in good agreement in spite of the handling between them, and a third high de- 
termination with presumably no more handling between it and the just previ- 
ous one that had occurred between the two previous ones. Without such 
anomalous cases, the data on the S. P. crystals would also be definite, self- 
consistent, and in good agreement with the Kk crystals. The values of the two 
principal resistivities taken from the line in the figure are: p)=6.16°, 
ps = 5.83'X 10~* ohms, cm‘, with of course the same ratio as for the I< crystals 
because of the method used to draw the line. The lower resistivity of the S. P. 
crystals (about 0.6 percent) is obviously due to their greater purity. 

The results of Ware may now be interpreted as being in agreement with 
the results for our K crystals since his results are quite uniformly scattered 
above and below our line (in Figs. 1 and 2), due, we believe, to small errors in 
the determination of average cross sections. The fact that he neglected to cor- 
rect for variation of cross section over the measured length is not regarded 
as a serious error as his crystals were probably quite uniform over the mea- 
sured length."" 

From a consideration of the results presented above, it is evident that, 
with the exception of Bridgman’s second set of crystals (crosses, Fig. 1) and 
the few anomalous S. P. Crystals and one K crystal already mentioned, the 
value indicated for p,/p, is 1.057 rather than the lower value value found by 
Bridgman. It may, however, be argued that the slight strain theory is sufh- 
cient to account for all of the apparently regular results which lead to the 
higher value. To do this one must assume (1) that any very slight strain 
(handling of crystals incident on growing by Czochralski-Gomperz method, 
removing from the mold!’ in the case of Bridgman’s first crystals, etc.) at 


4% With the exception of the dot at cos?@ =0.96 which is far from the line. 

16 With the exception of crystals of 90° or nearly 90° orientation for which the same ex- 
planation is valid as for similar K crystals. Later discussion of points for cos*@<0.4 excludes 
these points. 

17 This was also true with our K crystals, the correction for nonuniformity being in general 
far less than for the less uniform S.P. crystals. 

18 These crystals were 6 mm in diameter and the probability of any appreciable strain is 
very slight. It was only for his second set of crystals (3 mm in diameter) that Bridgman found 
the strain effect, the first set being considered strain-free at the first measurement. 
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once produces such an increase in resistance as to give consistent results yield- 
ing the high value of p/p. (2) considerable further strain produces no change 
in resistivity (amply shown by all the preceding) (3) the resistivity can, how- 
ever, be further raised by much greater strains. Such suppositions do not 
check with the facts. Some S. P. crystals were produced which had low resist- 
ances even after considerable strain'® and only increased in resistance after 
very much more strain. Bridgman's second set of crystals should have been 
strain-free at the time of measurement. Moreover, a set of crystals made by 
his second method and removed from the mold before measurement did not 
give results pointing consistently to the higher value of p,/p,, but were very 
erratic. 

In view of the above it seems better to adopt a hypothesis somewhat as 
follows. The resistivity relation for normal, practically unstrained zinc crys- 
tals is properly represented by the solid line of Figs. 1, 2, and 3. Such normal 
crystals are not particularly sensitive to strain, except for those of approxi- 
mately 90° orientation. Crystals of abnormally low resistivity, i.e. lying be- 
low the solid line, can be produced and such crystals may be more sensitive to 
strain effects than the normal crystals. As to the reason for their production, it 
seems reasonable to base this on some factor or condition governing the crys- 
tal growth. Our crystals and Bridgman’s first set are each grown under very 
closely specified conditions, although the two sets differ in actual growth con- 
ditions, the most important being rate of growth and hydrostatic pressure in 
the liquid metal just before crystallization. In Bridgman’s second method the 
rate of growth is very different for different crystals of the same set as it 
depends, for any particular specimen, on the inclination to the vertical of its 
arm of the mold. The hydrostatic pressure moreover, varies from top to bot- 
tom of the mold by perhaps as much as a quarter of an atmosphere. There 
will obviously be strains produced by differential contraction of the glass 
mold and metal (after solidification) while cooling to room temperature and 
these strains will be different for different orientations and for differently in- 
clined parts of the mold. Crystals formed in the lower parts of the mold are 
undoubtedly purer than those formed in the upper parts.2° Thus while it is 
not difficult to speculate as to the reason for the inconsistency of Bridgman’s 
second set of crystals, the same speculations obviously do not provide a 
reasonable explanation for the good agreement between Bridgman’s first set 
of crystals and ours, nor for the apparent abnormality of some of the S. P. 
crystals. 

It seems very desirable, in the light of the foregoing, to produce strain-free 
zinc crystals under even more closely specified growth conditions than 
hitherto used, to study the resistivity relation as a function of conditions of 
growth, to study the strain effect directly and to correlate, if possible, the 
resistivity effect with structural or other properties of the zinc crystals. 


19 Tt was impossible to handle the S.P. crystals without bending them on account of their 
great softness. Such bending seemed to have no appreciable strain hardening effect, such as is 
always observed for zinc crystals of less pure material. 

20 See reference 2(a) p. 312. 
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MAGNETIC PROPERTIES OF COPPER-NICKEL ALLOYS 


By E. H. WiLtiaMs 
LABORATORY OF Puysics, UNIVERSITY OF ILLINOIS 


(Received June 27, 1931) 
ABSTRACT 


The magnetic susceptibility of alloys of copper and nickel in proportions ranging 
from 0.1 to 70 percent nickel have been studied. X-ray photographs of the alloys show 
that they are a homogeneous mixture of the copper and nickel crystals. Although 
copper is only weakly diamagnetic it requires 0.8 or 0.9 percent nickel to neutralize 
this diamagnetic effect and 56 percent nickel is required before the alloy shows ferro- 
magnetic properties at ordinary temperatures. For amounts of nickel from one percent 
up to 30 percent the alloy, while paramagnetic in most respects, does not obey any 
known law of paramagnetism with regard to temperature. As the temperature is in- 
creased the susceptibility first increases and then decreases, the maximum occurring in 
the neighborhood of the Curie point for nickel. In the case of alloys containing more 
than 30 percent nickel the susceptibility decreases with increase of temperature for 
temperatures above 20°C. 


HE magnetic properties of alloys of diamagnetic and ferromagnetic sub- 

stances have been studied very little. Of the diamagnetic metals that will 
alloy to some extent with Fe, Ni or Co, copper alloys with nickel the most 
perfectly. These metals form, as Giirther' and others have shown, an un- 
broken series of homogeneously mixed crystals. Since both copper and nickel 
form face centered cubic crystals, x-ray photographs show only a progressive 
shifting of the lines as larger amounts of nickel are included. 

Gans and Fonseka? and Sacklowski’ investigated copper-nickel alloys in 
order that a survey of the structure in relation to the concentration could be 
extended and if possible to obtain insight into the connection of the magnetic 
property with the crystal structure. Now, below 50 percent nickel the alloys 
are weakly paramagnetic whereas above 60 percent they are strongly ferro- 
magnetic. The results obtained by the above authors indicate that the mag- 
netic phenomenon has no influence on the lattice spacing, at least in the case 
of copper-nickel alloys. 

It was thought desirable to repeat and continue this investigation study- 
ing especially the variation of magnetic susceptibility in the neighborhood of 
the transition points from diamagnetism to paramagnetism and from para- 
magnetism to ferromagnetism and also the dependence of the susceptibility 
on temperature. 

The alloys were prepared by melting pure copper and nickel in an induc- 
tion furnace in a receptacle free from iron. The induction furnace serves not 
only to melt the metals but at the same time stirs them quite thoroughly. 


1 W. Giirther and F. Tammann, Zeits. f. Anorg. Chem. 52, 25 (1907). 
? R. Gans and R. Fonseka, Ann. d. Physik 61, 742 (1920). 
3 A. Sacklowski, Ann. d. Physik 77, 241 (1925). 


828 








MAGNETIC PROPERTIES OF Cu-Ni ALLOYS 829 


Samples taken from different parts of the melt gave approximately the same 
value of the magnetic susceptibility. 

X-ray photographs of filings of alloys containing amounts of nickel vary- 
ing from 0 to 100 percent in steps of 20 percent were taken. In this the author 
wishes to acknowledge the assistance of Dr. \W. B. Sisson of the Chemistry 
Department. The results are shown in Fig. 1 and confirm the results of those 
experimenters who have found that copper and nickel form a homogeneous 


100°% Ni 


Cu 





Fig. 1. Photographs showing that the displacement of Roentgen lines 
is proportional to the nickel content. 


mixture in all proportions. It can be seen that the shifts in the principal lines 
are approximately proportional to the amount of nickel and careful measure- 
ments showed this to be almost exactly a straight line relation. 

The susceptibility measurements were made by means of a Curie balance 
electrically operated as described by Guthrie and Bourland.* The variation 
of the magnetic susceptibility at room temperature with percentage of nickel 
is shown in Table I. 


TABLE I. Magnetic susceptibility of copper-nickel alloys at room temperature. 


Percent Ni x X 106 Percent Ni x 108 


x 

HT = 1300 IT =5700 
0. —.14 40 2.90 2.90 
0.1 — .08 50 10.83 10.83 
0.5 — .02 54 18.3 18.3 
1.0 + .02 55 20.5 20.5 
2.0 .07 56 28.0 27.0 
5.0 .14 58 58.0 51.6 
10.0 40 60 81.5 i 
20.0 82 65 2140. 710. 
30.0 


1.01 70 13300.0 


* A. N, Guthrie and L. T. Bourland. Phys. Rev. 37, 303 (1931). 
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Although the magnitude of the susceptibility of pure nickel is 10° times 
that of pure copper, it requires approximately 0.8 percent nickel in order to 
overcome the diamagnetic effect of the copper. This is true notwithstanding 
the fact that both nickel and copper have the same crystalline structure and, 
according to x-ray analysis, form a homogeneous mixture. It is not until the 
percentage of nickel exceeds 55 percent that the ferromagnetic property of 
the nickel begins to become noticeable if measurements are made at room 
temperature. Thus throughout the whole range from 0.8 percent nickel to 
55 percent nickel the alloys remain paramagnetic. Beyond 55 percent nickel 
the ferromagnetic effect increases very rapidly. It has been shown? that the 
amount of nickel necessary to produce ferromagnetism depends upon the 
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Fig. 2. Curve 1, 1 percent nickel. Curve 2, 2 percent nickel. Curve 3, 
5 percent nickel. Curve 4, 10 percent nickel. 


temperature at which measurements are made, decreasing as the temperature 
decreases. 

The variation of the susceptibility with temperature was measured for 
alloys containing from 0.5 percent nickel to 50 percent nickel. The results 
are shown in Figs. 2 and 3. For 0.5 percent nickel the alloy is diamagnetic and 
the susceptibility remains constant with temperature change within the 
limits of experimental error. For amounts of nickel from 1 percent to 30 per- 
cent the alloys, while paramagnetic in most respects, do not obey the usual 
law of paramagnetism with regard to temperature. As the temperature is in- 
creased the susceptibility first increases and then decreases, the maximum 
occurring in the neighborhood of the Curie point for nickel. In the case of 


5 Int. National Critical Tables, Vol. 6, p. 405. 
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alloys containing 40 percent nickel, or more, the susceptibility decreases with 
increase of temperature for temperatures above 20°C. 

Measurements repeated on the same sample after it had been heated to 
500° or 600°C gave results for the susceptibility which were invariably higher 
than the original values. For third and fourth repetitions the change became 
less so that the value tended toward a maximum. Precautions were taken to 
prevent oxidation and it made no difference whether the cooling took place 





Fig. 3. Curve 5, 20 percent nickel. Curve 6, 30 percent nickel, 
Curve 7, 40 percent nickel. 


in the presence of a magnetic field or not. The results shown in Figs. 2 and 3 
are, in every case, first measurement results. 

So far as the phenomenon of increasing paramagnetic susceptibility is 
concerned, we are unable to offer any explanation. It has been suggested that 
a few atoms or molecules of nickel do not lose their magnetic identity in the 
alloy and that these atoms with their spinning electrons become more mobile 
as the temperature is increased. One objection to this is that the suscepti- 
bility is independent of the field over a wide range. 
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Laue Spots From Perfect, Imperfect, and Oscillating Crystals 


G. W. Fox and P. H. Carr! have made the 
interesting observation that oscillating piezo- 
electric quartz crystals produce Laue patterns 
several times more intense than nonoscillating 
crystals. It occurred to me soon after seeing 
their abstract that an explanation of the effect 
might liein the distortions of the lattice caused 
by the oscillations. These lattice distortions 
should produce a state of imperfection in the 
lattice with a consequent reduction in extinc- 
tion and an increase in reflecting power for 
X-rays. 

A convenient method of testing this idea 
was suggested by Laue photographs | had 
taken in 1928 and 1929 of some crystals 0.7 
to 2.0 mm thick whose surfaces had been 
ground with emery paper. These were taken 
with rays from a molybdenum tube at 30,000 
volts collimated by a slit with a square cross- 
section 0.02’’X0.02"’ and 2-3/16”’ in length, 
the ground surfaces of the crystal and the 
photographic plate, separated by 4 cm, were 
both placed perpendicular to the beam. Fig. 1 
is an enlargement of some of the spots of the 
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Fig. 1. Laue spots from nonoscillating 
quartz. 


pattern obtained from a nonoscillating quartz 
crystal with this arrangement. The spots are 
elongated radially, their radial length, /, being 
related to the thickness, ¢, of the crystal by the 
simple relation /=¢r/d where r is the distance 


from the central spot on the plate to the Laue 
spot in question, and d is the distance from 
crystal to plate. Since the reflected rays form- 
ing a spot are very nearly parallel, the inner 
ends of the spots are formed by rays from the 
surface of the crystal nearer the plate, the 
outer ends by rays from the remote surface of 
the crystal, and intermediate parts of the 
spots from corresponding portions of the in- 
terior of the crystal. Each spot gives therefore 
an indication of the reflecting power at the 
different points in the crystal irradiated by 
the primary beam. The doublet character of 
the spots in Fig. 1 is due to the intense reflec- 
tion from the surfaces which had been rend- 
ered imperfect by grinding, a process evi- 
dently not affecting the more perfect interior 
of the crystal. It was expected that rock-salt 
crystals, long famous for their imperfection, 
would yield Laue spots of uniform blacken- 
ing throughout. Such was found to be the 
case; there was practically no added reflecting 
power at the ground surfaces, as is seen in 
Fig. 2. It was subsequently found that Y. 
Sakisaka® had studied this phenomenon in de- 





Fig. 2. Laue spots from rock salt. 
tail in quartz concluding that grinding dis- 
turbed the perfection in quartz to a depth of 
' Fox and Carr, Phys. Rev. 37, 1695(A), 
1622 (1931). 
2 Sakisaka, Jap. Jour. Phys. 4, 171 (1928). 
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about 0.1 mm, and that the increased reflect- 
ing power of the ground portion was due toa 
reduction in primary extinction. 

Returning now to the case of oscillating 
crystals, a more convenient test for oscillating 
imperfection in them could scarcely be asked 
for. Accordingly Dr. Carl E. Howe and myself 
have taken a number of Laue photographs of 
oscillating crystals under the conditions de- 
scribed above. Fig. 3 is an enlargement of 
some of the spots from an oscillating X-cut 
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Fig. 3. Laue spots from oscillating quartz. 


crystal 2.78 mm thick photographed July 16, 
1931. As will be seen, the crystal produced 
Laue spots of nearly uniform blackening even 
though its surfaces were ground, indicating 
that the interior of the crystal has a reflecting 
power approximating that of the ground sur- 
faces. On five photographs of nonoscillating 
crystals (both 0° and 30° cuts) with ground 
surfaces every spot was a doublet resembling 


those of Fig. 1, while on the several plates 
taken with oscillating crystals almost none of 
the spots were of this type. It seems certain 
that the explanation in the first paragraph is 
correct, and that these results and those of 
Fox and Carr are thus to be explained. 

B. E. Warren and also R. M. Langer have 
proposed explanations in these columns for 
Fox and Carr's observation. Warren's sugges- 
tion,that the characteristic wave-lengths from 
the target are involved, can hardly be applica- 
able since on our photographs a great number 
of different wave-lengths produce spots which 
show the effect. On the other hand these re- 
sults are in agreement with the general prin- 
ciples of Langer’s suggestion. The information 
available at present, however, is scarcely 
sufficient to test his notion that the crystal is 
composed of small blocks which tilt from their 
rest positions during oscillations without de- 
stroying their perfection. An alternative ex- 
planation that must also be considered is that 
the perfection is reduced by a warping of the 
lattice during oscillations.* 

Further work on the subject is in progress 
at this Laboratory. 

CHARLES S. BARRETT 

Naval Research Laboratory, 

Bellevue, Anacostia, D.C. 
July 27, 1931. 

’Cf C. G. Darwin, Phil. Mag. 43, 800 

(1922). 


The Magnetic Anisotropy of Ions of the Type XO; 


In connection with the letters published re- 
cently in The Physical Review from W. H. 
Zachariasen and Maurice L. Huggins on the 
structure of ions of the type XOs, the results 
of some magnetic measurements on these ions 
made by the present writer with Mr. B. C. 
Guha, may be of interest. 

Among a large number of crystals measured 
by us for their magnetic anisotropy, are in- 
cluded some carbonates, viz., calcite, arago- 
nite and strontionite, sodium and potassium 
nitrates and potassium chlorate, all of which 
are diamagnetic. Of these, calcite and sodium 
nitrate being trigonal crystals, have naturally 
an axis of both optical and magnetic sym- 
metry. The other crystals are optically biaxial, 
but two of their principal refractive indices 
are so nearly equal that for practical purposes 
they may also be treated as uniaxial. Mag- 
netically also it is found that they have an 
axis of similar pseudo-symmetry, the approxi- 


mation to actual symmetry being even closer 
than in the optical case. The optical and 
magnetic symmetry axes are coincident. 
Table I gives for each crystal the difference 
between its principal susceptibilities, as also 
the difference between its principal refractivi- 
ties-—i.e., the magnetic and optical anisotro- 
pies of the crystal. x: and yx. in the table de- 
note the values of the susceptibilities per gram 
molecule, along and perpendicular to the axis 
of symmetry respectively: R. and Ro denote 
similarly the gram molecular refractivities for 
the D-line, (defined as usual by [(m?—1) 
(n?+1)|M/p), for vibrations along and per- 
pendicular to the axis respectively. 

Since the metallic ions in these crystals are 
presumably isotropic, and x-ray evidence sug- 
gests that the negative ions in them are 
oriented parallel to one another, the values 
given in the table for the magnetic and optical 
anisotropies of a crystal may be taken to 
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represent respectively the magnetic and op- 
tical anisotropies of the negative ion present 
in it. It is significant that the values for the 
three carbonates are practically the same, as 
_ are also the values for the two nitrates. 





TABLE I. 

Crystal «= (x1 —xi)-10° = Ry R, 
CaCO; (calcite) 4.1 2.94 
CaCO; (aragonite) 4.1 2.41 
SrCO; 3.8 roae 
NaNO; 4.7 4.83 
KNO,; 4.8 4.32 


KCIO; —3.8 2.12 


What is remarkable is whereas for the 
CO;-— and NO>;~ ions the diamagnetic sus- 
ceptibility along the axis of symmetry is 
numerically a maximum, in the case of the 





LETTERS TO THE EDITOR 


ClO;~ ion it is numerically a minimum along 
its axis; although optically all the three ions 
behave similarly. 

It may also be remarked that the values 
given in the table would suggest a positive 
magnetic double-refraction for the nitrate and 
carbonate ions in solution, and a negative 
value for the chlorate ion under the same con- 
ditions. Observations are available only for 
the nitrate ion and are in agreement with the 
above conclusion. (KK. S. Kirshnan and C. V. 
Raman, Roy. Soc. Proc. A115, 549, 1927.) It 
would be interesting to confirm the negative 
magnetic double-refraction of the chlorate ion 
in solution. 

K. S. KRISHNAN 

Physics Laboratory, 

Dacca University, India, 
July 11, 1931. 


The Production of High Speed Protons Without the Use of High Voltages 


A method for the production of high speed 
protons without the use of high voltages was 
described before the meeting of the National 
Academy of Sciences last Semptember (Law- 
rence and Edlefson, Science 72, 376-377, 
1930). Later before the American Physical 
Society (Lawrence and Livingston, Phys. Rev 
37, 1707, 1931) results of a preliminary study 
of the practicability of this method were pre- 
sented. In this preliminary experimental work 
80,000-volt hydrogen molecule ions were suc- 
cessfully produced in a vacuum tube in which 
the maximum applied potential was less than 
2,000 volts, and the conclusion of the experi- 
ments was that there are no serious difficulties 
in the way of producing 1,000,000-volts pro- 
tons in this indirect manner. 

This important conclusion has now been 
confirmed. A magnet having pole faces nine 
inches in diameter and producing a field of 
15,000 gauss has recently been constructed 
and with its aid protons and hydrogen mole- 
cule ions having energies in excess of one half 
million volt-electrons have been produced. 

The magnitudes of the high speed hydrogen 
ion currents turned out to be surprisingly 
large, being in excess of one-tenth of one 
microampere. The proton currents were about 
one-tenth this value. 

The voltage amplification obtained in the 
present experiment was approximately one 
hundred. That is to say, about five thousand 
volts were applied to the tube for the produc- 
tion of five hundred thousand volt ions. This 
amplification was limited by the slit system 


used to select out the high speed ions, and 
can be greatly increased by better design of 
this part of the tube. 

There can be little doubt that one million 
volt ions will be produced with intensities as 
great as here recorded when the present ex- 
perimental tube is enlarged to make full use 
of the magnet. This alteration is now being 
carried out. 

These experiments make it evident that 
with quite ordinary laboratory facilities pro- 
ton beams having great enough energies for 
nuclear studies can be readily produced with 
intensities far exceeding the intensities of 
beams of alpha-particles from radioactive 
sources. 

Possibly the most interesting consequence 
of these experiments is that it appears now 
that the production of 10,000,000-volt pro- 
tons can be readily accomplished when a 
suitably larger magnet and high frequency 
oscillator are available. The importance of the 
production of protons of such speeds can 
hardly be overestimated and it is our hope 
that the necessary equipment for doing this 
will be made available to us. 

We are very much indebted to the Federal 
Telegraph Company, through the courtesy of 
Dr. Leonard F. Fuller, Vice-president, for the 
loan of essential parts of the apparatus used 
in this work. 

ERNEsT O. LAWRENCE 
M. StTanLey LivInGston 
University of California, 
July 20, 1931. 
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The Refraction of the Copper K-Series by Quartz 


In the most direct methods of measuring 
the index of refraction of x-rays it is necessary 
to measure the distance between the edges of 
lines on a photographic plate. Since such edges 
are never sharply defined the results depend 
to some extent on the judgment of the ob- 
server. Thus measurements by various obser- 
vers and under as many different conditions 
as possible are necessary in order to obtain 
the most reliable experimental values. 

The quartz prism used in the present ex- 
periments was cut from a very clear quartz 
crystal. Special precautions were taken to 
produce a very sharp 90° edge on the prism. 
The x-ray beam struck the first face of the 
prism at an angle slightly greater than the 
critical angle of total reflection for the copper 
K lines. This angle varied from 16’ 30" to 27’ 
57”’ in the different exposures. The refracting 
edge of the prism was accurately placed on 
the axis of the spectrometer table by the use 
of the modified Michelson interferometer pre- 
viously described by the writer.! The plate 
holder and the slits which were 0.01 mm wide 
and 400 mm apart were also adjusted as de- 
scribed in the above paper.' The plate holder 
was 1895.2 mm from the refracting edge of the 
prism. 

After all adjustments and preliminary ex- 
posures had been made a series of 18 exposures 
was taken, using different angles of incidence 
and different lengths of exposures. The sepa- 
rations of the lines on the plates were meas- 
ured with a calibrated comparator. 

The index of refraction may be most easily 
obtained from the relation ~=cos p/cos @, 
where x is the index of refraction, p the angle 
between the x-ray beam and the first face of 
the prism, and @ the angle between the first 
face of the prism and the direction of the re- 
fracted beam. Writing 6=1—, and using the 
angle in place of the sin of the angle the above 
relation becomes 


56 = Op + 0,2). 


The average values of 6 for the copper Ka 
and K@8 lines as determined from this equation 
were 


Sa = 8.553 + 0.006 X 10° 
53 = 6.971 + 0.005 X 10>. 


The average variation of the different values 
from the mean was about 0.39 percent. This is 
much larger than was desired but compares 


favorably with recent experiments of the same 
type. Larsson? obtained an average variation 
0.41 percent and Stauss* 0.70 percent. 

The primary object of such measurements 
is to obtain an independent determination of 
e/m. If one assumes the usual dispersion 
formula 

Te 2 
2rm ve — pv? 
to be valid for the x-ray region then it can be 
shown that 


where I!’ is the molecular weight, 5=1—u, 
F the Faraday constant, p the density of the 
refracting medium, c the velocity of light, N; 
the number of electrons per molecule of fre- 
quency »;, v the frequency of the incident 
radiation. The use of the simpler formula as 
used by the writer in a previous paper! cannot 
be used with the longer wave-lengths em- 
ployed here. Using W=60.06, F=9648.9, 
p=2.649, c=2.99796 X10", and \ from the 
writer’s grating measurements,' one obtains 


(e/m)q = 1.7645 X 107 emu/g 
(e/m)3 = 1.7649 X 107 emu/g. 


Similar calculations for the results obtained 
by Larsson? and Stauss* using the grating 
wave-lengths as above are given in the follow- 
ing table. 


e/mX107* 


Observer Radiation 

Larsson Cu Kg 1.7667 
Larsson Cu Kg 1.7646 
Stauss Mo Kg 1.7644 
Stauss Mo Kg 1 


7634 











The close agreement of these values of e/m 
indicates that the experimental results are ap- 
proximately correct unless some consistent er- 
ror has been present in all experiments. 

In the above calculations the absorption of 
the x-rays in the prism has been neglected. 
Thus the absolute value of e/m would be 
slightly different from these values. It has also 


! Bearden, Phys. Rev. 37, 1210 (1931). 
* Larsson, Inaugural-Dissertation, 1929. 
5 Stauss, Phys. Rev. 36, 1101 (1930). 
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been shown? that the dispersion formula used 
is not valid near an absorption band. The 
theory developed by Kramers, Kallman and 
Mark and Kronig appears to be more satis- 
factory for frequencies near an absorption 
band. For frequencies high compared to the 
natural frequencies of the electrons in the re- 
fracting medium the theory leads to a formula 
very similar to the one used above. 
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At the present time measurements are in 
progress using the method developed by 
Stauss* in which the incident x-ray beam 
strikes the second face of the prism at a very 
small angle. 


J. A. BEARDEN 
Johns Hopkins University, 
July 25, 1931. 


Note on the Interpretation of the BeF Bands 


Inverted character of Alin BeF. 

From his analysis of the BeF bands, Jen- 
kins showed! by means of the Hill and Van 
Vleck formula that the coupling constant A 
(Jenkins’ Ae) between the spin and orbital 
electronic angular momenta in the “II state 
is either +22.10 cm™ or —16.46 cm”. Be- 
cause of insufficient resolution of lines having 
low J values, it was not possible to decide be- 
tween these two alternatives on the basis of 
the missing lines. By a consideration of the 
relative size of the A-type doubling in the F; 
and Fy, series of terms of the *II state, how- 
ever, Jenkins tentatively concluded that the 
"11 is normal, i.e. A =+22.1. A more detailed 
consideration of the A-type doubling now 
shows, however, that the “II is znverted. 

According to Jenkins’ data,' the observed 
A-type doublet widths are in agreement with 
the following equations: 


F, levels: Ava-(J) — 0.00046 (J + of (1) 
Fy, levels: Ava(J) — 0.00028 (J + 3)" 


ll 


Il 


The quantity Avg.(J) is defined? as F.(J/) 
— FJ). The subscripts ¢ and d have a defi- 
nite theoretical meaning.? It is only necessary 
to make the safe assumption that the * state 
of the BeF bands is 2° in order to show® that 
Jenkins’ A and B respectively correspond to 
the theoretical designations ¢ and d. From 
Eq. (8) and p. 331 (cf. also Fig. 3) of Ref. 1, 
Eqs. (1) then follow. Eqs. (1) apply to data 
for moderate and high J values; for low J 
values the A-type doubling is too small to 
measure. 

As can most easily be seen by referring to 
the series of examples in Ref. 2, Fig. 1, it is 
evident that the qualitative characteristics of 
Eqs. (1) require that the F; levels belong to a 
*11,; state for low J values and the F, levels 
to a *Il; state. This means,—cf. e.g. Jenkins’ 
Fig. 3, omitting his level /,(}) and adding a 
level F2(}),—that the “II is inverted. Hence 

= — 16.46 is correct. Eqs. (1), which Jenkins 


does not claim hold accurately, must be only 
approximately correct, and for low J values 
the Avu-(J)’s must become positive in the F2 
set of levels. 


Possible bearing on electron configuration. 


The inverted character of the “II state of 
BeF now indicates that it is analogous to the 
*1I states of BO, CO*, and CN, The negative 
sign of both sets of Av..’s for high J values 
(cf. Eqs. (1)), which shows that g in Eq. (14) 
of Ref. 2 ts negative, constitutes a further and 
independent analogy to the *II of BO (cf. Ref. 
2, p. 99). An analogy of the *II of BeF to these 
of BO, C*O, and CN was previously suspected, 
but was rejected® because of the much smaller 
magnitude of A in BeF than in the other mole- 
cules. In CN, —A ~52 is somewhat less than 
the probable value expected from the N atom 
while —A ~126 in BO and C*O is not much 
less than the A value of the *P normal state 
of the O atom. If the electron configuration in 
the "II state of BeF is... 2p7°3se? as in the 
"11 states of BO, C*O, and CN, one might ex- 
pect —A to be not much less than for the F 
atom, for which —A =271. But the actual 
value —A =16.46 is far smaller. It is, how- 
ever, much larger than A of the lowest *P state 
of Be(A = +2.0) or of the lowest ?P state of 
Be*(A = +4.7). Before the fact of the negative 
sign of A, but only its small magnitude, was 


'F. A. Jenkins, Phys. Rev. 35, 315 (1930). 

2 Cf. R. S. Mulliken and A. Christy, Phys. 
Rev. 38, 87-119 (1931), Eq. (1). 

3 Ref. 2, p. 103. The assignment of ¢ and d 
is most easily made treating the II state as 
case b. 

4 For the O atom, Av(?P»—*P:) = 226, which 
gives A =2/3X —226=—151 (cf. R. S. Mul- 
liken, Phys. Rev. 33, 745, 1929). For the F 
atom, Av(?P;—*P,:)=407, giving A=— 
271. For the atoms Ca, Sr, Ba, A is 2/3 of 
Av??P2,—*Pp). 
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known, it was suggested® that this state of 
BeF has a configuration such as - - - 2pr*3dz, 
unlike the other molecules mentioned. Such 
a configuration would, however, give a posi- 
tive A, whereas the observed negative A in- 
dicates a configuration with 7°. 

The puzzling result of a small negative A 
may perhaps be explained by supposing that 
the observed “II is a hybrid of one with 
- «4x configura- 
tion. This is not entirely unreasonable, if we 
consider the series of thirteen-electron mole- 
cules N.*, CN, BO, BeF, LiNe, HeNa, HMg. 
In N.* there is no doubt that - - - 2prt3dzr 
would have a much higher energy than 

+ 2pr®3so*, since the 3so and 2px are about 
equally firmly bound in N»2, while the 3dz is 
much less firmly bound. In going to CN and 
BO, however, the 27 is increasingly firmly 
bound relative to the 3sc. It seems, therefore, 
quite possible that in BeF the two “II states 
mx might be nearly equal 
in energy, the energy gained by substituting 
a 2pm for one 3so in: - -7%o* being perhaps 
just about enough to balance the energy lost in 
substituting a 3dz for the second 3se. Two ?II 
states nearly alike in energy should interact 
quantum-mechanically so that in reality one 
might find instead two “II states intermediate 
in their properties between the states which 
one would expect if there were no such inter- 
action, 

All the alkaline earth halide molecules 
apparently have *II—* bands, found in ab- 
sorption as well as in emission, which are 
probably analogous to those in BeF. As 
Mecke has pointed out,® the doublet separa- 


a--:-+ wo? and one with a - 


- wo? and +>: - 
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tions in the *IT states are more or less roughly 
equal to an average of those of the two atoms 
in the case of the chlorides, bromides, and 
iodides, but in the fluorides excepting BeF 
they run parallel to the multiplet separations 
in the alkaline earth atoms. Thus in CaF, 
SrF, and BaF, the A values of the *II are 
72,277, and 630, as compared with the values 
106, 387, and 832 for the lowest *P states of 
the atoms Ca, Sr, Ba.*:? For MgF the value 
A =19 has been given, but is perhaps not so 
reliable; for Mg, A =40 for the lowest *P. 
Whether A is positive or negative for these 
various molecules is not known. It is evident 
that the A value —16.5 for BeF as compared 
with A =+2 for the Be atom is exceptional. 
It may therefore be that A is positive in 
CaF, SrF, and BaF. It may be of importance 
that the observed |A | values of these mole- 
cules appear to come increasingly closer to the 
A values of the corresponding atoms: 
Ayr/Ay=0.5 (2) for MgF, 0.68 for CaF, 
0.72 for SrF, 0.76 for BaF. 
ROBERT S. MULLIKEN 
Ryerson Physical Laboratory, 
University of Chicago, 
July 27, 1931. 


» R.S. Mulliken, Phys. Rev. 32, 286 (1928). 

®R. Mecke, Zeits. f. Physik 42, 417-22 
(1927). 

7 R. C. Johnson, Proc. Roy. Soc. 122A, 
189, (1929); A. Harvey and F. A. Jenkins, 
Phys. Rev. 37, 1709A, 1931 (BaF); A. 
Harvey, Phys. Rev. 38, 1931, in press (Ca, F, 
SrF). 


The Absence of Spin in Nuclear Electrons 


The apparently necessary assignment of 
zero spin moment to nuclear electrons be- 
comes less startling when one notices that ac- 
cording to the Dirac theory the effective 
magnetic moment of an electron depends on 
its velocity. This is brought out most clearly 
when one uses Schrédinger’s process of divid- 
ing an operator into even and odd parts. The 
velocity operators a; prove to have simple 
parts which are directly connected with im- 
portant physical properties of the electron.' 
One can express the average spin-angular 
momentum in terms of y, the odd part of a, 
which occurs in the second power. One has 
a=—f8+7n whence (see forthcoming paper) 
n®? = 1— £2. This indicates that as the electron’s 


velocity approaches the velocity of light it 
loses its spin angular momentum. The situa- 
tion inside the nucleus must be like this limit- 
ing case and the electron would no longer be- 
have as a magnet. 

The same result can be seen with the help 
of Dirac’s? treatment of the magnetic mo- 
ment. He shows that his equation can be 
interpreted approximately as introducing into 
the potential energy, terms corresponding to 


1 E. Schrédinger, Preussiche Akad. Sitz. 
July 31, 1930 and Jan. 29, 1931; also R. M. 
Langer, Phys. Rev. Aug. 15, 1931. 

? Dirac, Principles of Quantum Mechanics, 
p. 247. 
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magnetic and electric moments. Neglecting 
relativity corrections the magnetic moment 
turns out to have a magnitude he/4rmc. 
However, if one makes the estimate taking the 
velocity into account, one obtains he(1— *)!? 
/4xmc which vanishes in the limit 8=1. The 
effect on the total nuclear mass need not be 
large because the potential energy contribu- 
tion has negative sign. 

This point of view affords the simplest way 
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of understanding how certain interactions 
which would be infinite if the magnetic mo- 
ment of the electron were constant, are really 
finite. That is just when distances become 
small and the chance for interaction large, 
the cause of the interaction vanishes. 


R. M. LANGER 


Massachusetts Institute of Technology 
July 23, 1931. 


Emission and Absorption Spectra in Sulphur Dioxide 


In connection with our study of the emission 
spectrum of COs and SO, we have happened 
upon an item in the literature that might 
easily be overlooked by others interested in 
this field. In a paper entitled “The Effect of 


Observed wave number 


j.&C. W.&P. aw 
32,194 32,193 1 
32,406 32,393 13 
32,651 32,638 13 
32,869 32,865 4 
33,110 33,103 7 

(33,328 2 
33,330 -— ; 
33,568 33,571 , 3 
33,788 33,771 17 
34,032 34,026 6 
34,217 34,210 7 
34,401 34,390 11 
34,470 34,461 9 
34,630 34,634 4 
34,879 34,888 9 
35 ,067 35,048 19 
35,545 35,522 23 

35,738 12 


35,740 





Argon on Certain Spectra” (Proc. Roy. Soc. 
106A, 195, 1924) Johnson and Cameron de- 
scribe emission bands in SQ, which are identi- 
cal with some of the absorption bands previ- 
ously observed. If the complete list of wave 
numbers given by Johnson and Cameron be 
compared with those in Watson and Parker's 


TABLE I, 


recent analysis of the absorption spectrum 
(Phys. Rev. 37, 1484, 1931) the correlation 
in Table I is obtained. 

The apparent simplicity of this correlation 
serves both to confirm the analysis of Watson 





Vibrational quantum numbers according 
to W. and P. 


Vy! Vy” V2 V," V;’ V3" 
— 5 1 
3 0 - 
10 2 - 
4 0 - 
5 0 - — —_ 
= (7 0) 
x 5 0 im sah 
6 0 - — 
0 0 - 
7 0 “ 
- 7 0 
11 1 : - 
8 0 
8 0 
9 0 aa a i 
9 0 
15 1 — a 
11 0 - — — 





and Parker and to encourage us to extend the 
experiments on the emission spectrum. 
T. C. Chow 
H. D. SMyru 
Palmer Physical Laboratory, 
Princeton, N. J., 
July 27, 1931. 


Temperature Dependance of Photoelectric Effect in Metals 


In the July 1 issue of the Physical Review, 
R. H. Fowler has presented an elementary 
theory of the temperature dependance of the 
photoelectric sensitivity of clean metals near 
the threshold frequency. He obtains two 
different results for the temperature depend- 
ance on the basis of the assumption that the 
energy corresponding to the component of 
velocity normal to the metal surface is aug- 


mented by an amount hy. In the first argu- 
ment the photoelectric current is proportional 
to the total number of electrons which after 
absorption have energies (associated with the 
normal direction) greater than the mag- 
nitude of the potential barrier at the metal 
surface xo. This leads to a relation of the form 


T° hv — x 
on a 
(xo — Av)? kT 
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tion. The second argument is an attempt at a 

probability of emergence of electrons. This 
I cit actin 

mental data almost equally well. 

probability of escape ($mu?+hv— xo)? but 


where x is the ordinary thermionic work func- 
more exact theory in which Fowler introduces 
a factor to represent the quantum mechanical 
argument yields 
T3l2 hy — *) 
(xo _ hyv)'!?> . kT 

Both of these expressions represent the experi- 

We believe that (adopting Fowler's hypo- 
theses) we should introduce, not Fowler's 
a factor proportional to 

(Sm? + hv)? (Amu? + hv — xo)'* 

[ (hme + hv)? + (Smne + hv — xo)! 22 
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(see e.g. Frank and Young, Phys. Rev. 38, 
82, 1931, formula 10). This leads to 
TS/2 hv — x 
a 
(xo — fv)'? kT 
where 


flu) = f y"? log (1 + e-¥)dy. 


It should be interesting for those working in 
this field to compare this formulation with 
experimental data. 


L. A. YouNG 


(National Research Fellow) 
N. H. FRANK 


Massachusetts Institute of Technology, 
July 23, 1931. 


A New K-Series X-Ray Line due to Fermi-Sommerfeld Electrons 


Duane! has recently reported the observa- 
tion of a new K-series line or band situated 
between the familiar gamma line and the 
critical limit of the A-series (position of the K 
absorption discontinuity.) This band is of 
great interest because in all probability it can 
be ascribed to transitions to the K level of 
electrons which in their initial state are dis- 
sociated from particular atoms and form a 
group resembling that predicted by Sommer- 
feld based on the Fermi statistics. To obtain 
this line Duane used a single crystal photo- 
graphic spectrometer, the distance from crys- 
tal to plate and from crystal to tube being 
475 cm, and the exposure time 90 hr, with the 
crystal rocking over a very small range. Long 
vacuum cells were used to reduce the absorp- 
tion and scattering over the long air path. We 
are much indebted to Dr. Duane and to Dr. 
Lanza for their kindness in sending us some 
of their beautiful original spectra to examine 
and analyze. 

We have succeeded with our double crystal 
spectrometer in confirming the existence of 
this line or band which, following Duane, we 
will call the delta radiation. The double crys- 
tal spectrometer whose construction we have 
described in a recent article? permits of high 
resolution without the use of fine slits or 
large distances. It is also feasible to use a very 
large focal spot with such an instrument. The 
accompanying figure shows an_ ionization 
curve obtained with the double spectrometer 
with two calcite crystals each in the first order. 
The molybdenum tube used was run at 58 kv 
and only 6.6 milliamperes. The glancing angles 


on the scale of abscissae of this plot should be 
corrected by a small additive constant to give 
the true glancing angle. The position of the 
molybdenum K absorption edge has been 
plotted from data given by Siegbahn. 

The delta band between the gamma line 
and the K absorption edge is plainly dis- 
tinguishable. The resolution here obtained is 
not as good as the resolution of Duane’s 
photographs made with his Bragg-Moseley 
high resolution spectrometer. This may in 
part be due to the superiority of his crystal 
over ours. We have tried to observe this line 
in the third order on both crystals in which 
case we believe the resolution would be excel- 
lent, but unfortunately the natural fluctua- 
tions in the background here become of the 
same order of magnitude as the ordinates of 
the delta line. It is our plan to continue the 
study of this interesting new radiation with 
much more intense sources of x-radiation us- 
ing tubes provided with means for vibrating 
the focal spot so as to permit of at least ten 
times the energy input at present available. 

The best estimate we can make of the 
breadth of the delta band from molybdenum, 
both from our own and Duane’s observations, 
is about 0.5 X.U., which corresponds to an 
energy breadth of 16 volts. This estimate is 
necessarily very rough as it is difficult to cor- 
rect for the resolving power of the spectro- 
meters used. Such a correction can however be 


1 W. Duane, Phys. Rev. 37, 1017 (1931). 
2 Jesse DuMond and Archer Hoyt, Phys. 
Rev. 36, 1702 (1930). 
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made after a fashion from the observed width 
of the gamma line, a large part of which is 
probably instrumental. 

If we substitute the energy breadth of 16 
volts into the equation derived by Sommer- 
feld® relating the energy breadth of the Fermi 
ensemble of electrons to the number density 
of such electrons 


he 3 p 23 
" ~ , ( . ) 
2m\ 8 


in which / is Planck's constant, m the mass of 
electron, p the number of Fermi electrons per 
cc, we obtain for the density p 0.57 X 10” elec- 
trons per cc or about five electrons per 
molybdenum atom. This estimate might be in 
error by one unit either way on account of the 
uncertainty in the breadth estimates. 

The Sommerfeld theory applying the Fermi 
statistics to conduction or “free” electrons in 
metals is of course only a first approximation. 
Bloch‘ has approached the problem differently 
effect of 
neighboring atoms on any given atom in a 
solid. W. V. Houston has computed the line 
shapes that should result from an energy dis- 
tribution of the conduction electrons such as 
would result from Bloch’s theory. It turns out 


by considering the perturbing 
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that while the line has a quite different shape 
from what would be expected on the simpler 
Sommerfeld theory the energy breadths in 
the two cases are about the same. 

An estimate of the intensity of the delta 
radiation relative to the gamma line can easily 
be made from the ionization curve we have ob- 
tained by comparing the areas under the two 
lines. Our results indicate that the gamma line 
is 7.2 times as intense as the delta radiation. 
A similar value obtained from a microphoto- 
metric analysis of one of Duane’s photo- 
graphic spectra gives the gamma line five 
times as intense as the delta radiation. The 
value 7.2 is probably the more nearly correct 
of the two. The gamma line on Duane’s 
negative is very strongly blackened and the 
microphotometer therefor probably gives the 
ordinates of the gamma line too low. 

Jesse W. M. DuMonp 
ARCHER Hoyt 


Norman Bridge Laboratory of Physics, 
Pasadena, Calif., 
July 18, 1931. 


* A. Sommerfeld, Zeits. f. Physik 47, 1 
(1928). 


4 F. Bloch, Zeits. f. Physik 52, 555 (1928). 
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BOOK REVIEWS 


Electricity and Magnetism. \. C. Poor. Pp. 183+-vii, figs. 3. John Wiley and Sons, Inc., 
New York, 1931. Price $2.25. 

Undoubtedly many students of physics will heave a sigh of relief on finding this volume. 
Written throughout in vector notation, it covers the ground of classical electromagnetic theory 
quite fully, and promises to be very useful for review purposes as well as for independent study. 
The author indicates that the book is “in no way intended as a treatise, but rather as a path 
through the subject of electrical theory,” and one can readily agree with this. In scope it is 
comparable with what the new edition of Abraham promises to be, particularly the first volume, 
or with the second edition of Livens although the stress is here more distinctly on the mathe- 
matical questions. Except for the section on special relativity the classical viewpoint and mode 
of development are quite consistently maintained. This will detract considerably from its value 
in advanced classes. In his preface the author also recommends his book “to electrical engineers 
who wish to orient themselves quickly in electrical theory.” The reviewer wishes to second the 
motion; it will serve as a good antidote for an overdose of lines of force. 

The necessary vector notation and the theorems of Green and Gauss are developed in the 
introduction, while Chapter I analyzes the ideas of potential energy and of the electrical field. 
Chapters II and III treat magnetism and polarized dielectrics and electrical currents. The 
troubles in the sign of the energy density of the magnetic field are explained, but the situation is 
not materially improved because the author prefers to retain the fiction of the magnetic dipole. 
This seems regrettable since it is not at all difficult to base everything on the theory of small 
current elements without endangering the beauty of the classical theory but with the possibility 
of making a much closer connection with the atomic theory of magnetic properties. Chapters LV 
and V deal with the dynamical aspects of the electromagnetic field: self and mutual induction, 
flow of energy, electromagnetic momentum, etc. Finally there is a section on special relativity. 
The Lorentz transformation formulae and the transformation equations for the electric and 
magnetic fields are developed at length, the last few sections being devoted to the electro- 
magnetic theory of the mass of the electron. Although the reviewer feels that the author might 
have modernized his treatment considerably without overstepping his self-imposed bounds, he 
has no hesitation in recommending this book to the host of people who will be glad to get the 
classical theory served to them in such a palatable form. 

E. L. Hite 
University of Minnesota 


Einfiihrung in die Theoretische Optik. Max PLANck. Pp. 182. S. Hirzel, Leipzig, 1927. 

This condensed little volume is the fourth in the series, “Einfiihrung in die Theoretische 
Physik” written by its distinguished author. It consists of three parts, the first dealing with the 
optics of isotropic, homogeneous bodies, the second with crystals, and the third with dispersion. 
The treatment is based almost entirely upon classical electromagnetic theory, the constant / 
entering modestly and namelessly for the first time on the sixth page from the end. The subject 
matter is admirably clear, but very general and condensed, descending to particular cases for 
brief interludes only. Of the thirty-five pages, for instance, which are devoted to diffraction, 
only a single page treats any illustrative case, the choice falling in this instance on the grating. 
The text is interrupted only occasionally by a simple diagram. In its somewhat compressed 
state, it might be easier reading if its numbered paragraphs possessed headings indicative of 
their contents, but the reviewer has been able to find only one that was so treated. There are 
practically no references, nor any bibliography. 

The book will be especially useful, and is intended to be used, in connection with lectures 
on electromagnetic theory, and will provide a compact, clear, and authoritative summary for 
the advanced student. 

F. A. SAUNDERS 
Harvard University 
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